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OPTIMAL FEEDBACKS ON INACCURATE MEASTREMENTS FOIU
NON-DETERMINED MODELS

Tatsiana PIASETSKAYA

Abstract. 'The synthesis problem of optimal contrels of feedbacle bype [or non-
detorrmes] mndela and mwecurale measurementz of the dypmnic system oarrent sintes
14 considersd. The algorithm of operating vptimal conteoller which is phls to cadiidade
widues of optimal feedback during each particular control process in resl time is deseribexd
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Introduction

T'he clagsical thieory of optimal feedback is bose] oo delerminead mathematical models
of enunrol evacemns and asspptions than during the control prucess acourade values of
currend slales are accesgible, The use of non-delermined mathemersical models and the
suppositicn et corent states of 8 control systom are mensyssl with a hounded accuracy
entich the arsenul of fixsllacks which can be realized. Under the assumrption than diring
i ronkenl peocess an soeurete valoe of @ current ahate i3 accessible three types of optimal
feodbncks misy e built 2], Inacourste messurements poosdoce new typea of optimal
feedbacks, In che paper 1he dimplest one i3 considered. This trpe may be inlerpretesd as
1T generalization of & feedback constrmis] Troin the acorate values of thwourrent states
3]

1 Problem statement, Open-loop contirol

Ler T = [£..$%] be g contro! mbtervaly do= (7 — L1/ e o gquantization periad, & isa
paloral miimber, Ty = [, 8, ¢+ K, 7 = b A scalar fumction w(d]. 0= T, ik sadd o e a
dizerete contred 171 Lalses e form '.'J.I:l'] = w[i.+kE 1S :f‘-t—-r'\.'.ﬁ!-. to=(k+E0kL k=13, "-' 1.

Inn the class of discrete controls consider & hnsar optimal control prablem

et —max, F= AlNe S8t —w, i) =3p6 X, (1.1}

witTl e XM= {ee AN i 2 He = ll_;"*}. Ln:-:n‘-:l =1 teT
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where r = #[1) is an newctor of a state of the control aystem st oioment ;o = [
I3 a value of a secalar [one-dinmngional| control; w =w(l) s B, L. T, 05 a piecpagse
routinuons disturhance astisfving the condition flesiz| < e, 2 & ", wis a given value;
w0 I8 an inicial state whose velue 5 not known exactly and a priori information an
15 exhanstad by the inclusion in a given bounded set X, R | I il =
1}t be atid B prior distribation of initial state; =, i w siven fi-Vector, o' is 4 given
sedar, lel] = wax )z, ='Ta, Al). t &£ T, ia a4 piecewise continpous n n-ImAaLrix
funeting, characterizing dvnamica) features of the rontrol olipeet, Be) ¢ T, ik o piecewise
FeNRNUEOUR a-vector-function, vharacterizing an inpur nnit of the svatem; [ ¢ BmEe o
a glven matrix, characterizing aunpnt signal: g,,8" & 5™ am given vertors of e okt
signal ponstraing,
Multivalyed finel irq

-':{I:.:: :Il:l.[':l:l - 'I"“

o amg e )y vl -1, 2 Xy, (o) e Wil | EE T, N

it it te be a trajectory of non-detenpined system (1.1], eorresponding to the control
Nl =ins], e e TV), ™ = e, 1], where uy{-} = fud), 8 € T, Wel-) = fuih} [ele]) =
w,og 8T} 2l mg, w ), wel- ) L€ T, in'in individual trijectory of determined aywtom
[1.1), corvesponding te the initial state Tt} = xa, comtrol u(-) and disturbanee wf-
A set Xt u,(-)) is said to be a prion distriltion set aof the eurrent state (1) of svaten
(1.1} al romen. £
A discrete: contral wit), ¢ T, i snid to be an accessible lzuarsnteed) open-loop
comtral i [e(8)] < 1, ¢« Fand X~ - [1) X7 The quality of the nccesgible contral
Cis evalnated by the fanctiopal Jlo) = ming'r, e A0t - 11). An acéesible cntml
w¥t), § € T, s said o e an optimal (guarantesd) open-fucp contral if Fu) = miax J{u).
Deseribe: the appmoach to the program optimization of svatem (110 An individial tra-
Jectory wlEff, g wee (), e 0], t & T, of system {1.1) gatisfis tha 1144 terminml conglraint
if b imequalities
o O N R A [1.3)

are fulfilled. Here hyyy is the -th row of the manrix ff.

Up o the beginning of the vontral process the tre wlue of the anate ap amd distir-
bance, wii}, ¢ € T, to come are unkoown,

Lhe enly available informetion i Ty B ey el 8 anot o EsT ) Conditiona (1.3}
are faliilled under the fixed - [-] for all probahle initial stptes £ X, disturbanoes
wee ) € Wisl-and f e J= 41,2, . ot if and only if

)
s

Fay = f hE1J P87, a8 e bl 8)ds < a7t ed. 11.4)

E
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Here
Fit,s) = FiF(g), F=AEF Fit) - E
fai = Gui — i, Cres = AL P E )2, — B (LY | JI Ry £ 80|
Fa
g gt — o, af =i Ot i PR

r.r ra
i ||"";."--["[r--"‘:'||-dfi =" = 3o il
i =1

Evaluating 1 a similar manner the quality of Lhe accessilile control

r
g = AP0 S r:"f"'l:_i",l'f:|||”_ﬂ'-'f'["’r.r'-:ﬁ":s]""—
Iy

I Jlr o B, s AT aE

[ 1%

ane can weily Teduce the problem of ealeulating the optimal contrel w"(E), & T to the
determined prohlem whose dynamoie form i

JaltT) o mae, * - Altiz - B, zlt) =0, 1.5
fo £ He(t") £ 5, wit) £ L1 € T,

where Fo = (Ged € 15" =101 E g R

Thus the problem for the progran aptimization of the won-determined dynuriec AYETII
with- an  anknown initiel state and digourbanes i reduced 1o the imvestigation of the
determined lingar optinmel oontrol probben for the determinem] dvnamic system by the
approach (11,

T nhesain Lhe munerical selutien of problem (1.1] one can e s fast duel dgasithm
frean {1}, T [1] there ia also an algarithm Tor construcling the pesitional solution of the
prohlems of tvpe {1.3]

2 Optimal feedbacks constructed from ithe current reasurernemla

Cptimal prograins construsted at the provinus sgetion are useful to begin the conl 1l
praaesses. In 1he majority of applicaticns of the cnntrol theery preference is giver o the
contenls of foedback trpe

Lt us suppose Lhial, in the control pusses at every corrent mement T € Ty enly the
{ilreurare measwrement y{7) of the cirrent state x(7) i in vur disposul; llalri—=izlll £ &
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where § measurement accuracy, £ = 00 Thus, it iz obwviows, char Lhe cureent stats =¥}
belings 10 the set Xe(r, (37, y(r]] = (= & 200 |yir] - 2] < €.

The et X.{r.w.()|r (7)) is said to be sensory distribution of the current staes.
Let us consider, 1hat the accmsible technical resources allow to process 8 every ewrrent
moment T ¢ Ty only a prior information and current messureinent, Thus foedback fakey
Form w7, v 11, The ael X R L T Xl e, Wi X |-} i|:|_4_ﬂ]'!_1|.'l.i||l;.-1
all staces ri{T) of gyatem (1. 1] ter ba cornpatilile wich the current messurement wir) and
the price distribecion Kirou (1) is said to e primary distriBution of e stare ofr).
Imbenl problem (1.1 intes o family of prohleme

e8] o mor = Afr)E Athe ¥ aw, w(rhe X uel)fr, o), 2.1
A e X7, aft)] = 1, Mol < w, te Tir) = [r. 7],

degnending cn w scalar + ¢ 7% and an sevoctor 1, Lot 1%1ir v). ¢ I[ry, b an oplime!
open-loop contrel of probles (2.1) for the position [T, o), ¥, be a set of all vectors x = /7
for which problem {217 has an npen-lenp solution for a fxed moment .
A fumction
.-..“I:T,"_!:l =1,.:':'-:"."|'|':1.'], vef, T, [E.ZE:I

5 mid to be an optimal ldisconnected, discrete) control of feedlwndk type [constructed
froum nsccurate measuroments of current states] for prolilem (1.1}, The optimal ennerol
systen is suid Lo he systern (1.1) elosod by ferdback [2,2):

&= Alghr + Meyu™t, ) + it e Xo, |wifil sw, teT (2.5)

The trijecrory of nonliper inan-determined) syatem {2.3) is thought to be the trajectory
nlthe linear (non-determined | syatem & — Al b4, n(t.) & Xo, |lewlt)] Swyt e
T, with the control p = uil) =V wir)); te prortlfy 7 om b4 ki okl N T

Building of optimal foed back 12.2) is said to ho che svuchesiz of the optimal systom.
To realize the optimal synthesis in an explicil form iz impaossible, Following [4]; describe
the method of the optimal feedback reulization in veal time. This provess is based on the
analysis how 1he eprimal feedback i3 warl in che resl control procegs.

Suppees, that nptimal feodback (2:2) has been built. Denate by i) = 25 i initial
state by (), £ € T, a disturbance apd by w*(£), ¢+ & Th. an insecurite RS urements
realized n some particular comtrol [Torsss.

They generte the individual trajectory (1), ¢ & T, of cloged syetem [2.4) 1o satisfy
the identiny

ETUE) = AT (E) = Bt e + witho e {2.4)

From (247 it is obwvidus thal in control proeess faedback [2.2) 15 not wsed cornpleely,
Its values w*{t) = u%e g7(t]), t € T, are neceszary only along the isolated sequence Wit
te Th. Moreover, for eacl current romasl T S T che value w(r]) = U"f'r.i.l'{'-",} sn't en
b knowh beforehund. it js enough to know how o caleulate it at momene 7, when 1he
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measurrment tir) i ebtained. aa the Tunesiona i0( ) L€ T, u*it), ¢ T, am ilenticnt
due to tie discrete conero] definition. The function w* (2], & Ty is sd £o be A relisation
of optimal fredback ina particular process,

Wil aay, that it is poasible to construct w*it), t © T {the realization of optunal feed-
hack (2.2}) in real timse if an every currenk pogition (ot time s{r) for the celinlation
af the walue w7} = alir, y* (7)) doesa’c o ced B A devioe able te caloulale the wlee
iy = wMT (7)) in el time is sad o be the optimal controller. The signal «* (71 15
iven to 1he input of syslem {2.3) from mament T — (). Up to this moment o rontrel
aritl, e fr =T Al s thoughl to be eual Wis — &v =R 7 = 1.

Thus the problem ol the svichesis ol optimal aystem in the new stalement i recluoed
{0 comstricting an slgerilhm of cperatiog the uplimal controler.

Suppose That an algonllim of the optinal controller i becn created. Up too1he
beginning of the conlrol prosess chaptimal coniroller caeries out the fliowring praliminary
|‘.~|'||.=:ru.ci_;'|'|H.

The = of pussible resulte of the imilial stete messurenGemts g ey e T
Bar o). £ €02 FoAat18 ernvere] with sulficiently dense finite c-grid YUl - Buloae
the heginning of the rontrol procoss tlie optimal conticler caleulates ppimel apen=toop
solutivns of problem (2.1 for nodes, gy = ¥ (ke bk = 1.1 The time for this e Ll
't Jimitead. Let w¥ (i, m ). ¢ ©T, be bn npen-top control of probdem (2.1) for the nude
Y.

The control process hegins b momenl &, wiven the controlicr receives Lhe sigual it
whout the value of the inilial state 2 of system (1.1}

The optimal controller secks the closeat to yit.) mode ye of the grid Y77 {f. | and oorrects
thie opd imal open- loop eoncrel WO(El., paf 80 T to the control wl [ttt €T by
the dual method [1].

Then it sets w7 (1) = wlit), 1€ jte ba -t alte]) [ 07} = alt. e, wltadh be [fe b sltel e
G Y| B

Suppose thal the oplimal con roller has been operating nn the ineerssl [La, T A s{rl,
waving produced the conkrol signals a" (i u[f + Ry g uwt(r)e Denote by wt{thf €
[ty 4] a0 Jigrurbenee realied up fo momenl T - h. by T+ 1) a valoe of the measiare-
roent nf the ciment stake == {7 + 7). To caleulate the current value & (m 5 #) of the eonlrol
according to definition {2.2) che optimal comtreller has to know the open-loop solutiun
WOt + hoyir + BV, e TiT +h) o proldem {1.1) for the position (74 R, 2707 + mil

¢ By che assumption the optinuel controller has alrendy ralenlabedd the wiloe of v* (7] =
wir gyt (1)) = a®rir ¥ (1) pt previous moment T & Tp having solved the problem

Sy — max, & = Althr + b, wir) =0, {2.5)

Go (T < FHxit?) S T 1 ] e { e Ty,



whera Gy (7] = gos = anilr), B(r) = g7 ~ an(r),
A

a iy =hif—1f— ..,,-f '|.I';!-:;1.; %, 2| " s, e (v) = ML) 4w f ||.-'.5.:1;,_E"ft”\.1-']|i‘d.s,

Apju) = e[y Fiet 8, | +f B FOLT ehwis)eds] A Brwalrils [2.5])
i

-

£.(T) £ Fir .o + f Fir, slalaids < £y 2= Taf| =3, a0 <t tETT

L

Here i = —1 fur caleulating a., and = 1Tor ol v lr) ,l Flv siblelul«)de is a vectar

representing the ksown contrilustion of the contral 1o the TASITCIEDL {7} 8t moment
TETh £ YR T, () £ ) 2 ulr) S L e

Problem {2.6) containg " infinite® mumber of wriables wit), & € T7, dnd finkee number
aof vomstraiits, At this seetion the funetion witl £ € T7, is cansidersd 1o be o digcheto
function with the quantization period B owit] = wis)f € [#,m 4+ h] & g Ty = T[T
An effective algarithm tor solving auch probiems i8 deseribed o [L]:

To solve problem [2.6) it iz aufficient to correct the solution of the problemn close Lo
prediem (2.6) by the method proposed in [1].

Lo caliulute the enrrent vahie ™7 + k) of the control w4+ b,y i+ h)) the optimal
controller has to know the apen-loop solution Wit v =h, T[Tk to the problem: e ]
M. i =LA | bl ey LRy =0, gufr+ b £ Ha(t* € 0r + By EE N o
TiT + k). whick is equivalent to the prohlem

(8" — max, & = Aitle + by wlr) =,

—
13
=r

-

gelT 0 B Helt®) = gt + 0 ) S e{rh s wtir), left) <1, te (T,

where 5.7 +h) =/p, [ )+ Aglr+h) v Aa, [ =h), 50 +H) = ghir)4 Agtrh) Aoy Y
vk

Sglr =~ )l =1 LEEEY, bl ) dajat{v); e’ (v ) w o (e gk & T gl = feres (7)o 1),

At (¥ ¥ h) = !;"':T:! — (T 1 A) Aafr+ k) - Ct.l:?j = e, T+ 0y,

When % i smell 1erminal eonstraings (2.7] are dlose to the terminal conatraints of
problem (2.6], Therelore, ta ronstruet the aptimal open-loo) contrel 2 —fp{r+ 4],
£ s + ) the aptimal enntroller corrects the rontral (i) b © Ti+) b the dual
method 110,

In a sinilar manner it is easy to show thae problem (2.6) at mocment © 4+ b is close
ter prahlem (2.6} at moment + when the value & i smill, Thus, it is easy to constryet
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Hhe: solution of problem (2.6) ot moment T 4+ & correcting the solution obtaimsl o the
previous stage. When the errors £08), ¢ € Ty, or disturbances wit), £ & T ane too large the
megsurement y( 7+ &) may markedly differ from the measurement. x(7). Dne to this fact
the/ged X(r o, O )rop(r)) may he markedly differant from e set X7 4 R, Uretf- 1T +
i, gl + 1))

In this case the following three situations are possible:

1) the: time for correcting the open-loop control 127, Z‘.I'|:"':|,:|| LeTir] to the poncrol
a'ilT 0 hoplt + kD), 1 & Tir = k) incresses greatly:

2} problem (2,6} for moment © 4+ b owith the X{r 4+ & ey alde + bt - 8] has oo
accessihle: control w{f, T + ke ogle + 1)), § € T'(r < A

JA0

3} the quality of the cpen-loop contral «%(¢|x + b yit + 1), 1 & T+ k), may be less
them the quality of the contrel w™(2r, 4(+1], ¢ © T{7) obtained al moment T

Diseuss the fivat situakion, Lt -&I{’."::l ke the Linn: the controller has spent on the con-
struction of the open-loop control g r, wir)], ¢ € T(7). To redure the time for consteat-
ing, w7 4 By ylr - Al a6 moment 1 4 e(T] the aptimal controller covers the sty
of the measurement y(+) with some finive £-gril ¥e{r). For every nade y* Y*iT)
Lhe controller solves problems (2.7) with Aa*{r | &) = o {r] - a™(7), Aot =M

i
a.(7) — od[7). where of {7} = L Fii=, Tiy* — .f:"lll.;-::lFl:f',T]"' - f || Feigy F45E", @) || "eta,

g
r:'.::"l:'l:-r:l = l'.l';J.:j;'i:t'. i + .:'1|||'|.|'-=:I Fit*ml™ +w [ |||'|.;-;.:IF[|", g4z, ie= T. To obtaine the

sulution w1, ¥¥(7)) 1o problem (2.7) far the node o¥ the controller cormects the solu-
Fiearn u':'{tl*r.y-:*.rjj of prabalen [2.7) correapnuling to the measurernent i) by the dual
method [1]. The values v and £ are selectl so that the time for solving problems (2.7) for
avery ¥ & Y(r) domsn’t excesd h — #(7). Then it seeks the closest to y{v + 4] node *
and corrects the solution of problem (2.7) corresponding with the node »* to the eonrol
wl(tr + b yir + h)), ¢ € Tir + h) by the dual method [1].

In the seeond siluation the controller sets u"(T4h] = w{T], Then, asin the case of the
previons situntion, it covers Lhe povicinicy of the messurement 50 + i) with some finite -
prid ¥ (r k). For every o  ¥5ir4 A e controller solves problem 1271 with sdditicnal

A
ermatrsint 47{r] < wlr +h) < w77} and Agit + &) =[ | HFt", elbla)ds]u~{r}.

Led problems (2.7) with the nods §% to possess an accesailde control, At et T4 24
the: optimal controller seeks the closest b gl -+ 2h] node § and eorrects the solution
of problem {2.7) enrresponding with the node 3% to the control w(tjr + 3h, wit + 24,
t © It = h)l. In the third case to increase tle quality of the optimal fesdlnck the
cantraller should act as iu the previous situation, But to oliain the guarantesd result che
optimal controller can work ignoring the third sicuation unlike the serond ane.
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