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ON HERMITE MULTIVARIATE INTERPOLATION

Trana SIMATAN

Abateact. The Hermite aterpolation prablem given by she sat of conditiune A=qha:
J=T ey k=0, 05— L}, with Aj g = oGl DY g = 254 gy £ MR oxe RE
;= apan]qin't k=0 4= 1} e O invrinnt, Em_ i = Mg studied ' In drder o
ARt o Mewtei Form for the mpavpolans, thies divided differences s introduced. Soowe vesnits
pelntrd ta thess divided difererees are given.
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L. Ingrosdnetion

The wim of this article i to study u particular Hermite interpolation problem by polynnmials
in tany variables, o view of Lhisénd we s she connretion hetween Ve generalization of the
Heymite nnivariate lobsmolation schee intraduced by T, Saner and Y. Xu lo (3], ideal inserpo-
lalion schames and Newson basis. Lel A be'a sot of linsar functionals, linearindependens and lel
denote by T2 the space of all palynomials of dagres Iess or squal 7 b ol variables. The golmamizl
inserpulation problem. with eonditions A consigis in finding o pulymomisl subspace PO 14 such
that for any f € F, with F a funclion subsparce which mcludes polynomialg, there is an anigue
p e Powhich sntisfhes the conditions Alp) = A} ¥X € A If more, ker &g & polynomial
idanl thun we call the pair (7,A) an ideal interpolation scheme. It is knovm [see (1]} that the
Macal” Hermiss IJl.l.E:I'P*.'Ilfl-':l':m cunditions gnnnqﬂ:h{d_ Lo B0 3’5-\.‘.!'i.'|". # = e [ Rﬂ I'.'!ITN!H[.II’.HL{S L
the pripaey doromposition of the ideal fer £, The following thearem allows ug Lo identify an
ideal bstergolation scheme wich an Hermnile one;

Theorem 1.(T.Hauer, [5]] Tst A € (%Y @ fizete set af lincer functionals bneor
mdependent. Then ker A @5 on wleal i 07 i and ondy if there ore poinds =y, ... 3w € 019,
and - invarien! subspaces Gy, .o G 0 117 such, thet

span A = spandds, o g0 L) e Gy J= 1 mp i1}

A particular case of ideal interpolution spaces are the minimal degree interpelation
spaces, We generalize the definition of minimal degree interpolation spaces with mespe
Lo a et of peints X, given by T. 3aver in [4], for an arhitcary set of comlilions A:

Definition 1. Let A be a set of & linear functionals, linear independent, A subspace
Pk ‘|‘|E’I ia called minimal interpolation space of order wwith respect. to A if:

1. The puir (A&, P{A)) is correct; 2. A defines an ideal interpolation schems;

4, The interpolation scheme (&, P{AY), (40 < T2, is degree reducing {or equivalent,
{lwe interpolation problém with mespect to A s not poised in any subspaces of TI%. ).
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Anothar notion we will nesd is the Newton basis for an interpinlation space with respoot
te an arbitrury set of linear functionals.

Definition 2. Tet A = (117F be o oset of & linear functionals, linear indepandent,
PO} C I8, Tyewieh b =4 .50, m & set of mulbiindicos satisfying tie fullowing conditions;

ol <...C Ty .ir_|—"'1"; fende {I:'c'.' ot -‘-'-,'; k=0....n -:'?:I
i

I ={aeN%: o= AT E=0,...;n i)

o\ Tt card T2 dime LAY (4}

¥e aay thint the apace PA) sdmite a Newton bagis of ordor n with reRpt o the set of
fomotionals A, il there odst a ael ol multiindiess T = oy o In} sabisfying (2)-14) and
having the following additicnal properties -

L. The functionals in A may be reimbsoxd in the blocks: A% = e m A Evligon =
e v le bk = 0ning o A= {A,-_. R EH T

2. There exists a basis p, £ Tfi‘-q- @ € T oof PUA) auch thet Aglpg) = 8na; 3 €
Fari |'j| = |“|i

3. There exists the complementary polynamials po & . o < L] such that Alp ) =0
ol T3 = epan{p, © o € . @epan|pt - 4 e I3 V- The mumber of fundctionals in e hlock
AN i = dim PIAY 1Y < dirn T, with TT) the space of hismogeneous polynmmisls
nf degres k.

The flliwring theorem lustrates the fonnection between the Nevrton basis mnd ideal
incerpolation schames:

Theorem 2. Lel A be a get of hnear independent funétionats. The polynarmin puhe
space PUAY fe a winimal intergolation space oF order n, whth sespent fo A, iF oned endyif
there ertsl o Newdon besie onorder n for P{A) with vespect i A

A conatruetive proof is given in [T, For' a given sor of functionals, A, there oxsts
B unigue winimal interpolation spece of n order, TVAY I and only if P =T, e
proafed in |T| that the space JT, | given hy

Hyl= sponiglvg & My} Hy =span{X” Aeal (8]

13 a minimal degres interpolation spece for the eonditiong A, We dencpe by g |= 15g the
leaet ermn, with 5 the amallest integer for which I,9 &0 and Tig the Taylor polynomial
of degree < . Let A" be Uhe generating function of the functional A € A. The XTSRRI
ol A% is piven by
Az} = Me. ) with g.[x) = e¥* iy
We detined in (8 the A - divided difference which allowa us 6o give a Mebr o form for the
imterpaolation aperacor From £ |
Definition 3. Let (py) o € I} be the Newton basis for the minkimal interpnliation
apace of n order PLA) and A the proper blacks of functionals. The A-divided difference is
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defined recuraively by: dg[A: f] = A}, ey 2[4, AL D F] = d JAYD L ADE=UE 3 F]—
3o TA, L AR T e, w;h 7 fk ¥ e

il

Theoram 3. Wi the noleliens in the dofinifian ¥ Bhe Fallguing equaiities hald:

ME(F1) = 3 i [AMD, o All=D o0 1 Mpa )i A TH (7
xlCdy
s By = At o Ao (&

2. Hermite imterpolation in blocka
Liet consider the following choice of the sen of interpolation conditions:

K={A;p:a=L. .o kE=0....1; —1F}, )
with Jt;.k = b BgpelD)] lgip = 2Tk @ N8 pie B0y = apanlgii Tk =
=i ll-:lsf_i'— invariant, E’,“_Ifl-=."-.

Prnpaﬂlt]nn 1. T 62 is w D- wpeariont polynomial space, generated by | menemyals,
#%, e ] o N2 then, ! isa bower set, that is, if oo &= [ and 3 < o, then g & 1.

Taking into account theorém | the bllewing proposition holda:

Propesition 2. The conditions' A from (9] define an ideal Goberpolation schome or
equivalantly, an Hermite interpolstion scheme.

Proposition 3. A minimal interpolation apace wilh respect to A is

(Hah b= (Tl Qs )L

Proaf: We use e I.|r|-:1u (3] and the fact that the generating furiction "J".:' & gt _z'|f-i.| [=].
T characterien the set of U.:'II.I'.:LI.'.]D]'“B we define, using the model from [3], for any point
w1 folbrwing elements:

L An index set B = 1] el 8d |iq0d Ell’_]...-:-:c:-_: Y, with & 2 1), ¥ k=
| R PG o N I S 2

2. A disgram Ty according to By, T, (ol wl, whl ™ o w? ) pbef? and
pioke oy lif & =0

Wa zaid chat! By s of tree structure if for any eF = 1, k , I, there eedstsan § = §{{)
tmigguely delarminntod | wach thet £ F_l =1 Tm vhis s .r i the p:ed_e-:'mmr il et T
L5 im of tres atructure, then we o |rur,r|_ T tree with root «y and ¢¥ for =F = 1'are .rn_'ﬁm'l
vercices of the tree. We dencte by |15] and call 'u=-|||.;l1| of the tree, the mumber of nonsere
werticrs, including che root, in T0A sequence 5= (1), .0, 1) ia called a chain in the tree
structure & if'-" =...= -"EL =1, '-"'\-]IT'L-L_ iz the pra']e-:m.an- of o ” 5 L S e
It -"",‘ i7 sl Lha 11|.'|x1r l'.I'L‘!uEUI of anather element in &, the chain i= ca.]]ed AT T 1] cihain,
A chain g = (iy,, i) s subordinate to 0 = (6, . k) i § 2

Let o i ...._,i-j,] be & chain in FEy. We define the ssquence of directions y5 =
(9, .- owf 1 with gy, & ¥ and the sequence of directicnal derivatives L?:.[_"’: =0 D

lie

b
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IF i) = 0, then ﬂ'ﬂ.. = [, where [ is the ilentity operator. We associate to each [t
(. Q] or equivalent. to cach block of lunctionals Ay =qa;e k=01 — 1} n strue-

ture of tree, by and wotrea T3, Cleacly, the directions in the trees Ty will b represented
by &® =(1,0) and * = {0, 1) We obtein a new sxpression for the set of funetionala A,

A= {'I?:,E.'-":', Yo o T, pmaximal chain, f=1,. .. e |"|[|';

We denate by T{A) a minimal space for the conditions A and call it " Hermite minimal
interpolation space”. We intended to put the sut A into blacks and to derive the Newton
basiz in & way which is able to characterize the special structure of this Riiictionals 3at.
Any point in (3 hes attached T, imterpolacion enndition: of Hetmite type, Therefore we
may consider T as & point of multiplicity (. or as e point having fo wdenrical eopies. W
temote the copies of +¢ by 2{..‘- Thus 3} ;= xp, for & ; =1 und ='.-= are in the structure
ol Lree By, with .-'L = 1. Tt X, be the sel of uil poines and heirs copies:

s ot s .-'.'?.-=1. kg L i, dmak (11}
k. kiz h,

OMwvioms, cord( X)) = dizme P(A) < dim llﬁ- The puints in X, are indweed using mnlti-
mices 3 8 Jp I 2 = .:il1 and 9 = {iy,....%;) € T ie a chain, wo wil denote dg =w(n)
and DEY = D;:'."]. that 15 ¥a = ¥7. Using the previous notations, the interpolation
conditions A are given by the pairs (z5, 1501, ST,

Definition 4. The points set X, given in (11) i= block minimal derived from ALl we
con indexed che points and the canditicns inte blocks .

0= (1 Bel\NLiak j=0,. ... n eard XU =|i1:.1:-2-:".':'[."|.]"|1-.[_2:| < gl L (13)

such thet for any & = 1,,..,m the same level copies of &), be in the same ik, the
bevel order of a point o, s proserved in X, Blocks order and N interpolation probloms
with respect o the conditions Xe = {{xa, Dy01 8 € i) sre paoised in T 1 LAY,
¥ h=10...n- 1A minimal interpolation space with respent tooa el of points hiock
minimal derived from A 35 calledd bloek minimal Hermite interpolacion smen

Proposition 4. If X, is Ulock minimal derived from A, then them exises 8 Mewnan
haasis, {pets o € 5, such that

.L}::.:P._-..::r!j::- = B, Yo, 3 € Ty and (3] < o {13

Prouf: Let (g, ), @ € T; the buse of space P{AY, we used in proof of the theorem 2 and
ViAY = (Aslon nper, - PIA) is an interpolation spece. Conaequently, det {A) # 0. If
A 18 block minimal set derived from A, then the macrie V71X, = (O3S aal®a)), P e I,
eiffers from V[A) only by aoane interchange of rows or columnsg, Hence

et Lr(-l-ﬂ_:' '_-é I:I I.].4:|

L

334



Taking inte acccunt dufinition 4, eard [y = dimllL 0 PiA)y and

dat V(X,) #0, ¥ k=0,,.. ,n—L F15]

R LRI T o] e Lt g R by
Let b I"ﬁ'-_-}"rl.lm} fi '._n:.fgﬂnlfj_.'_.'. 0k oF B In': with g = { T if =

Then, [_I-Q'll_'r'l:lﬂl:'ﬂiﬂlﬂ p,?i-_-_-] = II?:;—[W; [+ = e T = L e T T o BB.ti.b'El‘.' ke
conditions [13], therofore represents the Newton bass. The next theoremn results from
the above proposition and freamn theotem 3.

Theorem 4. Let Holf) be the projection of [ on a manimal imderpalatfion space of
e ey foith respect fno the st af fanetionols given {10,

XM = [ oD aE il {40, AR (XL X {16
ard dy 5 the A-divided difference gaen i defiibion 3. The

MELEY =3 dia X, e o Den i 1] Alpa). ME LY (17)

il

ALF = By =i i [, o X0 e ] (18]

We want Lo give another form to theorem 4. For this end we introdire another teao
ilivided differonees,

Definition 5. Let X, e block minimal derived from A, X che k level block
andd T, the pioper seta of multiindices. We define, recursively, the & order block di-
vidod ilifference by, & € {0,....on+ 1} bolm fl = f(2) boy XA =
B, e I ) 5 D | X O XY s £ Pl

with Dby [ 0 X p fl = (Dgabp X W, X012 M (s,

AL, L X f] = ) = 3 Db X0 o f] - pafz) (19)
el

Theorem 5. Let Ha b e projection of [ on o mindmal mierpoiation space of
ortder, PUA) with respect to the sed Xy black munrned, devived frore A. Then

(Hal3w) = 3, D5abya X X i f] - pal) (20)
e,
(Bal 1)) = (f = Hal FOEY = Do [XT, L 0, s ] [21)

Proof: To prove (20) is sufficient to verify the next condicions

3 Dy, XM f) - Dylpelas) = Dy flaw), MO € Lo (22)

il 4
el
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The relations (22} and (21) can be procfied amulmnenw;h by imduction o n

{'.--::ru:;]:lar-- 1. b (X .. X8 2 P =, YaE £

For cumputational purposes, the block divided difference is tifficult to usa. There-

fore w: introduce anather Jdivided difference grwm in the fnllowing definition

Diefimition 6. Lot v o gy, .. el e E 1P be & Beguene of directions in RE, With
the notation in definition 5 we :'Lﬂl'inr:. recuraively, the y- directional dividel differenne of
k order, k€ {0,...n+ 1}, ¥, Tolz. ¥ 1= D flx) v, [XO X 2w )
o, [_:,ir'-!]'. CER-1] L EL ¥ ;F] Lm Yl g I:|'| .....jL'-I:“'I:-Hi::n.‘l"rr: Ilﬂgprr[m}

T]:!EEII'EII'I. 6. fn owvutitiona of theoram 5 3

(Ha{f))(z) = Z T ."]'::U:I: BTN 1 ¥ .r:! < Pal) (23
el

Theorem 7. The connection balween the three doaded differences, defined in this g
ter, o groen by the followrng eralitics:

X XD 2,3 £ RO, &Y 5 0 D 24
Tl X0 g o f] = Db XM, xtm=1 2 g 23

Proof: To prove relations (24) and {25 we use induction on a1,
Corollary 2. For any f: B! — R and 2., = X the following relations hold:

dn+l[.x.-|:n'.|.\,. i I_.:E.:'I:':I:J:h [ .i':';:l';_lr_! = [ l':..“*l[]"-l:l:l:l' S .-1'::'“];3'“...}'“; fl & I:]
BEsbX® x0T Lo
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