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A CHARACTERISTIC PROPERTY OF THE BOOLEAN RUING (M), &, 1)

Vasile: TFOT

Abstract. In [2] we defined the subordination relation on the set of binary operations
which are defined oo the Teoly of all sebsets of a given set, In chiz paper we show ches
e anly unitary ring structurs [[-'H}-..'.: i) with the property thal § 18 subordinatad co
e union and g i3 subordinated to the intersection s he strucluee of boolean ring,
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1 Tnbroduction

Lot M be an arhitrary aet and (M7 = {47 A © M}, the family of the subscets 'of M.
Om the ser {47 of ol bipary operations on (M) is defined the subordination relation:

If f,o0e ((Ad]) are binery opecsdion on OW ), we say that [ a5 sebonfinoted o g o St
i schopdmated £ FIX Y S gl X Y] for ell ALY 2 (M) Wi denode thos by [ = g,

Qur purpose is 1o determine cthose structures of unitary ring ((AF), f,0) on (M) with
the property f < U and o = 71 [where 707 §s che union and 77 g the intersaction).

2 Maln results

An important algebreaic atedeture on (A4} = the boolean ring [(A]), A, M), where &
iz the symmetric differenee, Usang the resulls obtained in [ ] we ean give the following
rharaclerization of this ring.

Thearem 1. If M i o finite set. then the only sfructure of unitary ring (M, f, )
o (M) wnith the properties F 2L aid g0 7 the boolead ving (UMD A 1L

Proof. Sinee ([A), F1 i a group and the operation f iz subordinaged to 0°(f < L),
trom |!::, Theorem 1. it follows chot the opecation [ s unigue determined fIX YY) =
XAY = (X U¥)VXNY - (XY X)) for all ¥ 2 (M)

Let us denete of X V) = X o} agul, B the gnit element of the mapoid [[A], <], We
have Xo F=X and Xo B c XM Eforall X ¢ M. S0 B =M is the unit element of
this ring,

FrygeM c#yg then {e}o{y} {2} iy} =0 Thus {z} ey} =&

We have {z} o {z}-C {z} M {x} = (o}, whenee [z} o [z} C {H{=}}

But {r}e M = {2}, M ={z;m.. syt ={z}A{n}A. . Ay} Using the diatrib-
ubivity we hsve

{z} oddi=(fa}o fashalizbe{in A Al{zh e ()] =

ST



([} o [z NABA, .. Al =Fc)e[ic}

Thus |z] =iz} = iz},
HA={ay,...,a:}, B={bk,. .. b} using the distributivity we have

Ao B=({a;JA. CAla M oA DAL = AN S,

Wi = 1.
Theorem 2. [f M is a finile sef, then the wdgne stroctore of sndtary ring (M), w, o)
an (M) wath the properdics N < o oned U= o iy given by

WX, ¥ =XAY end v[X,¥]) =X LY.

Proof. We have X Y c u(X ¥ and X UY « v(X.Y). Then,

WX, FIoXUyY WX XAy

The eperations of X, 7) and v X, y) determines on (M) a ring structure, isomorphic
with the TInE |[M.|| 1, i'l_:ll inedaeead Doy el bijective Dmetioon

e (MY—= (M), dX1=X=M\X

The operations of this ring verify 1he hypotheses of Theorem 3, so w/X 5] = XAY and
rJ[_T,ﬁ_:l =X NY. Then:

=XaAY
R R Y

il

ulX, Y} =XA
s X, Y =XnNY=Xu

-

Remark 2. The proofs of the cheorems hewe msentiolly used the fact that the set M
is finite. T B5 an open problem whether the reaultz hold for infinite scts,
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