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FRACTAL STOCHASTIC PROCESSES
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Ahstract I this papser we congtiiirt fracial scochestic procrsses a8 fixrel poiut for & scaliog
tnw. Ulghng probabilistic mekod Spaces Lechmicnes, we can. weak the Srss gmoment condition For
eistonee aid nmigqueness nf fractal proossses
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In 1086 Barnsley (1] introduced a cluss of fractal functious defined on a compact in-
terval nf B which satisfies certain fnterpalation propertics. These furctions are analogouws
Lo spline sl polynomial interpolation i that their graph are ronstrained o zo trough a
finite mumber of prescritsed points. They differ from classical interpolants in that they sal-
tgfy o funetional condition reflecting selfsimilarity. These jnterpolation finctions present
enmne kind of geometrical scllsimilanty or athchastic aelfsimilarity. Often the Hewsdorft-
Becicovitrh dimensiom of their graph will be nomnteger. Thae! Tete-dimension of ‘such
inerrpalation Tinetion 3 greater than | if the sum of the aleohite wnlied of scoling factors
p preater thin 1 Thes: linctions nre Hélder conlinuos Hul ot differeritiablie; This 1ype
of Minctions describe oot atly profiles of mountain ranges, 10pE of elonide and horiwone
erer [orests bat alen temperatizes in fames as o funétion of tiwe, electroeneephalogragh
e trages and even Lhe mimute by moimite atock markel indes T 'a serics 0f papers
Driilkee 14, [4] ineroduced an icerptive interpolution process for inzerpolisting dares definad
o b reed disdreis subeet of B In [ Massopist gave a general consl riiction bussd
e 8 Bewl-Bajraktarevit operator for the fractal interpolation’ function. Recently) naing
protability mettics, Hutehinson une] Foitachenderl [7] proved the existenes and uniquensss
comditions for fractal interpolation fanction. Herburl and Malysr [ generalise Barnalay's
fractnl interpolation functiom ta fractal interpolation procesies. Thew prove thist o o=
solfaimiliy processes which inchide afractional Brownian motion's trajectories of smch
fiaptal interpolations colerge thn trajectory of the interpalabed process, Cohvergence ol
the ttajectory in fractal mberpolation of stochastic processes i epiivalent o 'the cotver-
prance of trajectories in' linedr interpolatian. 3Morecwer, they show that the bose-dirmanaions
of trajertories of such interpolations for self rimilar proces with stationary increments
converge to 2= o, Herburt and Mulvee worked with Gatsting processes where the first
ranment condition i essential, Using contrection methods in A Fiepaces, wo can wWesk
excistence and umicuensss conditicn for frectal inter pelation stochastic processes.

AF=space

Let R denote the set of real numbes and i, -={re x> 0} A mapping F: R —
M, 1) iz callerl & distribstion function if it is nonslecrsasing mod Jeft continwous. By
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2w shall denate the =t of all digteibolion functions F end A= = -:F = A F'[|:I'| — (:l:-
Howill dencie the Hesswde distriboation funesion defined L=y

0. = o
L L
HI-\.'J 4 { 1_ T s !] |11|

Let X b= a nowempiy set, For g mapping F @ X = X — A1 and &, 9 = X woe shall denoce
Fleuy by F, . and the value of £, at ¢ = R by Fo {t), mspoctively, The pair (X, F)
13 n probabilistic metric apace if X s & nonempty set and F: X = X — At wa
mapping satiafving the llowing condicions;

12 Fo(t] = F, () for all 9 €' X afid t'c R

P Fr G127, for every ¢ =0, 97 mld liinky i &y

P if Hoqle) = Land Fy () =1 then Fr (5 +15 =

A mapping T2 {0,1] % [0.1] -+ [0,1] iz called a t-norm if the follewing conditions are
galialienl:

4" Tia. 1) - a for every a < [0,1]; 3% Tia,b) ik, a) for every «, k= [0,1];

6% if a Zocaid b 2 oA then Tia, B> '_.!'|:'|:~I d};

70 T, TG, ) T[T Ve, bl 2} for every o, b oe (o 1.

W it here the zimplest.:

Tia,b) =masle+ b - 1,0); Tale, b) = ab; Tala b) = Minla. b = minfe, b}

A Menger space is a triplet (X, F, T), where (X, ) is a probabilistic metric space,
T s a t-norm, and instead of 3w hse the stronger conditinn:

8 Feple +8) 2 T Fuuls) Faplt)) for all 2.4, 2 € X and ».¢ C 2,

The neticn of E-space was introduced by Sherwuvod [11] in 1989, Let {25, P) be a
prabalility space and les (¥, p) be a metric space, The ardered pair (£, F) is an  E-space
over the metric space (V. p) (bricfly, an E-space} if the elements of £ are random
variables from §1 into ¥ and JF is the mapping from £ = £ nto A defined vis Fle.yh =
Eaoy Where Fp oll) = Pliw € 8 alelw). wiw)] < (}) for overy t € R IF F satisfies
the condition Fle y) SH, i z Sythen (£,0F) s snid to be a canondeal F-space.
Sherwoud [11] proved that every cancnical E-space is & Menger apace under T — o
where T (a8 = max{o + &~ 1,0}, Inthe following we suppos: that £ iz & canonical E-
pace. The comvergence in an E-space iz exactly e probabilicy convergence. The E-space
HELE) i st to be complete iF the Mepger space (£,F, Thal B8 complete. Let A be a
nonempty set sad, for A € A, let (Y o™ be merric space. Denote £° the st of ramlon
wsinbles from 12 Tato Y% and let T4 £% 5 €% — A de fined wia FA(r,y) = Fb,
where | Foy (6 o= Pllw € Qa*=Ma) g (w)). < ¢} for all ¢ & & Denote Fyylt) ;
infyzs F:.;.':E'] and Flewl: Fel g

The: erdered pair (£*, 7} i& an F-space aver the metrc space ¥4 Lt e g ¥ g
[lica Y* and define £ := {r & [T, &4  limy..infaen Pl{w € Qdt M) e¥fw)) <
(p1e=17.

A AE-apace is the triplet {£, F. T Tn the next section we nesd the following ooro]lary:
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Corellary L1.|13]Let (£, F, T le a complete AF—space, waul let § E = £ bea
enntraction with rafic r. Suppose there exislz @ € £ and & real rumber 4 sich that
sap Pilw & 81 dA ALY M) B Y S T Torall s ( Then there exdsts a unigue
AEA
ay £ £ anch thal fizg) = 7o

2. Brownian rmobion

Iy [ 7] Hutchinson and Roschendorf, starting from the ideq of CGraf |5], showed that the
Brownian muling can be characterized gs the ixed point of o medified scaling e

Ler (03 8, 7] be a probabibity space gnd Lt & e a nonempby sed.

A PBrownian motion is a stochastic process B = (B e p chararterized by the
following properties; Piw & (a0} =0 and & B*(r,w) i continunud}) =
1.and forevery & = 01 and every & 0 BME e )= BAHIEN(0; M), thus

Pl € QUIME+ b — B W) < o) = b 7 e mm

NP, b denotes the normal distribation with mean g and warianee b,

Remarks.

1. B has & purmal distribution with mean () and wirianm A,

9 Tor b= 0 the distribotion 848 - &) — F.I‘""'[I:n iz independent of &

For ench & = 1, let &% - 0,1 % 1 — K denote the constrained Brownian motion
prven by D0 w0} =0 na,  and BMT W)= 1 ek

Using the properties of Brownian motinns, we have gl L} win, %':I

Mext we construes the sealing lawr & such hat the constrained Brownian metion
FE*, A = 0} satisfies the fumily of scaling lews, Lot b € A and denote ¢ the random
point, wich distribution &[0, ). For ¢4 € A consider the constrained Urovman mHiLEnn

o i”*[fi“ﬁ“ cDenote [ = 0,1, and define the functions

1 A ; L
@i I [0,z], Piis)= —; Pyt |:-1:-.1|I dafal = i-.; -1_

Tt ooy 0 8w A = H be the unigie affine transforrticns characterized T
G TOUNY = 0, 1) K) = el 0/ A) = P bl [T, 0= 1 far all A€ A Denidd o Le Fipal, £
P, =2 = Lipay=H . For oy, vy we ohinin gy Al = prr and Cegir A =11-
p* et pb, Denote L the setof funclions from fx A to RLo= {7 RaA o BY Lot @y, vy
L Lo Lobe mappiniga satisfying the fllowing propertys s (o, Ay = fla. d‘f B T

Tat'1ig define the transformations 8, 52 0 A — R by
Sl Fla, A= (oA for ull: fe T

Tsing the definition of constrained Drownian mestion, we have

J vy d = At o 1 A 'y v 5 A
Bl th= S o B, t e 0558 | (] = 5 o B0 1), be |é-||-



This relations can be writden o follirees Bth*‘“-:E_:--p" |:_5.'I i J.LS'.I o _E"" o '!Irl:_ll:l']. t e
[, 1. TF § denotes the random scaling law whose values are sealing laws 5 = (5. 54,
then, for each A = 0, we lawe B d .5, 0 BMY o ':'_l:l.'lI w7 A0 L B are ehosen
independently of one another.

3. Random fractal interpolation process

T thils sard i|'&-|'|I a-‘:l.ﬁ.r".ir'lu; Tivim the modda]l of B nian ||||'r|'i|:-|1.I s _|-|1i'.'r'. Lhe piotion of
roncdom sealing Twe for rendom fractal interpolation process. Leét A be s nonempty sst
and let tg <ty < o< By f € B E DL } he & 4+ 1 given pointa, - Consbder &
Tajections &; : F= [yt = lii_1.0 ] =T; ]'-:*r =01, M Define the stochasiic process
P S AE = R

The collection I t= {{#;, oty hwlhd & {0, N3} is called a aet of random fnter-
prodlinkiom paerinals.

A random fractal funetion £ £ = A =0+ B i8 asid to have the interpolation property
with respect to I if fit,, Aw) = wlt, Aw) ea. P8 {0, WL

T ¥ o= Lot T1 Tor g o= 01 and (A0 = 0. For w0 & '!"":" 1 e

4 o4 AN Uy lude) — wla)tda) ., i - p2 1
d [, 1) = vid |y lule) = olajlde), if s<

':.'l:.-!'.:lr‘..*.-: |'-:||||u_ |.u.l:_-:.'_:| -_ "=::|'I.:||. .i.,r = o
Tt & T the sel of randorm Deonctions ol Tet = 7= A = 0 e fix, Dencte

B gt LR R WA E A Y €0 R A ) € ¥,
".'-'n'—.r linnn imf F'I-[r.n. I::"'?r.f':"l'zlr.-.:’l.n_plc'l'-r.:’l.n_llla..llu_ll-' '_|__|

P N A

Define: the functions w, : & 8%, @, © Lipt=" for £ & {1, ... N} and demote by »; the
Lipschicz conatent of o, Let 4, + B — 8 he real funetiong aml denote TOR = A, )
{_.*' i A — R}. Congider 1he mappings b LOT = A Rl — LR = A ¥ auch chat
s lales AY) o= e, A e suppose for A @ A chere exdsts ;[ ) with the nest property
I leluefa, M)} o aie(a, Abllda < supy(A) J; [l J'-] = ifr, A) [eda.
Let &« H H defined by 5= W 1.l:- siach Lhal. S "1,-{.-;_ _.5._:1_,1 y 1:1,.' 12, .}.]:m

Let & = ,"'.l‘-.,-l- s b Hl-ﬂlllp_ Liviwe clelinaend uhl_nn_. I _|" Lo A x5} B iga
sinchastic |I:I'II'1.I e, Phen thie radomm iuul..tw-n (& ia detined up to probability distribubion
by (S} = -_u':l,' o fiil o IR b where fUe 2 Florie{1,..., N} are chosen indepondently of

one ancther. The stochastic processss o vandom lunctions F satisfy the scaling law 5
or is u selfsimilar random fractal function if (57 = .

[.-":Ii.l'l,g the contraction method in ."';F.'-ﬂrﬂ-:"l?:: i anll bR RS R N W o P ks and '|_'|_'|':|E|:l'|_'||_=:|_'|ﬁﬁ|'-\.
theoremn for random fractal interpolation Munction,

Theorem 3.1. Let § be the random sealing 'law defined above with the next inter-
polation properte:
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forwc ¥, AE Aand s E {1 N - 1)

Sy lelty A wly=1s aw= (3.2
Jig 1i1e(ta, Aw)] = Slultp, A w)) =yl L w] o i)
Salalta. A wtl =14, ns (.4
Euppose
P itpﬁp Lr (A w (0| = 1. {33

Then there exiata a random Fredal mnterpolating Tiunection ™ © £ which salislied S ol

Foit Aw) =wik, Aw) e, is{0.., N}
Proof. For the mandim functions f, g2 J A =5 — I, p > 0 and ~ = 0 let e define

Frglth v=inf P{{w £ Q(A) |: j Fla, Aw) — gia, A, »:-.am) T2,

We define the scaling operator § + 2 o X hy B{Ne=0;8:2 fid o L L ]z[pclrupr'ccies.'-g,u
A ) = ol F{D, 1.[4,.,:"_.'_‘_[__3'_].“_,':":' for e = T Assuming this has been done, in or
der to show chat 5 is & coneraction map, For p> 1w compute

Fog gt = .:"E.IIE_LE:' Pl £ a3 80 < t)) =

M i
i o WITA s r i 1 3
= i]r:]{llflll--.n.-'l.‘:ﬂ 'h‘j"'r'l.'.llr:_ W (FIB a), hw)) =

—e ol B (), A )i P} < £)) =
)
= jof Pliug 5'.!|*r[AJI’Z1"’). w) |L-|f i Fie, A )
I

—wyigle )P}y < b)) =

v . "
: x I ,.:"*I_:.I St A
> inf Plle e N (E lilrlk—i;n J_) A

LERA
=1

U!I{m.u] ~ gla) A, w) -"ﬂu)k < t}]
4
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1uking Ti=EEEE. Alliy - 0 E::__l r'.il:.:"..l:..':lq,-' I_.-'i.:ll.l',-'l < 1, we have Fb'_r'lb'ul:.ll:l e J'.Il[_% 1

For 0 < p < 1 amd p o oo one works aimilarly.

Sinee, for £ 2 the function Fle, A -1 s 0 real rendom werigble for alle < Jaml &= A
che triplec (2, F T is a ABspace, where 30 2 2 2 — A7 i defioel by Fifg): Fy, and
=Tyl bl = max{a + 5 - 1,0}, Using Corallary 1.1 For he coufraction 5 there exiacs
a sellsinelar random fractal function .

Mext we haone to showr che interpolalion propersy of f*. Fori e {1,..., Wb owe have the
following equalities it A.w] = S*06G, M w] = S Ff Fa. dw)l = Wik, Ay,

Remark 1. Tn the case & - 2 the demonatration is pulilished in |12].

Remark 2, T, for 0 = A = 0} — & we guppose st a AT B Jl‘r | Fit, Aewt}| ¥ o o
e f = 2. Auking 4(A) = ;,': N =2 aud p — 1 the Drownian moticn can B
characterized az a fixed poinb ool o mepthing law, In this case » = :!'E

This result wa proved by Huechinson and Richendos! in [7] wsing d° metric defined
by [ F, ) o= supry, g A £l _|r'r [F{A £ — gla, t)|at.
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