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OPTIMIZATION PROBLEMS WITH INFINITELY MANY
COMNSTRAINTS

. STILL

Abhatract. The paper mlends to give RonTvey on Shos gt wapicts | ol opfimisalon
problems with infinilely many constTaints, We ponsides the structues of the probican, oprimaliby
rundicions. Newson methods bused on these gondiginng and pelated genetivily properiies,
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1 Imtroduct i

An optimizasion problem is a problem of the type:

max flx] subiect to s F

whers £ 0% — I is the ohjective unction and & " is o given get, the soonlled fea-
sibde set. To be enmputaticnally privticable we assnme: ihat the et F ia ghen explivitely
Ly inequalities {we nmit equality aomstraings for Trevity), TFF is defined by &nilely many
ongtraints we call T & finite progmam (FP}

FE- Fe={neg o _r.l_,fi‘.] o I - 1 I

where J = {1, ...} is a finite jodex et The problem is seid o be serme-ofinite if JFis
given Ly,
=117 F=lee B | gley) =0, for sl a € ¥},

where ¥ o ¥ 45 a {possibly) infinite inde set. If im adibition, the index sl ¥ o= Y x)
depends on the wriahle ©, the progran ia & somi mfinite problem with worioble mder sof
or nenerlizol pemi-tnfimTe probizm (GEIT) for aheard.,

GETP: F={zc R glzp) £ by forally e Ylxrh.
Let the index sets be given by
Yz} = {y& A7 | izl =0 e L=ql.. E R

{Note that, in gase of SIP Lhe functions e do,not depend om0 We sssume: that ull
problem functions S, g, v aog £ funetiona, For simplicite throaghout we assuin: Lhak
thors: 12 a compact aet Yo o H™ such that

Y{xh Y5 for all @ = B
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Recall thal a feasibls poant F & F s said o be a locsl measdmizer if there iz a neigh-
Ticarlwwal ©F ol 7 soech chne

et = fiF] forallce X000

Semi-infinice programming i & topie in contingous (non-linear] optimizetion. Since the
Gl-th more than 2000 papers appesrsl ond this subject, We refer the reader to che survey
3 containing many references, G is only stodied sinee sbout 1085, see e [4 . 7.
.

2 Applications of semi-infinite problemsa

In this section o presént ‘& few' examples Sapplications of semi-infinite’ programming.
For instance, Chebvahe¥ approximation priddens lend to semi-infinite problEmas Tual ala
to C351P.

Example 1.  (Direct and reverse Chelnshov approdmation |
Consider the approximation pevilem

AP:; We wigh to approximate h(y) € O{R™ ) on the compact set ¥V © R™ by
approximating fusctions alr, ) © C=(8" « 1™, F7) in the max-noem (Chebysher-
maem)

3 T S |
2in. - maslaty) ~otr.ol

Ly intradincing the extra vanabde ¢ Nthe aror), AP cakes the foem of a S5

min ¢ & b g(eiyjo= Elhiy) eln.y)) < forall g2 V.
The so-raifed réverse Chetwshev problem consists of fixing the approsdmation error «
amd making the region ¥ oas large a5 possible [z II'E-I'JI}_ Supprase, the set ¥ = Y[ s
prrmeterized E_]-'-E = MY and wi] dencdes Che wodime of ¥ [d_; .:"El,__r{_ 1"'|:'|',|’."| = :_"-'!]N'-t'.i w
iz, dy] ). The reverse Chelyaliev problom then leads to the (28TP = fixe):
max vwldy s 1 om0 = Ay — e, g.l_,I:I = foral ue¥id.
i, e
Many control prohlems in robotics kead to semi-infinite problems (of. [2]). The nesxt
exarmple stodics an application of semi-infinive programming in Partial Differential Erjun-
Lo,

Example 2. Consider the following Boundamomine problent,
BVP: Given @3y © IR (Gy A simply connected region with smooth bowmdary 80, ) and
k= NLOFied @ funetion o © C2{09) such that with the Laplician Ay thy, s

Auly) k, Wye Gy
w{y] = 0. WypEdGh
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By chonsing o linear space of apprupriate trial functions =@ ¢ CHRY), 8, = fuir v) =
]
2L Wili(phE, this problem BVEP can sppraviinately be sojved via the follawing SiF-
DA,
S0 min £ s F [Au{r i -k = & Yy &y
Fulx,yl <€ e, Yy EAGH
In [1) the related but mare counplicated so-called Shape (W imization Problem has boen
ceongidered Lhvoretivally.
SOFP: Find s {zimply connected) resion 3 — §2 with normalized aree u?) = 1 amd a
i i e
function w € 40 which anfves with some given function FIGE, u) the problem
AN TETI O 8.k, Auly] [
MiEI=1 3
ufgd =0, Wypedh
This iz & problem with veriable rogion 7 and leads to the falivwing (GS5TP-problem:
Choose somne appeopriate family of regions o) depending on @ perameter o = Fp
and satisfying (G} ~ 1 for all a. Then, fix some smadl errar £ = 0 angd solve with the
trial funetions iz, o) © &,

1

min P{Glal, ule, ] st &,y — .".::l <8 Wy & G
Tulr,g) = 2 Wpe B0 ew]

All che |rxumﬁja;: cian be formulated in & more gecmetrical selting a3 follows: * (Fivrn g
tamily of setz 5{x) © B™ depending o wef 7%, find & Lody' ¥ of a given form and &
walue T such thee ¥ s conteined in ST amd Y ie ag large a2 possibile,

Buppose S(x) is definad fy

S(x) =[pe ®B™| lx, i, 1) =0, forall t e &}

where {3 i3 & given compact sot in 7% and g e DR e o« R f2). Let the body
¥idl © B™ be parametorized by & © 87 (by Anitely many inequelicies]. Led of ) be

# meeasurny of the giee of ffd] ::I‘..j:_". the wilnme), T masimmie g:[d] for ¥ dh .;_l' ';-l'l::.’l.'-]
hrnmes:

max wid) Bl g(Tt) S0 forally € ¥{d), £2 0

dm

3 Structure of the feasible set

This secticn intends to provide an overview cm the structure of che feasible ser of
sermi-infinite problema. We will see thet the feazible sof in GSIP may have o mach 10OTE
complicated strocture then in commeon STP ;

-
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Lemma L. The feasibde aor F ol & FP e STF & edosivd.

Thiz Falloswa divectly by the Gacl thal the faeahile sor F of 3IP s the intersection of the
close] wors Je | glew) < 0F (el g 2 Y, Mereower, chis impliss that in peneral [generic
epsn] ' oeannon possess so-called 're-entrent’ commer paines.

REMARE., Il can be shown, thay & gel 3 in H™ s closed and convex if and only F is definad

Ly (ponsibly mfinitely many) linear ineqoalitios, in, JF - -:'r.-:"-:_y'l.l: Zhiy), wE V]

Fur the case of (G5IP che properties of the leasilie sed strongly depends on the analvtic
hehavior nof the inlex sec ¥l T wall appear chue the following holds:

o If the mepping ¥ : 5™ - 277 is not continuous then the feasilide sel o] not
ke closed.
MY e eontinenes e ool differentishble then the set F is closed but may still have
the structure of o undon of feasible seta in -::lt'di|1.'°|.l'_'r' FP oor 5T {sleoctums of q,:lj:_::j1;|_1:|r_:-
tive up-ti:tﬁzaﬁ-:m 'pﬂ'l.‘.ll‘:qll.:!:'l:lﬂ:_ with re-anlrant cormer '|1||:i:|',l:.-_; ki _'.'"_:I.
MY behaves ‘differentiable’ then T' is (theoretionlly) equivalent with an’ ordinary
Sl
Under further regularity condiciona {gee reduction spproach in Svction 4) the prob-
lem CRIF can locally Te ddescribas] by o finite program.

We: hegin our structursl anelysis with 8 simple exampls of a GETP with woas-cosed
lemsd il st

Example 1. Consider the problem

min' e &L =1y "WyeWirl={we |y >0,y <<z}

(1

[Mwdoualy, che Reasible sec consists of the open infervad [0, oc), Ao minimizer of the program
loes oot exist, The problem bere i chas the index ser Y2, ia not eontinunus at & = (3

If ¥'(x) is continuous (see eg. (12 for a definition) then non-clnseduess of 7 15 excluded.
We amit che simple pronl.

Larnma 2. Suppose the mapping ¥ Koo 287 g continuous on & rompact set Ko 50
Then the set £ K s compsct (o particwdar closed ).

I ¥ix) is concinuous but not *différentiable’ the s’ 7 of GEIP foay bhave re-entran:
corner points [Phe slhoctoee af a dsjonchie |:-;|'r_'-'|'_:-],r,'|;|;|_:|_ Yo mive an ilustracive example,

Example 2:

! . e L. - ; ri. b
min t {72 ~ 1)° sk y—zxp =0l Wiye ¥

with theinidee et Y] — (o € Py <xy =0,y =05 The'set ¥ix) bebiaves Lipschitn
continuous but is not smooth at pointa (0 o). The fesible s @ = {r & T2 e =oay)
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with & re-eptrant rorner point at o = [0.0). The solutions of the problem are thi poinks
T = (£1/2,1/2)., Mwicusly the problem s eguivalent with the program in disjunctie
firm {not intersection Lol unicn of half spaces]:

min 28 4 (zpe 1) oAb 2 € [T | Fa g bl {r | 22 £ =2
If hivanrcer the index sec ¥iaw) s deloed by e g
VR = gy =Tl y) |y e ¥} with {fixed) compact ¥ .C W™
and o sipooth fupction T - % =V — H™ than the feseabilily condition becommes
gl y) =plc.Tiz, ) 20, YyeXY
and the G3IF problem reduces o 3TF.

Uneler some comexisy sssummplions, the following helds For the feasible set 7 of common
S1P {direct from the definition of comeity )z

If for each fixed v = ¥ the functieng(., y) is convex in @ then J7 1 conves.

Example 2 shows that the situation is more complicated for GSTP. Convexity of F only
Followa under very stromg ronditions om the sei mapping ¥ {z) (we omit the straightforeesd
proaf; soe also |12]:|:

Suppaae Lhat the function gir,w) is convex in [, y) (on BT and the fellowing ael-
walued inclusion holds: For sy xp, 29 € 7" and o, O < < | we have,
Yiam; + (1 — odra) o o¥ (2] + (1= o¥(xa) . (1)
Then, the feasible et F of GEIF is commex,
4 Optimality conditions and Newton method
The so-cnlled Wohn-Tucker method for solving optimizetion problems s based on the
folleawing prineiple:

s Apply Newlon type iterations to a syatemn of (first order) optimality conditicns.

The couvergence behavior of this approsch strongly depends on the fect wrhether oo
tain regularity condisions are salisfed at the solution of the program or not. So it s
important to know whether in general (genericly] these regulanty eonditions hold. Les us
begin with onsidering the case of unoomstrained optimizacion;

UP: (unconstrained program) Wi wish to And a local mecdmizer: X HIESF
ELR oo

MV



A meeessary comlibicn fur s el mesdmizer ia:

T-'r_fl-.'."': = l',:l

a

To solve this syaem we may use the Newton methed: ri, = &), — f."?!‘l'l::l',;_:-_:- W f{ze).
It i well-knowne that this process (locally) enfverges guadraticdlly to s solution 2@ of
VT =0
VAT rezular,

The question is wow whether we oan expect thiz regolarily eondition to hold in generd
veeneric case), To snswer this we consider the
Problem sat: 7 - {f £ O™ = O (R", R emlowed with the so-called strong Withney
topnlngy (uoe [5]1.
The: fellowing mives a positive anawer o our gueslion and formes the theoretical basis lor

the Newion-tvpe mechods. By a generic subsct of 2 set T we mean & subssl wrhich is
s wnel opem i 37,

Theorem 1. {Jongen/Jonker; Twilt see (&) There j¢ an open sod dense gubest Py oo
AT .'Fl': anch et foe all [ e By

WAz + | det W2 fix)| = 0% & BT
Ler ua o Lurn ta fimite programs, To formulate optimality conditions we define the
aetive indew sel, Jy(F) = {i € J F@(E) = 0], The following i the F. John necsssary

cplimality condition: T © F s a loeal solution of FP O en there wm mltipliers Ty =1,
By 008 o) such that

BVHT) - Y, EVei =0 m+ 3 F o1 (21
FE T dedilT)
A repulanly wondition at a feasible point T F s the lmear aideprmslenor consiraing
gruiireizon (LICC} at 7 Ny [T), J e Jdpla) are linearly indeprndent soctors,
Dhnider this constraint quelification LICCY at & local minimizer 7 1he F. John condition can
be Tepluced by the KK T-conditions:

VoLlEmy=Vim - 3 BVgE = 0
jediF 3
gi(Fl = 0, je R

with [uniquel moultipliers B; = 0.§ £ B[E) whee T denotes the Lagrange function
Lzl = fl=) - ¥ 0 i) By putting &= (g, § £ JfE)), the Jacubinn at
a =olotion [, 1) reads:



A Fslore, the Newton method applied to (3) (ocally ) has quadratic convergeoce if the
Jacohinn JiF, 1) is regular Bt a solotion (F. 7). Tntrodusing the

Problem set © = I P = fim. gl etRe A
the following result states thal, the Newton method 3 grnericly applicahle.

Theorem 2, { Jnngen/ Jonker /Twilt see (87 There = an open anel dense sulwet Pon O F
such that for gll P e Py, LICC halds ar esecly feazible » and at epch aolution (F.j1) of {4
the Jacobian JUT. 0] 02 FRETLN

Wir now come leck to semi-ifinite optimisation. Let & & F bar o feagible point of
GSTP W define the pofes inder sel

YolE) = {# € Y{x) | wlZ7) =0t .

The following observation is crucial for this approach, By definition, any point F feom
¥yi2) iz & (global) mueximizer of the following parametric eptimization problam

HT L'IJI.'EII. giTg) sk wmizg <0 ls L. 4%

ithe so-celled lower level yrobiem). S0 any puint § £ Yo(F] mnst satisfy the Fo Jubn
concditions,

v, LT E G T m by oAt 3, Fusl, (5}
R |
with multipliers 0 < 5y, 01 <5 e R LT3 awhere Lo(@ 30 = {0 € L | wiF,p) = U} is 1he
aetive inde st and £9F the Lagrange function of Q{F) (ot 7, & € Ya[TI),
":"EIE';I] I:.I.' L. ﬁ-'-:l o T':I_d'r =y ]"l] 7Y E -"|'1"|'["‘-: Eﬂ - ':,ﬁ_:'
e LyTE

Wir will assume, that the fellowing strung regularity conditions iuf Anite optimizkion]
ate satished for oll pointas in ¥o[%).

AL For any § € Ya(T) the fellowing hotda:
1. BICE: WoedE 3, e Ln(T 7] e timearly medependent,’
0. ( Urder LICE) there ave unigos malbiphiers 0 < %y, F & RIEF iy =, > 0 and
FG). We masumes Fy 2 0, 1 e LglE 3] (sirict complementory slackness).
3 The second order condstion (SOC): With T i B,
,I,Tn;.-iﬂ:i-ﬁ (@7, >0, forall 5 T(ET)Y 10}

where T(E,F) = 41 € | | Fyu(E.Fin=0, LeLa(T. W)}
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By using cechniques from parametcis optimizacion under this assumaption the Tllowing
can he proeen,

Theorem 3. Let ar the feasible point T fur GSIF the condition A, e satisfied, Then

(4] The acrive index s is Brite, YoiF) < 13,000 5, L and there exists nojuhhorhoods
g ol F and Vg, of 7, and continuous mappings

wi Uz — Vg such that 3, (%) =7,

stuch that for every o e U M ovadne g5 (x) s the unigue local salition of ().

£y With the functions in (a) the following fnite reduction hedds: & U 00 % g local
sodution of GETP i wad ooy (5T 5 8 Jocad sofution of the soecallied reduced prablen:

Puz):  min flz) st Giz)=qleagde <0, 31,7,

fo) The functions (7,(x) = gl ylx]] e OF-functions with derivatives

VG(x) = VoLBP) [z (), 4, 02))

PROOF. (Sex |11, for deteils). Choose § £ {1,---.r} and put for brevity (5,5 =
(@7, Assume Lo(E, 5 = {1.---, p} and define v oo (o, Ceytipt. Conabder the fol-
leving Kerush-Kuhn-Tucker equations o (Q0x), near (.5, 7), with Lagrange function
o= 0E
Yollz g =70
o 2,y = =)

Bl wsr): {7
Under assumption LICQ snd 500 of &y the Jacobian Vo, - F(F, 7,7} can be shown to he
regular. The Tmplicit Function Theirem spplied to (7) vields then e pessudt (0) and (b
The deriviative of gir] cen be caleulated by differentiating the identity £z, y{z), v(2}) =
. We obtain for the second relation (the argumenes @) y(x), vz) omitted)

Yo+ "‘.,_-":,',1."'-:"1..' ] IE]
For (7(+) = glx,u{x)) we obtein using ¥,oVi = vV, 0¥y = —* Vau (o (7). (8))
VGl = Fagie,wial) it ¥ysin izl Vo)
= | Vaglmplz)) 7" (£1T(2) = VL E(, ple)ioic)) ()

&
By this theorem locally near T the problem GSIP s equivelent to P (T which is o
roanmon finite optimization problem. Thus, (he standard opeimality conditions of Anite
optimization can be applied te eldain necessary optimalicy eonditions for the semi-infinite

ANtk



problem P I F is o loce] maximiser of GSIT then there are afolipliess &, =0, 7 =
0,7 =1,...,r (and multiplicr vectors [7.] autisfring (5] for ¥ = ¥;) such that

F r
TV AT <A TR TSN E g7, ) =0 By+ D iyl= 1 (0

1=l : =l

Thiz necessury condition evon helds without assummng dees (el (7)) Alboputher o
abiain the following complete systom of optimaelity conditions (locelly at a feasible T writh
'r.rl.'l:l-"':] = {ilill = 1= ::‘.i'r]'_:l:

&
IAZICTD SR 2 B VA RTCID) I e
$=1 = AT

oty e = 1 (13)

F=1
l;'r.':' . Q{T1il'_l}lr_;|]ﬂ']11"lf[£|y‘l] = n
andTor 4y €Y=z} =", v

ToPyalz.ah = 3l Pyelza) = 0
dE L}
% S SO P R
(ISP R T
YRR B, 4T IO Y ey

Mota that for common SIP-problems the syatem simplifies. Since the Tusclions wiy] dom
nesl degrencd o in this case in the fiest equalions the swm oeer [‘T_i];vu L, i) vl
Az in finite optimizetion this system bes K = np 1 rim+2) E:,ﬂ |La(E, ¥; )| equaticons
and equally many unknowna =, ;. i, [‘T;]- B alen hepe Newbon-Ly g methods oy b
:'||::-|r'|iP~.-c] L andwn GSTF‘ :||||||||-eri-e":’|.'|'|.-.r I::‘:Px"- :|2]_:I- Ar '|1:r|.1:r:=.'|1 nglﬂm‘ii‘y |::4||:|_|:|_i L_in:_:-u:;; T FLSLITE

RC: For eswh o & F owith any chener of solubions i:'_.'_,l-_' of (107 for each 9; © Yolx) the
follewing s trwes I there 5 a solution g of the celations (3773, (110 then

l. L'l'ﬂ{l Tlelz: ";":l..lf".':“'l"’:'[:!, I 'l'_-i_]: LML= }"u[_..-.'_] e |_i|||.uu'i_'|.' i[[dl_:[,:u;mqll_mt.

2. For any gy = ¥alx) the assomption Ao holds,

For common 3IE the follrading gpenericity result has been proven which gives the he-
oretical basis for the Kubhn-Tucker methods for solving SIP.
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Thearem 4. {Jongen/Zerer [6i) - The se P {(f.0,0.. 0 £ .01} = €% (H", B} =
(i Y af alf & SIP probjems contains an open sned dense subset T, o P
such that for aill F = Py the repularity condition BET 05 satiafied,

Unfortunately the situation iz maore complicated for GSIP where a genericity rosule
&4 in Theorem 4 is not true. A counterexample 3= provided by the Fxumple 2, Near the
re-entrant corner point ¥ = [(.0] of F with corresponding active index point ¥ = 0 the
system of optimality conditions can’ be wricten as:
a
()

Ha2) = (2) n(0)(0)]

y—ay = 1
l=fv 47 = 1
Ty E)] = 0
Y2ly+m) = 0

The: vetor (Z,7.8,%) .= (0,0,0, 1,1/2,1/2] iz & solucion of this aystoem,  LHowever the
comedition LICG) of A, @ ool Tulflled,

Un the other hand the Jacobisn of the syatem can be shown to be megular st this
enlution {F,§, 5, ), 1.e., this point is an altraction poins for the Newlon method, But 7
1% not o cnitical point in the comrmen sense since there js a Fasible direction d = (+1, 1) of
descent: ¥ (T = —2 < 0 (30 T iz not a candidate for a solution). In [10] it i conjectursd
that the genericity result will at least hold at wll local solutions of GSIP [a proof is given
for the linear casa}.

5 Problem under convexity conditions

Tnn this section e will briefly show how cerlain sonvexdty conditions en the 3TP problem
ledul to o simpler structure both theoretically and numerically.

Let us assume that for each faxel o the funcrion gfx, ) i enmvex in y and that che
functions [z, o) are linear iny (2o, Qi) i & convex pragram’ Then it is well-known
that the KKT-systomiwith +, > 0)

Violn. gl — % wVawmlwa) =0, wizy) =0.v1 e Laiz, ),
FELulzu]

is o meceasary and aufficient conudition for ¢ © Y (2) to be a solation of QUx). If we introdioes
o = (my,. .. 4} and the corresponding multiplier vector 4 € 5% this KK T-syslem can
equivabently be written in the complemientemy form:

Vyale, vl — Vivlz, gy =

oz =
a-vizy) = 0

an2



So under these convexily assumptions the (GSIF can equivslently be written as (non-linear)
program with romplementarity conditions:

mex fir} =zt g[::lzlu:l

o

1A

3 T
Vigie.ul - Vyulrply =

e T e [ e

“th'{:c,:i;-J_: =
yleolry) = 0

In [10] fnterior pomnt technigues are applisd to sobe OSIP numerically in this form.
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