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SOME EMBEDDIINGS THEOREMS FOR (n, 2}-RINGS

Adina POFP, Maria 5. POT*

Abstract. In this paper we generalive oo embeding sheoremes for rings. Any eomn-
wratative (1, 2)—semiring can be cmbodel isemerphically in s commusetive (o, Z1—ring
and every (v, 21—ring B can be embeded in the (n3)-riug ol spuare marrices of order n
with alemnents from 7,
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1, Introduction

The purpnse of chis paper is to rive o construction for (o, 2)-ringa of quotient of o
comumutative (n, Zl-semiring, which generalizes a well koown theorem: any commitative
semiring can be embeded isomorphically in to a commutative ring. . Anoapplication af
thir rlassical theorem is the extension of e semiving of nacoral numbers so the ring of
inbegers

We uge the stundard nolions of p-gemigronps, n-groups, (n,m ) —semirings awl (0, enl-
vinge, na they appear, for example, fn 73], [8],[1].

Loe & b oa sen. Thronughs the peper wo o]l make ose of notations: e will ofter

write af inetead o, 0a, g TR comesentive terms coineide we ase theshort notation
|.lf- ! J :
A sel B togheter whith an weary operation (1. =R s callel we-semigroup if

for pay k& 11,2, 00— 1} and all &y, ap, ... Ga—y © £ the following associativity s

By bl F ™ an— Eemn -1
hald:{(2T], 2q:; | tu. -Luk 1) Bhinad J ;
Ao m-group (M2, ,_: 18 B mesCLnbETonp in whith e sgqualicns I|'I : et 1,] = i

Tawe & unigue ml.l:l'rmn in M for arbitrary oy, 00, £ ool for each 2 2 J| L 3

An  msemigroup [nogroup] (B {).) i3 called aﬂm-mnr“utatw& [ commus ut:n.'r. |

- 1 ' —1 Y , o S /
il ey, 05 :|:'|.“l:|l:l = (fp, 05" @), (respectively (s, =

MENEE ag,. .., 0y & 8 {for any permutetion = £ 5.

A re-gemigroup (8, []4) is called i-cancellative with respoct to 5 0 = -Il THE il
foruwlle; & 5 2 {1, 0} {i}, o, b € K, the following implication holds: I:FJ e, sL_Jj
-31 “hbst = oa =6 and cancellative with mespect to S, i it iz icancellative for every

e 1,2, .0

{rl'1_|-|'-'-' tor any sec of els-
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A serienee 2 e ralled righe (Refe) unit in the fesamigroup {7 (), 1 if for any e Jt
W have (e al-0), = o (fuf ey = ) In an hegronp (R, (o) the unigque solution of

L fla=1) : : . ——
the sgiation, _:' " -:'\:' =0 18 vulled the guerelement of & and is denote bv & Tn an

=0l 'y 1—13

WETOUE the serance O Bl CVTE isa right ant Jofe unie for vy i 5.4 Zie.om— 1}

Inan 5 —SUINIETouD |, ol an clemenr, = 1215 callod a negtral clermon) if
(F=i]  [r—=1]’ 1
E'g g =n, fUT:!J]rIE.ﬁ'tmli'!.=I:.?: s

An algalirgjr .':iEI'II!_.ﬂJ-"r.! LA (o) i called an 17, 2] —semiring » = 2if (R, (la) s a
remmitesive and cancellagive Tesemigroup, {7, - is o Linary SENNgTenp and the ymylp;.
Plication is both fef And tight sligtribut e with redpeot 16 ALY sdadibion (Voo A neuica)
elemint of (=R, -3 it ists) is ealled an iidenitity. If {R.(la)iam copmetal e =g
cthen an [n, Ljrrmmiving | J7. {Je:) is ealled an [, 2} —ring [1). |

An (1, ) —ring {seruiring ) is callod COMNUEA L v oop ciamcellntive if the sEmRETOup | 7, .
haz thar penperty, Ty oan [, 2)-ring the E'-:I.'.'H'A"j]lg rélatinns huolel: fﬂrl':j._, =7 (P mael
& h=F-h = it & forall GabeE R = L% m

Example 1. The wat of natural ninpbes & togheter with 81 N—ury operuting

-t
(o e B s By ok o Repeted
and i binary STt
wo M N By = {re = Vkey kg + by + ey

I 8 romemtative und cancellalive [n, 2 Femiring wich identity element [ £ M and with.
DL zea elarmean,
Example 2 The sef of inteprrs & topheter the abve nperationg s o CONHNIEE BT v apd
tamcellative (n, 2)- ring because for all i - 7 ther iz the querslement. & — (2—mlk-1c %
Example 3. 70t M (Rl = [4 = (g drei T L0l m s Tmind 5 -
11T thes way, of all suare mal reas of the order m with elemionty of i, 2l-ring { R, (a0 3
define an . —ary and 5 binary aperation. guch thar:
I -"h'.- - f”f.' :IL"-'.E.}L-H.'- k= l, !.- | el i
'-rl.' =.'||_.|1- A% El_-'! d Y
L8104 WG 1_«:.;:_&”_- i —LE{{.%:...N-:EUJI.,_
If 4= il o and (Y = {CI..-.:'I£1'.1'-_'..--|.
A== ':-'i'.T] P a S Gy g s ["'[-III‘..IE.I\:I:' B2 iy Y 1 “Hi‘:lf"-"rl-_.l.:'l-'-

Tt is ensy t0 proof that M (), )4, #) i8 an (%, 2] - ring,
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2. The main resolis

Theorern 1, Any comemedeiion {n, 21 -scmaring can be embedsd 0 a comamatotive (v, 21— mna,
Proof, Let (t.()., ) be & commucacive (a, 2)—semiving. As in [7], [5] we define

an equivalence "7 on B™ by as] ~ W] < (1), = (k52 The equisalence class of
i

the n—u'_:ule ESE' is denctad hj.-' S—E:._ whille the [actor-sct R"'f" ~— 1 denotod RH.-._, As
consequeces of the above definition note that
¢ ani
Wi define the n-srv operation ()4 ¢ (Bgoe-1 1™ — Ag~
D1 h) . lofl

¥ :!1*5 S Fpo i'ﬂ.!_'%:"\-'-: fsn!_l:;-:'n-: {"3;;]1

o T

and & binary cperation +: (Bga-i1? — Bga- by

L i £ [ I;':Elf?.éﬂzl:}...._:“:ﬂ,]:.:-531‘-3....,Sjtﬂ]q:...j-_,,S;a'lf:‘-._.....*.',-j_.,_:;,

g fs

T (aty, ..., aty, bag)o, Bag, ..., by

It is easy o verified chac thig operationsg ace well defimed,
Uaing Theorem 1.5, [T] wo have that (R, (14 18 & commutative n—group with
querelamant of r—ll
-'.'E
2, 0 805, 8805, 80 s
! ,52 lra 13
The multiplication in Fp.- s associative aul distribotive vee respect to w-aee addition
{1+, therefore {Rga—i (] .4] s a commutative (n, 2)-ring.
(10

R R TR,
Let us define o @ £ — Hpye—i, afe] = le—nm‘l""l:w o £ The mapping i3 coreect

#
defnile and it s an heaomorphism of the (n, 2)—semiringa. Trulasml

*
f :'n_-:] (=1
T, dpg A | Lk i
Coleny )7L i YL = L['—Jl n.l.;le"
""'_..: 1} e
+
P in=11 [ ]:'-\. .
_'._["'ll:_ # ]l:il"'l':_'lu.l 4 _|'|:|.|-\.-
(n—1}
el
in—1]
. T {m=1]
{Eﬂl;.'n alt o i L R com
in—1] T =1 = a((23}e)
-5-'“'. ’
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paul nefa - B = ala) + rel B} beeanse

P [ i L im=1]
R PO LS
ool + r:l'.b} I'-_I —_— o e )
e, i TRt
L] A
tn—11 L =10 fa--11, in—1],
':.':-:'-1-- £ ]:|'|.\.E-'| & .:'l." e T ::r.; 28 |
._ in—11 P FIE i [F—II:- : I T
';_':I.-I-: # ]-'I"F'\-"'|I-n‘; & _.In"5||:.E-|| & _‘::'-"i.'.-.....,kli‘. b :I‘-_ '.q':ln.
. de=1 L =i dm=ll fa 10,
O (TR R Yos 88 Jor--Jus £ 8 Ja
- tap--1] L =y
[=17, 11 : : im—11,
(f@, & Jor&:ib, & lo-8laily & Jo-4
= fre— 1 (m-1] (r—1p" . (0 177,
- b, @ o, b-a) 5-8,.8-8 la
(=11 :
{11, TR LA et L B NI

[I_d.--zi,.*--S_l,_.,Jl-ri':I.._.,.:4-.-1'!,: brx., &8

in—11"—x oL
isi—1] Lp—13 AL e e 2,
I::I:'E--E:..-r-.e:':n,_.,,"ﬂ:-ﬁ, Bex, 5% la
PR ey R T R
g, -8 g b-8, g- g
N bl T P = [EIE ]
Wbyl &5, s e 1. % s . )
= = - = L = = pfm-h)
in—l] im—1 ¥
&-8 >

lw nsing ssaociativaty . coprnmutativily af operation (). and distribucivity operation "

with respect 1000 ],

i [m= 1} [ Ll

B i, | i .: o :

If fan} = b, therefore i,“ —= = =T thiad s
i H'l’ .S 1

SRR T LT e Wit
b waing canrallacive properties we'hove o = b hence o is an injective (o, 2} —semiring
hornemorphism. L

I hias the following universal property which deterrines the (n, 2] —ring {Rga-:, (4. ¥
up tor isornor phisos

Theorem 2. Lei (B (Je,] be o commuialios (m,2)—semiring. [If Hp~- e the
':.3:.2::_"":'"".5.' obaowe cotEtiuitad gred okt B Bge-: 14 comomicn) homomorpfidan ol sl
in Thearem 1, then for any (n, 21— ring Romomerphiam 3 B — B, mibere (R [].< ) is
a commitative (w2} -ring, ther erists arn unique G- homemerphism: 7 : Rgno — R,
such that v o= 1.
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We pernark that the cormmiitativity of n-ary additive operstion may be replaced by 2
weaker q,-|;|||_4:|'i+1|m, 153]3}91:; 5..;-|'|:|_i_-e'|:-||||1:|Ilrat-i.‘.-'i.l:}'.

We can stale now the sequel result:

Theorem 3. Arg (%, 2)-ring con he sobedded in an (n, 2)- T“'.':r:'r" of matrices,

Proof. Let I'.H.ll,lhl_, ) y b an i1, ?)— ring and (Mg {H), [|= ) i an (8, 2)— 1ing from
Example 3 The mapping f: 0 — M, [R)

' SO =L U PN )

flaj =
¥ [ I i 1 i}
i i

is one - one rurmpﬂmlem:e betemen the elementa of & and those of My (2]

Mnreover, becouse (el = (87,. .:--]_5 we Lave f |‘|,ﬂ|,,;' PO e o £ % | I
by distributivity of ™ ~.=.-1t]:. :n;rqmnl. to | e and by ghe propersies of the querelement n en
(11,20 Timg we ]|.-1-.-|.-':

[rr—13) [(m—=13 _

R Blo.. = a0 b Me=arh

[n—1] . in=1) —

(a-b,u-b, = 8 b be=k-b=0- b,

T herefore we have

{a'e i g a i
At 4 o e lat ;
_.[r.’::.*fft'] non -0 FrE &
|L~E i - A [ I
jofmel {m—1]
feeboa bl [ b, a-b)s
|_r.l|.—|| Fq—l _
(a-b 0B - (o b o
[:-11-—1_| [rr—13
(b Ble - (@b, @ b
"o b |:-E.l e
a-b o-b oo oa-h FloxB)
ﬂ-_ll." (43 I!.' I'J.'F.l

The pesnles can be ectended Lo (1, m) —rings as soll as to generalized (n. 2) ringe where
the addition i= anly semicommutative,
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