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ABOUT NOMOGRAPHIC REPRESENTATION OF THE PSEUDIO-STUNM
FUNCTIONS
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Abstract., The aurher Provides & stwdy about the neograhic represeulating of e
patido-sutha with tem, tleee oF o teans. I is sbdwn that rlpes PEeudo-zums a0y nocnneea shi-
cally represented by plane heenogrsss with alignmag, noinks, by pum nErema do space 10 wish
foplanar poinls and by eopepenid MO AN,
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L. Introduction

Oue of the imporkant profdems in nomography consists in knding the sonditions of Lhe nerne-
graplic rapressntation, of the enquaticns | and functions). In many casrs these conditions are me
Prased by the equations with parting derivatives of at least first nrder of the funeeioas wljch
Bppens i these equalinng, However the conditiogns eEpressad, by egeations with partial derims
Lives dpe too restpjclive and Phew are ot impased b the nomographic necessities; Doly condition
uf ontiryily ang METOnY Ao, i somme vases, sutficient for sncl nomoeranlio: rapresenlaring
The awmidance of the derivabifity conditions Las led fe the "paore Simnple” characterizasion of
the reinograplis Tepresentation conditions, e, e characterizntion hy funstional SO Liuns
Subsequant 2 the apprarance of tha papers of 7. Aozl A-15 W Blaselke [5). . Racn &, 9
L rORneCtion was mide hrtwesn Tamography and funcrioga) sguakingg. o Lhis (%] T R
Aefinition of the noTagrndn becsoare nEcemary. I wis formulsied by F. Rada (3] who wsad thre
definitions of Blaschke. Mol B A family of maried trves is a sopolagioal image of & fascicle of
Purallel straighe Jimes A =yetem of bwo Vinarked) ey forrmmm & imarked) negwork af chrvey (f
CRCHrUEve i U ft tromily erosses the sl i Lhe glbier family In not s bhaol one pesine
Threa Familigs. nf Cmarked s mrves wliek considared o W pam Tormz met ' curing rmithe up' g
‘marked) tisgan,

Definition 1. The HOMOETAIN with marked lines ig 4 Plane marked 1issne,

By noting the marks of the cures of the familicy by ¢ 7z, 23, the wlue

.3'3=f|:'_z]13.2:| iy

carresponds o the pair (s, 7a). From, the alove definitions it resulta thac Lhe function
f is rontineous and monotonie. Then we have the theopar Bl The euation (4} can be
nemograpiacally repiesented bl @ Neomagriem walh minrked hnee af and iy if the funcdion
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Friic B — Ris o continnons gd sdrctly monotene one (with mespect to oy wrdable,,
L#1 ns comsider the sqguation
Xz, 25, zz) =1 (2
where X : Dy It i ia & continsuus function, that tefines coeh-of s variables as an
Implicie function of the other lwo varisbles.. The problan (known as the amunorphisia)
iz of building a nomogram wilh merked lines for the equation {2) {or P11) b arbitrarily
chonsing che necwork of curves 27, 70 88 & abrarpht line neosorek.
Theorem 1. [#] The necessary snd suffictend condition so that the equation (1) fiuuere:
I as continnsus end strictly monotone) e nomogrophionlly represented by o oo
with moried stroght fnes e that o coulid be written dn the farm

filzl mlag) h,[;:l.] |
Tel2a) gol2z)  hglza) =) ()
falzs)  palze) halas) |

where =) mlas) dlz), £ = 1,58 ore continuons fureciions,

Tuking into aceount the fuct thet by a correlation of the nernogram's plane and hy
vomeniently chocsing the projective ayslem of coordinates, the marked family of curves
is transtormed into o marked acale, we notice that a marposrhm with alipnment poinca,
with thres seales, iz the dual image of o nomogram with three marked glraizht limes.

This paper will approach she nomographic representation of the peeudocsuma af two,
three ot more variables. Mention will also be made of the funttional equatinns that have
a& & aolution the pseudo-suma.

3. The functions of two variables which are pseudo-sums
a) The characterization of the peeuwdo-sums with twe terms, The tollowing canonical
forme are known for the equationa with three variables of the third nomagraphical order,
which cin b represented nomographically by nomograms with alignment peoints of genus
EEIT
Fiz) + Gl = Hizsh Flo)O{z)Hlz) =1 (4:3)

Flz) 72 H{zz) — lwhere F (2, 5 are the real functions of one verishle, conbinmous and
atraight monotonic. Thue the squetion (4) containg three functions ol o suriehle, F, 07, H,
Lhat are continuons and =1 rictly monotonic. The inverse functicns 7 Lo H7L ave alss
comtinuong &nd avrictly monotonic. The eqguation (4) ean &6l be aritten under the form

23 = flzl, 2) = B F( Y O T

Definition 2. The function of two wrisbles &y = z1. #2), defined in a plane domain,
ia named pseudo-sum with boe ferme if the relation (6} iz fulfiled in each point al e
lomain and the functions F, &, B are eontinuous and strictly monotonic [&].

Theotern 2. The necessary und sufficient condition o that the continaeny ond atrretly
motrtonones fenction of fun wartables, Flz) 2, be pseudo-sum with foe forms is there
erists the decompogitian (f),
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3. Aczil [1] has chiracterized the pseudo-sums of the form
£y = iz )= H_'[uH[EL': 1 hH [z + o

(where H i conlinuous il grrictly menotomic], by ehe: Funetional squation of the hrigym-
metry

Fifle, 21). Flozv)) U0, 2gh Szl (8

Here f 15 a continunus and strictly menotonic lunction i dornain e 87 space. We

notice that the fanetions of form {7) ks o subcliss of the functions (6], Moext Acz] foumul

{in additionel condilions of peflexiviky sl Symmetry imposed oo the function S the
aolutions, of the hisymmetrical prpation (8), exprossed i Lhwe form

L1

Hiz)+ H{=))
zg = fla, ) =HT [ (1) = Hiz)

5 , (9]

He solved this problem, felloming the axirmatice] characterization of ‘the funehioms
niined qnasim’ilhnvﬂ'lt:aﬁ theans, propased by A, Rolmogorov L]

Myl Ta.. - o T lﬂf‘} s Fl:zi;:'l'— . +FI:':EH]J .

(i)

., Rado [#] has demonstrated that the pseudo-gumes are consinows and strictly monotonic
sibutions for 1he functional equation which generalizes the equation (8]

w0 fle vl = FiFln, 220, Flzn, ] [

Here the functions 1. f mae also defined by the equation (1) sl ved with mmpect Lo &,
respreckively 22 (18 A1 = {2z, 2a), and zz = g, 2 )

) The pomopraphical represenlation of the pecwlo-sums with e Leris

Thie aquations with Lhre: variables of the third nomographic order, (4}, and (3} are
repregentad by nOIMOErBIna with alignment, points of genus 2610, aqn] with three straight
line acalrs. The Soreau forms, with d a3 a prrameter, for these aqualions wre

| ﬂ .I"[T'_} 1 I d ;.'-1.5,._:. 1 f
d Cafza) 1 |=L| | 0 les) 1 |'—'i:| |;|-3':'
B d
| g _”zﬂ'z 1] | T=HTzx) L
hepee e obtain the suatinne of the stales of the pomOErant. seale(n] : v =10, 8=
Fiz) scale(zg) - 2=, B= 7{za) sonle(zs) - ¥ = gy = ﬂf'] rapectively
eenle(n) s 2 =d, ¥ = F'—”-r peale(zg) : = 0. ¥ = =), seale(zg) © & =

I_ﬁt:._:ﬂ y = (). These scales are situnted on the three parallel si raight lines and, respec-
rively, on two puraliel gtyaight lines and # third that inlersecis them. i the sonles of the



nomopriaons [for (4] and (3] are sizuatod withar on three straight lines which eross ench
arhar in a poiat, or on theee straight lines thal form a trigngle, then we have the Sorsan
prjLiaticns:

| e
b wa anfrid | 0, 1 Tl b g

i LIS S L3l 1
| gy Him] 1 | | Himj—1 T=Hlesl L |

from where, by adding the' parameters Phat &re necessary | the nomogram constraetion
ore'enrt infer the equationg for the nomogran’ scales, So, 'we can enunciate

Theorerts 3, T plone Baomagrren with alignmient peiniy of genuy e oerTespoids
o the equafion (| [re¥pectitvely to Wi paendo-sum of fuge porrables arth tuw terme Y EG
veciprocelly pacudo sai af fuo warinbics with twp termns (6 (or any epeation (4]} @& nomo-
srnphicadly regresenieel by 0 ROTLAET of geniis zerp,

Remark 1. Teking into consuderation che theorem 3 woul the point 2a), we realiee
that the peendo-suma (7) (a particulsr case of (G)) will be nomnegraphicelly representd
by nomegrams with alignment poines of geoug zero with thres homotetic stradght line
srales. The preudo-sumes (7 will slse be reprosentéd nomographically by nomograms with
alignment points, that have Uhe three srales situste] on three paraliel equidistant straight.
Tines (the scale ay is situated in the mid:dle].

3. The psendo-suma with three terms
ﬂ‘] Thie {']:IILFH.FLEIEII-I.I.r-iﬁI!I af the [ﬂ""_[g_m'\,' anlh chiree berma. The fl.:l]l.l':|.il.'!ll'l.HJ. EIZ!I_I..!I.Lil:'.III

glielz, 22), 2] = Rjz, wza. 2] [14]

where there exists four unkmown functions haz been sturdjed. ‘The eguation [14) represents
a weneralizalion of the associataty squation. Therefore we wank to represent the functions
of three variables Flz, 7z, 23) as snperpogitions af finctions of ane ‘or two varishles, 5o,
o Jiave

Theorem 4. '8 The generl aontinuomns and shdctly monotenic selutions af the eque-
Lot {14 ) ore the funclums

wiz,zg) = H7[Rixn) +Guiall winz) = Hy ' [ (e) + Galz2]]
ol mal = ﬂa_lr_Hr{fL] F Galz)l: "-!-[3'.-22}‘—1rlr5|i-"_1[f:1' + Halz3]] 114}

where By 07, G, Hy, Hy are arfiirary bl seritinnony and strictly memotendc functones.
By replacing {15) n (14} ancd noting

[2:h 20, 23) = Hy UF{z)+ Gein) + Galaa) (1%
o by nobing again we chiain

Fil=, 52 2] = R e+ iz (17
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Definition 3. The function of shres veriables (17) i 8 paeudosemn with firee teemes
if in 'every point of & demain from-#% apace thern, are the. melation [17} and Lhe fne-
s B OL B K are conbinuous and strictly mwonotonic. Thevelore we can enunciale the
f'.}‘”ll'-’.']!Lg

Theorem 5. [8] The necessory and sufficient rondition o that the coniimuons and
gtrictly menotonsus functions of feee variabies be pseado-sonis uwalh Mave terms i that
e decomamgition

flzn, 20 2] = wlglan, 2a), 23] = klzy, vzg, 29]]. (18]

sl be possible.

b} The nomographieal represencation of the psendo-aims with three terms

The midimes, introduced in seclion 1, 2 referring Lo the representation of the custion
with three variables (21 and respectively of a function of two mrisbles by a ynogram with
miarked lines ean be further cruployed in the case of an equation of Frur varishlos az wall as
of a function of three yurinbles. This extention is performed o the purpose of representing
them gither by & nemegram in apace with voplanary points, or by a nomogram in EPECE
with Familios of surfaces. Here we will extend che congept of femily of curves, metworks
anil fiague o the three-dimensional space.

A family of surfaces from a domain B © 7 is the tepological image of a system of
parallal planes in s domain &, Y 'Uhe real constants in the equation of the family
of surfaces ropresent the marks of the familv. A system made up of three families of
[marked) surfaces in K o i is called a {arked) network of xorfaces in £ © R, if the
three above families together with the domain £ are homunorphic wich the three families
of parallel plapes from E, [teo by lwa orthogomal), A system of four families of imnarked)
surfages in named fmarked) lisswe m spoce if any group of thiee families forms 8 aetwcork
nf surfaces.Lat us consider a tissue in space eonsisting of three familicy of planes which
are: parallel with the coordinete planes aml a forth family muaile: of the level aurfiwoey of
the function (7], b f2, 20, 23, I;:I =K 1'.!"‘:'.2'1] + rlzy) fflf:gl:l} = rumist,

By applying & topological transformation o s tissue so that che [enilies of paralle]
phienees mlso remmain pacalle] sith che coordinte planes 1 = Flz), 28 & Glag), w = T2
v alse obtain a family of parallel planes. Thus we have B Yz | # + )] = romst Such
& LIBELE 15 nimes b reguiar tesae i spoee,

Theorem 8. Fagudo-suo: ualk Bree tormas de nomepraphically revresended by a4 vegidee
fissue m space H° and secipracalli. '

Applying a rorrelation to the mgular tissue we obiain o nomogram in space with
coplanary poines, with four atraight line parallel scales. We obtain then

Theorem 7, The pseado-sum with three tsrms (17} i nomogruphieally represeniod
by v namnogram in specs wnth caplenory podnds fwith four stright fine parallel scofes) ond
recanraaliy.

If the function of three wariahles (18] for che equation with four varinhles)

b

Ey="[{=, 22, 5] (19
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admiflaa detomposition af the form (147, then the soquation {19) can be represented Dy
i eodn el normograi consiHing of twd MOMOETRTLSE of (marked) Lnes. Fach of these
bty TeGETAGE CONTAINE TWO Sunilies of marked lines aril mny unmarked family common
to hoth, Noting by

g plarim)i =PI, =) (20
far e of the equations (20 we cas write the Soreau enguation
ate) |HE 4@ | ) aley B ] '
fizd iz fin) (=1 faizsd galzal  halesl = 0 {21)
| Falaa) gul22)  halzz) | |- falzad o galg) fral®al

Taking thto congideration thie phowe definitions we find out ehit to the paendo-sumes
with three torms rormeEpornels o oo B AETa by e plane NOTGITIEE wilh
Aligaument paints with purallel straight line deales and i "mute" scale.

Theorem 8. To e egaation anthl Fover variables (T8, ibhert (he furetion [ i con-
dimiuig and strictly moTHLITULE, and more i admits a4 decemposition i ihe form (18],
correspatid o crimponid plome TR AT, sociproolly o pomHiTd TRt renreseTle
pmogrophiadly Gn eiation with fond pariahles where one af s perdaliles 18w wmplicile
function of ather thiee Lardabies.

For the peetdo-sums with n LeITos we Cih alses builil the wultidimensianal namagras.
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