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FISHETR INFORMATION AND TRUNCATED 2AMMA DISTRIB UTION

Jom MIHOC, Cristina Toana FATU

Abstract. The Figher snformation measure i3 well knaown an estination theory, The
obyective of this paper 15 1@ give EnTne Jefinilions and some properties for the truncated
Clamma distribartion. Also, wo ghall invesligate BOme MUARITCS of the information of the
Tk T pararnckers which appear in & such distributinm. '
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1. Defnitions and properties for the truncated Garmma distributions

Lit ¥ be a condinuens rendom variabile, defined on a probability space (0, K, P} and
Fla; @) 1ts prohability depsity funetion, where @ = [&, ] 0. a wieetor parsaneler: [an
a_fimensional paramneker), & & Dy, Dg—the parovietr spoce of the gat of admissible values
af 5: .I'..-IE. _- R.'I.

{efinitivn 1.1, The contimeous Tandom varahle X follows the Gamma distribution
with parameters fi; = a > 0 aad B, = b = 0 if ita probability denzity function is of the
Flirwdng form

. [l if wm=
Filzionb) = { ot 1.} L 3 (1.1)

=
where Tia) = [ po=l gt o, I8 Failer's Gamma funetion.

a
For a such ransdem varinkle we Do EiXy= T Vir X =4
Definltion 1.2. [6] We say fiat five continuine Teadom varinhle X has a Gammma
dietribation, truncated to the laft al ¥ = o and to the right at X = A, 1 ita
prohability density function, denots]l By Lo ig of the form

. ¥ g, hz-le b i R o
¥ ||__E'I.'I-.i'.'l_| { L ’ .ir il

ER kel

0 if @< oar g oo € Rz 0. (1.2

arhere (e, B) i5 & constant with one of the following forme:

H
i | __,I_-.':: - l" e B0~ = 3, a
tha L) [Lals) Fata)l RS (1.3]
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k=0
'-J'.'|||:r4_':
Ay =G=1)e =2, la—1) — [k~ L, k=0a—1, {1.3)
fes N be BT and
|q T I
Tala)- = "'.L_ ey et T SR i) i) I L (1.ha)
3 Ciag § o ﬁ;'[EII

Lermma 1.1, The family of Camma distribution, truncated o the laft gk ¥ = nd
Ly the right ab X= 8 f (e w la, b€ A7) = an ixponential fmily, that is, we
T

2
B

wplTio b = 0 T LA SR
.||r|:r .H[;I: 2 ] r‘l:ﬁ.' [r':i“':l'-'-] I nllr.'._l]f":!:l {gj:* lﬁh]i I.'r]} I.]' tl.l

il we have in'viow the definition for an expomential family of disciibotions.
Theorem 1.1. .:5] I KXoz 18 6 vandom voeable with o Clomm disbribataei, frgn-
enbed fo the Toft 8f X2 giid o e right it X' = dwhere 0,5 B 0, Vasa is

probatality density has the firm

L."' w—i _b:l. ol " -

r “———r T £ 1r s A
,:r,-._,.,:q ['..".‘; i, bl e Tl [Folai-1 wie)f o it (1.7
W { if cooor =g .

them the mewn velue (the srpected viduef Aas ene of the following foomns:

. o gtk ) 9
EI:th.ﬂ.ll = E I '\-I - : o 3 .I] T [IEI
b AT e} [Fs(n) = Calal] ;
WionFERDZS o<, onda be R , op
: . a ah] e ~ok i.lplllr'.lE_'l?h
EiXaws) =~ 1 o) kb (1.4

a-1
B AR [[abe-1-ke—ab {ihr—1-kg—dh|
yoefeRO0<ad and ae N°, be B

Theorern 1.2, [5] It Nawwg 15 0 rundom veriable with a Gomng distribution,
trunceted to the et ol X = and o the right al X = fhere o, 8 2 Bowe 2 0, and ifs



Mrobabifily densty hase the form (), T then for the 2— 1k order moment o2 = B X2_ .1

and for the seranee V! Ko, e have the Jollinigng expressions

a4+ 1] (adyeHg—ab { o +1.—0b
{2 AT {a) [Talal = Taia]]
2 =1 (Fh]re- A _ foeb)=e— ot

i Irl.: rE-IH rﬁ.:' = FHIW L

(1.1

0 I;:'ih_':“_II':' .'.I'.-_l:ctb:luflﬁ—al.-

F B F]'[rj.:! l].-','; fr::: | % |;_r.'_:l|

=] [ Ah)Ep—dn _ { ol g . ;

B r'-::.a.j Cyla) —T",,f.g]_"__ ety
L R (" Rt

- [TPJF_THT

a e 0<n T oand e, b B
2. The amount of information contained in & random sample

Lut (7 be b stalistical pupulation and X a common property for all elements of this
Population.  We suppose that (hjs chnmon properly. is a continuous Tandom varinhle
which haz & probability density function fix: @), where 8 i a real ane-dimensionel (or
w-diinensione!) parameter hivving values in 4 parcmeter space g © R for Dy © 1 h

Let 8. 0X) = (3, X, p A o) denote & tendorm sample of 3l nofearn the preapalalion ¢
which has the probabilicy demsity funceinn H#:8) 8 & Dy, Our problem is that of defining
8 Stutistic § = g X1, Xy, .o Xn) s0. that if T1: Ty Bre the observed experimontal
values of the sample random wariahles Xy Xy, then the pumber g1, 73, ... w0 ) will
be referred to as an estimate of @ and s wsnally writion as &, - UF1, Ty, .., T, ), that s,

o A —e 2.1

where Q1% ie e space semple. In this case the statistic of ), X0 a0y RETE =t
eatirmator for che unlknown [TEmber §

Mare, if & - 00X, X, . X 18 an, unbissed setimator of the unknown parameter 8,
then & lowrer bound of the varinnes Vor(#) satisfies the inppguality

= n2.2)
Frovided that snime regularicy conditinns fencerning the probahiliny dlenzity funciion

Flz; 07,8 € Ly are aatisfied
Definllion 2.1, The quantity Iy (4} defined In the relatizn
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i o F II-.liaj'.n-llr:-ll';lg: ; ais fV A 5
;r_-.;' I\_lf':'ll = -}I'q |l\— Ia[-'__;l lI'l|_.'l...."'-I.r.'.l'. [?3.

i knowm ax Fisher & information measure assuciated willh a continunnms reodorm vark
able X
3. Flaher's infortation measures for the truncated ganuma distribution

Lat X5 be a mndom varable wrhich T a Cramuma distribulion, truncated to the
et at X = o ol g0 the right ut X = 4, with probabilicy density function of the farm

Z ; ; Clay b g% if R R | 3 . e
Ja—alzie, i { 0 A S or s ade B = 0, 3.1]
whiere o
e b e S ol | I [3.2]
'.I'.l._ 'I. l‘:’ﬂ:lrlﬂiﬂ]—ru[l'?_:ll cl:.r I': R I:I E-_nl I':!' i
it i, h = R i f

Theorem 3.1, §f Xqeq followe o gumma dastialtian, trunoated to the leff at ¥ = o
end b2 Hie wight of X = 3. with probability demyity funclion of the form (5 ). where
o, ¥ € BF, &< pararieter kot B bartmeter b thet: this Fisher inlormation
wEnneT corvesfonding to XL g has the Forllomvivug Firem

@ (b H e — byt emat
& 7B (0] T [6] — 'y (a]
a - 1 [ L I:rl-'._rr]“c_""“

i i) 'l'l.gfﬂ.j = Fala ]
[(36)%e—0 < (ppjna—ab)
|_ LY [I"'I-J[r.':l ! 1",_.:5:r1.]| ] i

Proofl. Because X, 5 = a continuous resdom varialble pnd # = § ix an unknowm

parameter il fmlhoas that o Pisher inlormacion mesesnre, With respect to the anbmown
(iurameter b has the forn

I-‘f.-. i ':'I:'.]

(5.3

- .
L foealTra, BN
At I J‘( Wlaealr;a J Samplitsn, Bidr =

) 7 -
- .r LI'”-:T.\RE] Favsgizya, blde
Mo, by means of the probabilicy densicy function {3.1), we ubtein
fompliinb] = atnk - inl'(e) - n|lafa) = Tala)]+ (3.5)

+ [a=1}nr — be,
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where T glo) and T (o) have been specitied m {1.5a}.
TFrom I:H.El':-, wo fimd that

Al ain)  al'.(n)
Binfoopleiob] o ok gh

i b 7" Tyl - Lol

Tlaing {1.5wn), we get

d L-,.h[n.i o f r].ﬂ':l:-l-ll ol T'ﬂ[rl i 1”
But, for the integral
Lala + 1) o 2
| = 2 i,
i o Tha4 1) *
U

(5.6

[57)

i3.5]

then when we apply the well known formula for integration by parts,a oblain & new foarm

J.-\.I'!::fr -+ |_: = ].-'Jj[rll: o, r'-l:.ﬂi_-':-;l-.:.l{_:—_ﬂh_

A wuch relation i holds sod in the general case, namely
4 o ‘ 11 1yl e et re
Iafat+ k) = Dat+k-1) "—]T(F,F? — &E N,
prom (3.7) and {3.8a), we get (he following relation

g Tglal _ [ Bb)= it
i dffa)”

which is holds and in general case, namely

ATl kY ek (et

D R VT Y |

Ln & shenilar menner, from (1.5a), we obtain

§Tale) _ (ob]® o
T i 5

Froan (3.81, (5.10) and (3.12), we conclude that

Bin foglma k) _w i3 i:.l.?fi-}“ﬁ'-?"’—_[c:b]“r_"*h
b Iy AT (o) [Tale) — Lelad]l

Thes. Friom -:'.'J.lﬂ:l. wi chtain
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._tu_I#’1kE ]‘ﬁ': ar |l.'+1 =k

{8.34)

(3.9

(3.10)

[4.1L)

(3.12}

(3.13)



il ol a b I B R ) !
cilé Lo ab | b{a)[Cala) — Tafa)] |~

¢ (IR (e 1 e fagjont e
B ¥ CalTa(s) —Tofa)] ' ¥ Tlallsle) - Tala)]

(3.14]

[ 0% — (ab)=a—nb 7
'1_ B a)[Tala) = ala) }
Using, this Lage relation sl aking into secount. (3.4) we cen edpress Fisher's informa
Lo msemre juas in the Form AL Thus, e proof is completa.
Corollary 3.1, 17 X follows a CGanuna discribution and Xos follows a Gamme
digtribution, trunented to the lefl st X o g and to the right at X = /A then the Fishes
information Ty (6} and Var X, 5) always are oqual, that is, we have

Ix, B =VerlX  a) o feR0=ax fabes RY {3-15)
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