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A CLASSIFICATION METHOD BASED ON
FULEY CONTEXTS

Shindor RADELECZRKI

Abstruet. The main idea of different fusey methods used for the classifcaten of te clements of 2
finife set A 13 to defing '@ Furey smilisity folanen among the elements of the sct A, In this' paper we
present a new method for the constrisction of this similarity relation using some fundameniol natians
ol Fuzzy Concepr Analysis,
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1. Preliminaries

I'he purposc of this paper is o classify a finite set of objects. 4 = f %, %30 x,] on the
basis of their properbies B, 5. P I:a,:r:- = &), In lact, a elassiffeation of the elernents means

a partition [ = Il A |1 =ik } of the set A f.'-. =1 ), wheee the blotks 4, of TT are constitwted
from abjects with “similar™ properties.

A) Elemwents of the theory of fuzzy relations

A binary fuzzy refation p defined beraeen the elements of the sets X and Y is & triple
o=lx.v,u,), where g :xx¥ - [01] is a function. The valve p, (v y) express the
“sremprth” of the relation o between the elements v ¢ X and ye ¥ .
The fuzzy relation o L{ ¥, ) is 283l to he smatler than the fuzey relation R={X, ¥, a ) if
4 (e, ¥) =, (x, v} holds for all (., 7} Xx ¥
IF¥=%, thén o is called homogenous. A'flcs telerance (sce o.g. [1] or [3]) 150 homuogenois
fuzzy relabon o= |:_.’|". J:',;.r;J satisfying the properies;

g lrx)=1, forall xe X [ty
and

ar (xy= g lvx) for all 5,y & (2}
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If o satisfies in addilion the iz ity

,ul,{:r- S 1:|:u'1-!_ .ul_[x. vl _uﬁ[}-,z'j!l. for all x, v,2€ A i
the it is called a fuzzy similariy relufion (ie. a fizzy equivalence - SoC €, g [§] o1 [8]
Let € [I:I: 1], An oo of 8 fazey relobion o =|'l.1i’. ]’_,r:l,] iz & crisp {or tmditional) binary
relation @, = & = ¥ defined as

p, = [xy)e X Pl dxr)zal. 4
If p={X.X. g ) is a fuzey sirmilevity relation, then g, i an equivalenee on the set X. Let [1,
<tand for the partition induced by g, on X. U5 masy 1o see that for any ' € [0:1] with &' 2,
[1. is a refinement of [1,. Thercfore to any scquen<e Ve s, <€ 0 21 Wecan atrach
a nested segquence of parlitions Lk b bhat amed this may be represented in (he form of &

partition tree, as shown ini Figure (the ¢xample is Tom (&)
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Figurs

The transitive clesire ol a homogenims fuzzy relabon g = [X. A‘,.u;;'l is the smallest fuexy
relation 2 —{X,.J['.Ir.:l,,] salisfing the inequality {3) omd pmp I poiga fezzy telerance,
then f abways exists and il iz a fuzzy equivalence. The composion po@ of two Puezy
relations p=hX.¥,z,) and &= (¥.Z.,) is defined a5 a fuzzy relation o= 1% b - 2

where:
_ulm[x,zjl - sup{ min e (7, _'.-}:.,:r,[_]',:}lllb-e F}:, for each (x,z)e X xZ (5}

The m-th pewer of a fuzzy relation p:{gf, 1'1#,.} is defincd.as @ = p=p™, wm=>1and
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2= . New let X be a finite set with | X |= K It is easy o see that thers expsts o number

Lk =k suchthat o° = & Inthis case we also obtain 2° = o™ Trall ma .

B} The principal steps of the Mgy methods

The mnin steps of the several fuzsy classifGcaison methods (see o, g [T]) can be surmmarised a5

follovws:
bLet 4 =1{x.%,...x be a finite sel of objects. The propéttics P {1 i< m) of the

elerments of A are defined s fuzzy sets on the universe A chamclerised by the membership
funcions w, 1 A — ['.’!'; IL =i me, The value u, {A]‘ express “how much” the property P is
valid for the ohject & © 4. Mow w0 any object &, & 4 isassociabed a poine ¢, & B defined as
e . Ille:_ml;\',:l:...:,u,l h}}] L
1. Inwoducing a mhetric o 0 B < B |Lt]j (thiz iz possible’in several wavs) a fuzzy
tolerance =14, 4, .rr“} i delined as follows:
jidgl _}—'—:f[.l.:.l:‘.} i7)
1 Computing the consecutive powers 2", 0" 0" " (k < x) untll o* = 2" by using
formmla (3], the transitive ¢losure o of o is obrined as 4= o'
4, By a-cuts of thiz o, we produce o sequence of nested partitions | RS M i

parttion tree corresponding 1o & previcusly established sequence Geg oo, <o =1,

2. Notions of Formal Concept Analysis

A) Crisp contexts and concept latlices
Ciiven a set G ol objects 'and & sot M of attribules (or propertios) a binanetelation £ =G« M s

defined as follows:
(. m)e I if and'only if the ohjett g el has theattribate wa A (8)

The wiple [, M. 1) 15 called o formal comtext in mathernatical literature (see el 6] or [2]).
By defining

A= {HIEM ||Ig,m:|5 I forali EE-{}
B ={geClg,m)e! forall me B

for-all subsets 4= G and B M, we esmblish a Galols'connection betwesn €5 an A The
pairs (4, B) with A'= 8 und 8 = 4 are called the formal concepis of the context {7, M, 1),
Che: formal concepts of Iiﬁ', M '} together with the pastial oeder defined by

(A lsld b)e 4 c Ay (or gquivalently 8 < &) (9
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form a complele lamice £ (7,06, 7) which is called the comceps famtice of the context
k={G, M, 7).

Remark; If 4 = A7, then the pair (A, A7) 14 2 formuat concept of the comext (G M, iy.
For any @& we defing the concept r[g}:[{.sa‘r".{g]']- It i ensy to see that p{ g} is the

spnallest concept (4, B} with g 24 .

i) Fuzzy contexts and concept lattices
The general formulation of the notions below can be found m [4]. Aceording o our aim hers
we pressni (lem only in 2 particular form:
A fugzy context is o wiple {7, M, 1} where & is 4 set of objects, Mg a set of altributes ond
i= I{:‘T: Mg, | is a bmary fuzzy relation defined by o membershup function g G x M > [-I‘J; l] ;
The value 4 | p.m) express “how much is valid” the anribule m e M for the objext g € G,
Feor each e [01] the aom [, = Hgom] o lgm)z -:t:j determines a “raditional” context
& =[G,M, 1) anda raditional” or erigp concept lamice £ =[G, Af, 7] (cortesponding to
the contexl K.
In our parlicular cose the tuzey concepl lattice £ (7, M, f} of the fuzzy context (G, M, I] is
defined by identifying o to the set BG, M, .’]:-.r:;-'i i Ei",'l; ’.]i- corresponding (o all concept
Jattices of the fuzzy context K ={ &, M, T)[3]. (Fur a more defailed formulation see [4].)

3. The principle of our classification et fincl

Ciaven, a finile sct A = [.q.r,,...,,:tgz of ohjects and a finitc set M ={E.J’-;.....F} of

atiributes interpreted as fuzzy sets with universe A and wath differenl miemdrership. functions
= A —r[i_'l;ll i m, a fuzey relation [ = (A0, 4, | and a Tuzzy conlext K= A, M. T)
is defined ws folloans: :
My [.':"H F-,:I_ fp Iq.':'-,:l (110]

Let ¥_(x,) associate the concept 1{: e 1 defined by the crisp context K, =[G4 1),
g

where @ & [0;1]
Further, we consider a fuzzy sel .H’{x_} with universe M toany ohjeet x & 4, by defimmyg its
membership function g, @M —n-ll’.l;_l] as

(P )= p(x. £), foralb B e Mo TSk <m. (11}
The simelariry of fwr fRzzy ses MT{x ) and M[t_,} i defined as it is wsnal in lneralure (ses
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We note that S 4. 8)=1-| AVE]=1 iff 4=15.
Mow we deline a fuzzy wlerance § = I{d, ;I,y..]' as follows

b st ) wrle ) sup fer e fon] o, ()= G (12)
Clearly, the above supremum always exits, and we have g (v, x; )= pp{x,,x,) -:[CI: ]J
by definition. Since S[A(e LA (x 1-1 and smee # (1 )=, (%} bolds for all @ = [0;1], we
get wlx,x)=1 forall x e A - proving that Tis a fuzzy folerance.

i what follows, our construction uses the same steps as the formerly presented fusey methods
{see Subscction 1.B). for instance, we proceed construcling a fuzzy similarity relution
5 =(4, M, u | by computing the powers 7', 7", T" of the fuzzy wlerance Tuntil 1 =77,

Concluding remarks: The origin of our methed comes from an application of the
fuzzy contexts in Ciroup Technology, namely, o classify some technologieal ohpecis on the
hazis of their comrmon atiribuces [ 5],

The advantage of the method consists in the et that it does not need the constructon of an
additional & metric used by the majority of lezsy methods.
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