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CARISTI TYPE OPERATONS AND APPLICATIONS

Adriamn PETRUSEL

Abstract. The purpese of this paper is Lo present scine PesUlts on et
valued Caristi type operators between metric spaces. The case of mettic spaces
erclomred with & weak distance, in Keda-Suzuki-Telahashi’ sense, js comsiderad.
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1. Imtroduction

{laristi's fixed poins thenrem states that each operator T from a complete
melric space (X, d) into itzelf savislving che condition:
there exists B proper Jower semmicontinuous function w0 X — Ry L [+eol
sl that:
dlx, Fl20) + e flx)) < oiz), oreach x € X (1.1}

b ot Jeast & fiood point 27 @ X Lon wt = fizT), (see Caristh [2]),

For the stmlti-valued cose, there exist several results imulving mult-valued
Clariati type conditions. See fur example, Mizoguchi Takahashi (7|, Marchler-
Peleg [6], van Hot [3], ete.

The purpess of this paper is to preseof some resulis on ol bi-valied Oaristd
type operators heoween metric spaces. Lo case of metric spaces bl with
n weak distance, i Kada-Suznki-Talkahashi' senze, 3= consiléred.

2 Prelimminariss

Throughout this paper (X, d) is a enmplate metric spae, and F @A o N
denestes a multi-valunl oparator,

If {X. 4 is & metric space, then TLX ) will denote the epace af all subeots of
X -Mlso, weodenote by FLX] the spags of all ponempty subsets of X and oy
Pol X)) the set of all nonempty subsets of X having che properky T where
conld b of = closed, b= bounded, cp = compudt, o0 = convex [Tor nonied
epaoes X, ohi



We congider the following {genvralized) funetionnls:
D Py = PX)— R, A By =inf { die,b) | nE A b B
H: X =P — KL {ond, HUA D) = max | sup DMz, B), sup Dib. Ay}
ks b I

H i called the Pompein-tHansdort generalized funceionsl and it s well-known
that if (X.d] is a complele metric space; then (FalX), H} s also o complete
TEbTIe s,
Definitlon 1 Fet (X, d) be @ metric spece. Then o malti-valued eperator 7
X ST s vidlea;

a] [M-T)- Coristi type srvieltifumction if there eristy o proper LibieT e oo
simiious funchon gt X =R U {4} sueh that

for ench z e X, there g€ F(x) sothot diz,y)+ ely) £ wlx)

feee Mizoguchi- Tukahaske 7]
by (M-Fj- Clarisia bipe multifunetion if there existe a raper loviver semdonT-
Hnupus funciion g X — EpU |+oa] such that

for pach £ & X and ench y € Flx) we hese dix,y) + @lu) = 2lx).
isor Maschler- Peieg [6)
) (- Carsts type muttifunction of F ez closed vnlues nnd there eviste o
proper lower semicentineows funchion @ X =+ R0 +oo} suc thot

for ench x & X, inf { diz,pl+olyl o 0 E Fix) } £ iplx)

{see van Hot (3]}
i Kanran type multifuncion if there exists a & [0, 3] sueh thai

H(F(z), Flu}) = alMz, Flx)) + Dy, Fig)), for each o€ X

) Reich type multafinction if there arista, b o e By withatbte<l sk
tizat

HiFiz), Fiy)]) < mdl(z, W)+ B0z, Fle)) 4 eDly. Fiy)), foreach s, ye X

If b a=10, then F is coiled o muiti-ualied meconirnoie
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Remark 17t quite pbeiously that f & sofisfies (3P - Al bgee condd-
fomt then B i5 e (M-Ti- Cavisti fype imaiafinction and gy {(M-T - Caristi fype
maltifonction satisfes o (ol - Clarteiy e oondition.

Definition 2 Let (X.d] be g melrie goce and £ X — PIX] bea ruifi-neded
map. Then an clement 17 € X 35 called « flesd point of P oof 2% £ Fiz"). We
denots by Fio{F0 the foend pointa set af I

T 1986, Kacha, Suznki snd Takaliashi introduced the concept of w-distaney
une i mekric space as ollows,

Definition 3 Let [X,q) be o wetric spece.. Then g fomcbionnpn 0 X % X By
is riled o wedistaner on X df the fellowing we aatisfied:

(1) plx, 2) < plr, v} + pin 2), forangrpz € X

(2] forang x e X, plr o X — By s lower semizentanuous

E81 for ang ¢ = 0, there exists & & 0 such thatpla x] < F ond ple ) <k
ety iy

Sume proparties of the wedistance are contained m:

Lemma 1 Let (X, d] e & metric spoce erd p be o wedistance on X, Tt
{ir'r.l]nEf‘:"\- [?f1|.}-"|'f|'1 be sequenoes i X, let ::E'-'!:ITI-EH- l:.an:l'h-EN i gEUERCES N EL
coneuerging fo 0 and fef y, 2 € X, Then fhe folloudng Ao

(i) i Pl n, T S o) forany 7, m © Boawithoh > 0, then (2, Vi b Tl
BOUCTION,

FE YT ) € gy andplm, 2] = 3, ferang e € N then (1) bovoefnes
ooz,

Fur examples and rolated resulia, see Kada, Susoki wonl Takahash

1.
3 Multi-valued Caristi type oporalors

It was proved by 1. van Hot thet any malbi-valued a-contraction Fon
metric space X s a (vH)-Cariati cype multi-function with a fusction & @ X —
B, ofr) = 1= Dz, Flz)). Moreover, if is & multi-veleed a-contraction witl
nonempty and compact valees then Foaatisfies o (M-T)- Caristi type condition
with o same funetion w(x) = = Dle, Fla)).

Let s remark now, that any Heich type multi-Tunction {and hence in par-
ticular any Kenpnon multi-function) ia a (vH]- Caristl type multi-function with

: TE i PR L= L
a fuhetion ¢ given by wir) = ——— Diz. Fix]).

299



Detinition 4 176y dy 5 o metrie space, them o i vadued Fherador Fo X
PIXY ' e 1o b g Bty fupe frapliic conttuclion if there erigt b e e Ry
with a4+ b oo ] suecl: Hhet

H{F{z, Fipn = eecl[ i) LTS Flely+ ey, Fiyl},
Joreach z & X ind o i F{x).

A connaction bt malti-valued Reich tvpe raphic contractinns and
multi-vidued Carist Lrpe operators is given in:

Lemma 2 je; (X e} e g metric space and fed X L, PUX) be o diedch Firpe
griphis contruction, Then & 2 (o Ceriats by amcndt- freretiio,

Far the cpge of eoonplete metric spaces endowed with 8 w-distapees tbve fulloe-
g seneralizalion of the Covite-Nadler fiom| Point principle for miti-functions
was proved by Sk and Tulabnshi in [M1]. Wa nieed, first, u definition,

Definition 5 Lot (X, ) be a metme space. A it tued g B X
EUXY e calied Poenmraciive of there et o w-distance 3 on X and o read nuirshey
a & (1] suwek thos for eny'my re € X ond arch gy & Flag ) there srigls v E
Flag) so that ply;, ) £ aplry, )

Theorem 3 Lo (&, d) be & complets metric SpRce and @ X~ Ry U4 o) be
& proper iower sernicentinmons hinction, Let - x Fa( X} be Proonct i
multefunction. Then fhere erude +* © X o fived poing Jor P and Plrm x* i =0,

Somme extensions of the Previous reanlt pra:

Theorem 4 ot (X, d) be exinplets melric space gnd | . X = FBuX) bhea
elred mgite. pgiice gierator sueh that e follovisg Az alion Nolds:
thern exnsf & w-disbanes FonX and a mes! nyingber i = [0, 1 o thurt for Gy
#EX and ang gy = Fix) there iz yo & i) sueh that Blan, gl aplx, ).
Then there ppisfy o* € X a feed poing Jor P oawd p[:.‘,_a-:"j = I,

Theorem 5 far (X.d) be g COTPLELE iefric spoce amg e X R, L {0}
b o proper Jower semicontinuous funclion. Let X, Fet[X) be o elosed
Tt nafieen! o perptor fLawing Hhe faltowing Py

there criels o w-disfanon PonX so that for each ¢ - X there dv y F{r}
we hate: p(2,9) + oiy) < win),
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Then Fizh £ 0,
Moreover, if F satisfies the stronger comdidiri

theve eTists o w-distance p on X g0 that for euch z € X and for eachy = Fli)
we e pla y) 4aely] £ el

then there eriats ot £ X @ fived point for 17 and plet, &%= 0.
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