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THE CENTER CONDITIONS FOR A CUBIC SYSTEMS

Alexandru STUBA

Abstract. Tn this paper we give conditions fnr svetam [2) to eddmite ((0,0) as 4 canter,
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A cubic system with aingular point with piame imEginary eigenvalies (A = ',-IL? =
fit = =1, by a nencdegenerale transformation of varialle and tine reacaling can b
hroughl to the form

U =yt oxd + ooy + fy? 4kt 4 % g T T
: ; (1)
W=t g2+ dry + byt 4 sz + ety -y 4y

The: variables z, ¥ and coefficients A, B .. 7, § are assumed to be el in (1). A singular
poine (4,0} i= & center or a focua for (1), The problem from distinguizhing beiwesn &
canler and a oo, ie Trom tinding the coefficient wonditions om (1] under whick (1,4
2, For exxample, & center, These conditions are callid the conditions for u center ciacenen
ar the center conditions and vhe problem - the problem of the cenler.

Note thet the singular peint [0, 0) of the differential svatem (1) ia called alan weak
fooua Tfine Focus).

Tt iz well known that the origin ia & center Tur (1) il and only if all focal witlies
Fri+1, 3 = 1, oo vanish. The focal values aee polynomials in cosfeients of aystein (1),
For example, the first of them looks as folloneg

g1 = ac+ 2ag4ef <l — Fh =y b R L

M all the ga:yy are gero up to vy et gavey =0y = TiF= T dnd Pzrir AL then T s
¢alled the order of the weak focus {0, 0.
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It 3¢ known also that the system of differential equations (1) hus & center at (0,0) if
and cody 3 it has i some peighbourhood of the gngin sn independen of @ holomorphic
first integral Fir y) — C {an holomorphic integrating factor e, ¢,

The problom of the center was solved for quadratic syatem (E={ - m-n=p=g=
ro= ¢ = 0) by H. Dulae [6], and for symmetric cubic system (e = b - c=d=f=y =0
bar K. 5. Sibireki [9].

IF the: culbac systemn (1) containg both guaclratic pnd cubic nonlinearities the problem
af the canter 1 solved ':.'I.I:IJ.}' in some |:‘:lﬁ.rl’.-||‘:||'|'.|.1' [T e faee, tor ﬁ;-;m;;p'l::__ lﬂ__ x 4, E,, j-', H:':._
T this popor the problem is anlved for cubic syscem

&g bt 4 (B4 By — 20 4 gt 4ty - Bib+ o 4y, -
B o= —{m+ gr? + dry + hy® 4 griy — [d + 1ey® — ty]. et

Lhe aystemn [2], aller the change of eoordinates X = /(1 - 3], Z =51 —y), dofines che
following pouation of nonlinear, aacilatianes:
FUX)ZZ = —XP(X) - 3XPIX)Z - (X) 2% - pix) 2", (3
“IhErE o L - - » .
BiX)= 1+gX, PX)=034+4+ (29 + 90X/,
RilX) = bt (20 DX+ (5 4+ )X, BiX)=0b,
Pl =14 (B4 5g)X + (m—d - 1)X2 = (g + ) X2
The following propasition is the result of inveacigation,
Thearem 1. The S'pEiE‘l‘:'t |'r.§'___: has o conder af .:[|-I |]':| 1_;|" it ,-_.,-.jy ;_II' T ,g.jl: the Followog
Jive canditions halde:
l:l b=, q=gid+1];
2 d=0,455
3} d = {50+ Fo)(b+ ) = bd 29) /(b4 9).
m= ({30 + 40 (b g b g} (b4 ),
g ="—{ 4+ g1+ (56 + )b+ g4}k
4] p==32,d=-53'm T.a=1y
5) d=—3(h-+ g){4+ (3 + 2g)(db + 3g))/ (186 + 10g),
= (Bb(h + o} (35 + 2) — 218 - 3g) /130 + 104,
g=—Ag, [(Bh+250h+ g} +b—-2 =10,

Proof, Sufflciency. Consider the case 1], Assurne that
[m]ﬂ{d + 2g* + (BRI — 140ddm + 212d + 25m% — 230 + 0T

4 —m 4 ) (d 4+ 1)(d+2) 20,
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Then the svetem [2] has Darbonex first integral of the form e g il pranad, whers
=1+ 4z 0= 1,5 %L =1+{d+ 1y

iy = Ay Azl s = Azid A, Ay — A4 + A4 Aa + 534 Az Ay,

g = ApAaldy = Ag)[ A+ Ax— gela)( Ay -+ Az + Az = bAp Az ds],

fty = Ay -43::.5[2 - .ii.-‘l:l':.'q'|_ + Aa —dAs) A 4 As + A + 54, .'?.1.‘1.;5},

iy = (A — Azl A, - As)ldsz — AA+ A2 + Al
and Ay, Au. Az, (A: FA5 3 =11 are the Toola of the alpelraic couation AT 50 AR
(=~ 1A+ gld+ 2y '= [}, Sinee the center variety isorlosed in the space of eoefficients
o the syscom (2, then (0.0 arill e @ cenfer and in the case when the inequality (1} does
pnt bl

Try the ease 2) the system (20 hus the integrating factor of the form g = iy

where [, =14 Arp—p.2=142 oA = 1.3 are the maots of The pyuation A* — (G +

Sl Af + (mo— 1A+ 20, anc
oy = [(A%(GAadz — 4) + B4 (A2 — As) + 12) /(60 A Az — Asll,
e = FAZ(5A g — A1 1 ARl + Ag) + 121/(8(As = Au){Az = Aal),
g = [AF(5Az Az —4) - Bl Ay — Az) 12)/ (60 As — A3l Aa - Aul.

X3
'!f 4 -

Denate & = b+ g. In Lhe cese 3 the system (1) Las the integrating factor g
i pnElg iy, where
Lh=1+8x—y la=1~ - r.'-"!_l:ll:f.'.-: -3l
lizl;_-. =1+ -L.L“.lé Fhd el B — -*l.b_."'-,"E]i* u.
oy =1, =M% 206 38 - B)fLE - E
wpg = L{—3 2 (0% ADEE 46+ BB1B WA = B2 — 4B,
Fow we consider the cuses 4} and 5. The substicution 7 = FalX ¥l - B (XY}
rediees the equation (3) to the form

GuUEIYY' = X - QXY — QalX)Y,

whiere S : - !
Qo[ XY = FlX)RX] — aXPIXY + PXXY,
QX7 = 2ZAPHX) - Rl R X Fa( X0+ BN
Fl X1 FIIX D Py X) = BP0 X,
4l X Py X WP X

L) Theorein 3.4 of {1}, if Qal X _.-T'i:.ﬂ-'."'lﬁl; X, f’l_'i:l] g1, then the origin is & center
fur the equation (5 if sl cnly if the syslem of rruations
VRN - SR QG = 0
2 Q) 82 () — p@ ) B (=) = 0,

(5]
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whers
RX) = QuUX[0(X) — XQUXY + 3X QX 101,
CHXY = Q[ XY RTNIQuX ) — BRIX QRN+ 4Q2(X )05 (X ) B(X),
has in some peizhborhood of X =0 a Lalosorpiie salution
¥ =X}, »l0)=0 70 1 i

It is'easy to verify that in the case 4] the equations (5) heve & solution in che form ol (G):

¥ W2 — FBX)

and in che case 5], pespectively Lhe salubion

KT L WX 3 - (§X 3 1) .‘,-f'zf BEEXT 4 108X 4 3)

¥ o= —
WX+ 1)

Necessity, Wo compute the firat five focus quantivies using the slperithm, deseribed
in [10]. The first cne looks: g =45 — 5 — il = b, Fromm gy = (Fwe find g

=g+ db+ 3]

and gubstituee into the expression for g, We have gg = bd(m — 505 — g1 (36 = 200 — 2d - 3.
IT & =0 then we haoee the case 1] and if d = 0, respectively the mee 2)
Lt
b =00 (7

and
m = 5(3b + 200{b+ g) +2d + 3.

The third focal value gy vanishes, The fourth foesl value being canceled T sun-cioro
factors i of the form ge = fi f, where

fi= G+ 3oub+ g +dib+ ) + B4 2o,
Fa = S50 g4+ (3h 4 2p)10ab-1 Sg)) + d13k + 104).

Hog+b=1Nle g=—0 then gg = —35d 20 (see (7]]. Consider + 5 4. Then
i = 1himpdies thiv coase 37, Tf the coofficient d In fy ie equal to wero, Loy Lk 10,
then fa = —3B( + 100)/50 A= (9sa {T)). W becgivive LHak bafith gILab 4+ 10g) &0,
Frorn fo = 0 we expross o

d = —B(b + 'l + (30 < 241 (45 + 50071136 + 104)
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aied aubatinule i an gy Por gag, after corresponding simplifications, Le after elimination
af a dempminator snd non-gero factors, including mumericals one, we o

g = 004+ 2l (M + 2 b+ gl +b— 2l

IF 38+ 2o =0 we have e case 4] and if (30 25106 - gl':-2 b —2p =11, respectively 1he
case §). 7
The: prof of the theorem 1 implies the following result.,

Theorem 2. The order of a'wenk fooe foroahic differential syetem (2] is wt most
e,
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