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A PHELPS TYPE THEOREM FOR SPACES WITH ASYMMETRIC
MORMS

Closticd MUSTATA

Abstract.lf (X, |||} i a linesr apace with asymometric norm end ¥ oi= & aubepace of
A for every f & ]r'-_; I:I.'.|:'|.-e’.- ciornee G linesar hoonndiexd functional on ¥ chere exiats al st oo
lanetiomal ' £ X} extending f and preserving the asymimetric norm of £, The problem
of wrigueness of the extension in cerme of unigueness of clements of beat appeaximation
of ' C X7 by elements of Vit = {Ge X2 : &y =0 & >} is discussed,
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1. Asymmetric norms

Let X be a real lincar spage snd |- @ X — [0,00) a function with the following
propertiea:

1 el = 0 for all x £'8,2) || Ae]'= Allz] for'&ll'A > 0'and all = 2 X3 Iz o'
|| « |/y| for all x, 3, & X. Then the function ||| iz called an asgrmeire norm on X i
the pair (X |1} is valled a speee with asgrmmetris novm {see [B])." In‘such a spice, in
peneral || -x] £ o

Ezample {[1]] Congider the real linesr space

1
Cal]1],1,00 = {u': [0.1] = R, & is ontinuous and [ o [0l u}.
Au

The function - © Co [0 1], 1,00 — Mhoc). x| = max{r(0):t € [0, 17} aatiafies the
properties 1) - 3) of asymenetric norm.  The functions' 7, (1) = a t—%].0 £ B are
in, Co 00, 1] 5 1,00 amd || Sb = |l=zal, bub e functions gt =1 — at® ! g
2 (nC M), which alan Lelong o C00, 1, 1, M satisfy |[p.] = 1 and =i =m - 1> 1,
LE. i }"lil 5& _:||I|'I|'

By definition, the balls B e r) = peX:[y—z| <v} zeX andr = 0 fom w
bise of the tepology of the apace (X[}, The apare [ X, |||} equipped with this topolooy
nend not be a topalogical linear space, since the multiplication by scalars is not continuos,
In the preceding example, for z =Oand A= -1, { - 1)0=Naml forall r >0, — 8 {0,r) &
L, 1} fe. b multiplication by seilars s not continuons, T

For each ssymmetric nonm |- oo X one defines || = maxf |2, =/} Then I =
=l . = € X TF theere: emists e =41 such ghat Yol < 202, e the norm [|-]| Al asymrmetric
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normm ||| are equivalent, then (X, [|-[] is » tnpelogical linear space. Such a situation oo
ol dim X « oo, Tn this cse all the norms and asymmetric norins are squivalent 1Al
121, pp21-23% If |- and || are equivalent then ||| is continuous on X

An example of an asymmetric norm on the normed space (X, N is given by ||| =
lzll + @ ix). ¢ e X where ¢ £ X*, i ¢ 0, (@ linear and continuous functional en X

2. Linear and bounded functional on a linear space with asymmetric norm.
Tet {X.|| |} be a space with asymmetric norm and £ X -« B oo linear functionel.
The linear functional F is called bownded if

(= P
__|’|:=.=!up{f"ﬁ{:m:1;£ﬂ} o K 1y

jmee 6, ChO, Sec5 pd&3L WTiEa linear and bounded functional, then
f = - = =8 X, i2)
aml, changing = with —z, one ehtaing —f (z] = F—#) 2 (I1F]: |~z , Consequently
g-l=t = fG 2 10 Dz, 5 e X

aml in general, |- 7 = [f]. Denote by X¥ the algehraie dusl of the linear space X
and by X7 the et of all linur and bounded funetionel on the space X with an asymmetric
norrn |||

For f.g € X3 wneobtains [ +p e X2 and Af & X7 (A2 (A + g £.XL, for wll
Fop. e X% and all A p = 0). Consequently X I8 & comame cnne in X%,

The functional |- : X7 — [0, o) defined by (ormula (1) sutislies the sedoms 1) - 3] of
an wsymmetric norm. Tudeed, 3 f # 0 then thero mecats ¢ = X, x # 0 such that f{z) = 0
oy f[—x) 2 0. Tt follows that. ||f| = sup(f (=) /[l} = 0 T4 = O then |Af] = Al f| and
[IF+ gl = |IF1+ ;|ﬂ-| are evicdont 1y fullfeliod.

Finally, cheerve that the function d @ X » X — [0, 00] defined by

Az =0T 9. +0 E A, L)

where X ia 4 apace with asymmettic norm |-, 15 8 quas metcic on X, 1o satiafies che
candinions;

a) dir.y} =0z =y b dfe ) <dimzl+dzy), zyzeX [Eee 6]

For f € X7 andall £,y ¢ X, wehave fir -yl s ] - fjz =], %o chat

The: last inequality means thet cvery bounded linesr Tunctional foon [X,]) ia semi-
Lipschitz {see [11]) ie. X2 o & Lipg X -whers
.EIIJ:E-jln ‘:!':r Ly {_‘r s e B -Ir [':'] = |:]: D ;-.; r.;'l- w1 o DC}
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18 the semi-linear space of seni-Lipachitz real funetions defined oo [ X[ (ree 2170
Bs:puse XD © 8 Lipn X, for cvary [ X7 am have

(] v ] f ) = . i
EUp fiz) — = sup _fq[ fj aml Bl S———— ':F[y—} = k! 151
=20 [T =20 I T gl ||ﬂ =¥l

L the ssymmeteic norm of f = X7 b= the smallest. semi-Lipschits comstant of |f.

Let ¥ be a sulwpace of the Huear space: X with asymnetric norm. - and el b, e g
Then f & & Lijg Voand, by an analogue of a0 ectenzion theorem of MeShans (], there
adste ot least ome function 7 ¢ 5 Fapn X euch that Fly = Faml e = [|£] {pee [,
Th.Z}k. In'cur case the following resule holls:

Thesrem L. {f5/). Let X be o ol Lo spece with the esyemetiae nore: I emd ¥ be
& sihspace of X Then for every f e ¥ there enists ' € X* aneh fhos

& Elv =4, B E =14

FProof. T /e ¥*lot 5 ¥ 4 R be defined by piz) = A1 [[=] . Then T = 101w =
By}, w= ¥, and hy Hahn Banach theorem, there wxists | = 47 such that

Fi?" = § and F[r'-":' = "-"rl : ||9"|| e X,
Thean

Firl

||'|. “f e X 0

and taking the supremum with respect toor © X one'oblains |F) < 1 F. On the other
hanel

I Fia
£ = .qup{-,l[—':J.mf.—: l’..zsél}} = aup {—“g'r'.z.":‘i’.y#l.’_l =
= fla
Fir h]
. Eup*i\illj—',q &Y, y+ If]]r» = || f] (6]
and, consequent]y IE =11

By Theoruem 1 it follows that il ¥ ig a subspace of (X} then fur every f e ¥ thi
Fat
Eif)={F&eXi:Fly = fand ] = 10|} (fi
i poaii,
Ohserve that, for ety £ = ¥ the dat ELFY ol ull extensions af 5 s included in
Fl={FeXs: 1P = 1} and £ 1) is conves,
Inalesd, if F), R ¢ ET daml N e 0.1) then ' f = ARy (128 Filw and
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[Lfl = ARy 401 = A)Fe| = A8 + (L MFa| = AR+ (LA P =
= ALF (=X | Fl = 1] oo that A& (L=MFacEL)-

3. Extension and approximation

In [10] R.E. Phelpe made a connection between the set of the extensions of a lnear and
eontinnous inctional f £ ¥*(¥* is the algebraie - topological dual of the subapeoe ¥ of
4 normoed spame (X)) 1)) and the set of elements of best approximation of & functional
F & X by theelefnents of the amibilator ¥ o {Ga X0 Gl =0}

If F & X" then the st of alements of best approximation of F in ¥ L i Py (F)i=
F & Fly) where E(F|y) = {H£ X7 : Hly = Ely snd [[H|| = ||| - The extension
of a functional § € ¥ is unique if and only if YL is & Chebyshevian subspace of X",

Tnn che proof of R Phelps’result one uses an =mential fact: topether with F & X~ the
Funeticiial F— G belonge to X0 for every G e £ [Fly), e thefact thiat, X hos asteucture
uf linear spac. :

Becauss X* has only s strecture of a convex cone, il eould exdst 2 Tinear and Tonnded
functionel F & X7, such that for cortain eatkensions (3 from £ (Fly ), or for all of them, we
conild have F— (7 unbounded, ie. F—G ¢ XTI, Some additipnal definitions wre nece3sary,
For it rone K in e Tinear space W and =,y £ W, we will write & < ¥ if and enly if § —& = K.

Lit A be 8 non-empty subset of the cone X3 and F& XY Wasiy that F admils
minorants in A if there exiats & € M such thay F 2 & {ie F -G € X37) and we sey
that F majerizes the sex A T F = O for every &e M. [ie F-McCXT) Olwiously,
if F e X and majorizes A, then F pormits minorants i A,

For w subspace ¥ of the space X with asymmetric norm, we denote by ¥ the annihi
lator of ¥ in X% i, the st

vi={meX}:Gly=0}. _ {7
We atate the following problem of best approdmstion: _
For F & X* find Gy € Y- such that |[F — Gyl = dy [F, Y ) where
oy I::.f-", }""_I"';'I = inf {.|.I-' A REY F I:':'--I- . k=3
Let
Py (F)i={G eV F2GIF -Gl =dy (FYp}}. (9
Wi sy hat 1-'_|J_- i Fe proximinad il H:.-_l._; (£ #4@. T, in addition, cerd F‘r"_f' {F) =1 then
¥ i called F- Chebysheman
The tollowing result is similar to Phelperoault] [10]].

Theorem 2. Let X be a space with asymunetric norm, Yoo subspece of X, and F X7
Lot
E(Fly)= {H & X3 Hly = Fly and [ H|={|F[} ()
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Ep (Fly) =AH € E(F|y): H = T {11}
a) It £, (Fly) # 0 then ¥ is F - aramimarnl and the folloutng equality falas:
i ::_J'"'..'I“_'_"] =|:F'|.-'_ ';12,"
Wl TG e Pyl (P them B — Gp £ £ (Fi).
) We heve 82 (Fly) # U if and ondy of Py (F #ED and the following cytity hotds:

F— £, [Fly) = Pr_ (F). ()

A ¥ i F oo Chebyshevian if and only | cord £ (s ol
el FeEp(Ply) o and oyl e Plr-IJ. (F}
FProof. Let O e a minorent of Fin EF|y ¥ {Gn 'masts, hecause L {Fly = 0

Then, ¥ Gae X1 and

F

\Fly| = ||t3g] = | — [F — Gl = dy (F.¥5 )
On the other hand, for evary & € V4 [F 2 G we have
IFly] = [y - G = IF 5 6.
Tuking the infimuom with respect to (7 € ¥ [F z &ywe find
IFly| = de {FX5)

Therefore, the formula (12) holds, and ¥1 s F - precciminal.
bl Tat €y € Py {F) | Then F = G {accanding to it definition of S0 [F0),

Gl |y = Flv and

|| Gyl =inf {1F = G| : GEYE F 2 G} =dy (Y )= Flyl

(aocording to a))s Thus £ - G & E4 i Flw ).

2] Followws from a) and B,
If H ety iFaythen F.2 H{F ~Hlly =0 and

IF = (F — B = |H|= |Flel=dy (R

aml then & - H £ ,I'-',r___ (T

Conversely, & ¢ % {F) implies ' = . a0 that F Ga X [(F—i7] |y = Ly, and

|£ -~ G = |IFiy| =ds (F.PyL).
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Tt Followa that F° - O ¢ EL(Fly), e Ge F—E (Flv].
d] IE VL is F - Chebyshevian, it results thal there exigts only one eloment © £ F‘,,-IJ [F]
such that & = G, su Lhal F~ &G e X3, (F - Oy = Fly ol

WP =Gl =y (FYE) = 1#¥l,

i.e. £ {F ) contains only one clement, namely £ —{r.

el B F e £ [F|y) then there exists 5 ¢ o (Fly} swel that F = 4. "Thus, according
pove) o e e P=i0E B (F) !

= P]1_| [F) then || F] = do [FVJ": = ||Fly|. 80 FEE{F. A
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