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ON UNTFORM OBSERVABILTTY OF LINEAR DISCRETE-TIME
STOCHASTIC SYSTEMS
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Abstract. We congider the linenr discrete-time systoms with independent. randoan
pertuhationgs i Hilbert apaos,  We obiain & necessIry and sufficient conditions for, the
niformn exponential acsbility of the npiformle cheerveble systems in terms of Lyspumoy
eyl inme
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L. Preliminaries

Let [, ¥ bhe separable real Hilbert spaces sl let denote by L(H, V) the Banach
space of all bounded linear operalors which transform B mto V. U H = 1V we put
LiH. V)= L{H). We write {.. A for the inner product and .0 for norma of elements and
operators. 1f A € L) then A% s the adjoint operatorof A, Theoperator 4 € LA H Y
it said Lo be nonnegative and we write A = 0, s self-adjoint, and; {Ax, 2 = 0 for
all ¢ H. Wo denote by H the Banach subspice of LiF) formx] by all self-adjoint
pperatora, by K the cone af sll ponnegative operatars of H g Ty J the cdentiny operator
on f.

Let (§2,.F, P} be a probahilicy space and £ be a real valeed random variable on 13 W
write &£} for mean value jexpectation) of £.

T.et 15 consider the stochastic syatem | A; B}

Lo 1 = -"]-rJ;"'u"'f.-En.-“nE X = '\I:l‘E: = N: '11'

where & M. n = &k (M is the set of ull natursl numbers), Ag. B © LIEY and §,,4 €
™ are tesl independent. random variables, which satisfy the tonditions E(£.) = 0 awl
L :Enf = bl 3. '

The random evolution operator associated Lo {19 is the operator X(n k) & = & = L.
where X[, k) = I and Xin, &) = [An.a + £, 1 Bu-1) (A +E 8, for all 4 = kT
o [R, 21 is the solution of (1) then ik, ) = X(n, k)=

Lemma 1. {see [5) ) Let T ¢ L{N]. IFTIK] C 1 then || T)| = TN, whore T s the
idenfity operator e £
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Let ws inteodues the lipar and bounded operator O,,.H — H

l:-t'l "I-':‘.'Lr:' = 4:5"'1'| + "-ir.' fl';Sﬂr_: I'E_:
where Ag; By and by, n ©N are defined as abowe. We nlso consider the linear and
hounded operator T, k) : M =M, Tl k] = Qulesiiildn—y, for all n — 1 = & and

Tk k) =1, where [ € L{H) is the identity operator.

Proposition 1. (#81] If X{a, k) iz the random evolution operator associated] to (1) then
we have
(L[, S 4 = B LS X Bl X i, &)y
forall 52 M and @, 9 © ) More, T'(n. %) satisfies the hypothesiz of Lemma i
2. Uniform exponential stability and uniform observability

Definition 1. The system | A; 2 iz uniformiy exponentially stable iff thers exigt 3 = 1,
a @ [0,1) such that we have

E| Xin kel = 82 % |z
foralin > k> 0and ¢ = H.
IFCn 8 LIH, VY n e N owe dencte by {4, O B} che aystem formed by the stochastic
avetem {4; B} awd the observetion relation =, = O,
Deefinition 2. {see Definition 6 in (3] ) The spsrem (A, ) B} fs uniformby: observable if
there axial ng £ W and p = O such 'that

=S ]
S ECX(r Kzl = p 2] ES]

n=k
forallke M andr e H.
Proposition 2. [zee [fi) The following statements are squivalon -

a) the aystem (1) i uniformly exponentially atalile;
Bl there exdet 721 . 0E ff]: 1] 2ueh At wee hasve

[Tim, k]| £ da™ " fr all w2 k=0

Proposition 3. [see 8]] The system {A (7 B} is uniformly observable if there exdist
g = N acef p = 0 wuch'that

Lo 1 ]
2 T(n k) (GGl 2 ol (4]

Ll

for afl & = N,
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3 1. The uniform exponential stability of uniformly ohservabile systems aned
the Lyapunov equations
Conaider the Lyapunoy equation

PJ'I-=I:;:I.'|[R“‘|1:I+FF:H‘CNI r::'l
where (1, is given by (2) and F, £ X for all n © N, We need the following lemena.

Lemma 2. #) The equation (3} has a nonpegative solution i and only IF the serics

% Tik,n}{ Fi) converges in the strong operator topology for every o = 0L
k=il

i) The equatien (4) has a buwniied nonpnegative sodution on ™ i and only if there
axigts a = 0 suck that 3 Tk n)(Fy) < ol n > 0. I the lasr inevpuality holds then

h—n

[]#

W, = % Tik n)[Fy) is & bounded nonnegadjve salotion of [5].

[ d
]

-

Proof. &) "3 " T the equetion (5] has & nonvegative solution Fy then it firllows:

.

B = Tint L&) Pup) + 3 TILENE) (i
1=k

for all n = k. Therefore W, = 3 TiL kI E] = Bofor all v = k& Conserquently the
2 i~k
incresgsing sequence | Wy b=y i3 bounded alewve and [W, oy comverges in the atrong

aperator tepolozy to 1he operator W< By, W= Yo T kM FL.
=

[
"M Tf the serics E Tl-‘-’. ﬁ':l{j_"*_::l CONVETTEE in thi sLrong Dpej'u.tr_:-r I.-II]JI'!]I.'ﬁg_'g-' ‘th.Ell: for

k=mn

all x & H, we hawe <-l_?,-,[ Yo Flka+ 1}[F‘.:-,}‘_-:n,.?\l:- bR, B =
b=n+1

) L=}
<_ 5 I’I'{.'-:. n+ 1 Fe)dnz, 2 4> b ( . E. ]T'l:.':-: % + 1}{F) Baz, F:,:..-.> -
=T ) s -

Ry = X QT v+ 10(F))e/x) + (Par, z)
R=rt1

= ﬁ Tk, ) Fehiz, x) = "IIIE Tk, T.!.][F_,,].n,::'>
Brm=ii k=n

Ll
Thus 5 T{k n)iF) s o nonnegacive solution of (G). B) " =" If the equation (5)
N=n :

=1
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By = I the equation (5} has o nonnegstive and hounded solution Po{ Py <inl,n <

™) then, repeating a similar procedure as above, we diduae F TUCRNWET = Py=< ol We
(LT
obtain the concluston, |
+ " The comverse and the last statement of b) fllows from the hypothesis and by
al.
.. We assumne that the sequence (7, iz bounded on N, 1e. thers sxists a positive constant
£ such ehat [|Cn]] < £ for all n g W and we eonsider the Lyapunov equation

Fn=[:p;|;.-:|:.F:||1]+G:GmR-'FH :T:I

Theoremm 1. If the system { A (7 Bl i uniformly ohservable then the following star=
rrecnls st egaiveEbemt;

&} the aystem (1) is umformly exponentially stalide;

B3) the equstion {7) has o bounded nonnegative sidution:

i) the eyuation (7)) has & wnigue boonnded nonnegstive salution P = [Pl wem which
dus the property that there exist the positive constants m, M such oy

milel® < B, vl < M i8)

for ailf e N and oo M.

Proafo] = 6" Binge L |75 &, ndlCRCh )| _|1‘r_" [T, md]| [CFCk]|| we deduee from

J <A

the hypothesis snd the Propeaition 5§ that

a

l—n

3Tk, MR 21 3 Bat— )| <

ke=rz k=

S0, it fellows that 3 Tk, »)(CEC ) vonverges in the uniform operator topology aned
k=n

t Tk, n) [T < *-;'}JT%‘F' By using Lemmea 7 (b) we oliain the conclusion.
fe—ra
]
"b}=ra” From Lemma T (b)) we deduce that W, = 5 Tk =000, is & bounded an

k=m
M nonnegative solution of the equation (7). Let us consider iy, the constants introduesl
by Definition 4. Sinee the system [ A, &) B s uniformly ohservable we deduce from the

bentindedness of W, that thera exista g = auch us
ol > W, > af )

for all s & M. T is not difficult to see that O, K for wll & € M. Thus, il L.peHMis
an increasing sequence, which converges in the strong operator wpology to the operator
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Toihen (el L,) i3 a0 mereasing bounded above sequenve. A8 o - oo, Qellp] — 5000,
in the strong operator topuiogy.
From Hhe last statements wl The definidlon of the apetator T, &1 follows
4
i ey 1Ak, o wppeoim Minpny 4 Lin) 3 Tl nlOnCk) =

P =fa4g4 1
" i
- izt Lo el L i i il f e T LT A
J S TG & TG

—uthpt .'::-"-IT.TI.--|-1

We ehtain Tin 4 g 4 1,0 (Woamet) ¥ TiknllC3C) =
fr=mtny: 4 1
1
Wy — 5 Tk, r){CLOW) £ W — gl
k=t
Frotn (9] v hawe T(n F g+ 1 md W b} £ W = 20,
Thus Tin + nme o Le)iWepn 1l = g, where g = [0 11 W ean assuore. withont
co lose the genorality thet g £ @,1), Let m = R Then there easts o © B osuch &z
o= [ng+ Le | 7,0 =7 < . Dy fpdnetion vl by the lasl inequelity we obtir
TI:,"T"-: IE'I:I[I':[:-I"I] = "-..I‘--I :T" T+ 1!-'] I: Ii'T'.r"l. | !"'] '-_-'. *’-I{Hrh
From (U} and since Tin, k(K K tor all = k< nit follows

-

ol [0 = .;-:-:u_':. et

By taking 7 —-:1*:;;"'cg_.-'l:-. it = gt and by using Lemta |, Propusatinn G and Thel
L the conclusion Tallows. Becanse the implication T’ I8 obwiously e, we
ouly prove thit implication "a)=-c]". From "= and sincs the system {5 B 18
uniformmly observuble it follows that 3, Tk CrCe] iR A bounder] nonnegial ive solution

k=
af the squation {7}, which satisfies the condition (5], Now we prove the umigquenesa. As-
aiitiie that 7. and B #re owo solutions of the squation {7} which satisfy (8). - We have
guceessvaly

i -R-n = E‘Eﬂ.';,ni.l'l. ca -ﬂ'u.-l 'I.]- Py -I-rfvl =T{R t |I':I T:"':I[H"+-': . H'i'1'|-'~']-

According to (8) we have |[Fy@— faze | 2 [ P+ B || =200 ancd

(P — ol = 0T+ byl (B — Rl 2 | Tn ot Bl )

Ly waing the by peothesis and the Propogition 3 it [ollowey k]ju-l' [T (33 K] = 0 for

all v € M. By taking the limit in {10), as & — o e deduoe By = 8, jor all'n & Mo The
prool is complece.

2.9, The time invariant case

I (lis secsion we assume that 4, - A, By = B b, =& pol O = O for all n = N
Tl us consiler the algshraic Lyapnnoy squation

P=qiP 4 CC {11}
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Lhe following corallary sives o chareterisalien of the mifenn exponential stabilisy of the
unifrrmly chaervable systema in terms of Lyvapunoy equations.

Corollary 1. If the systemn A, O B i aniformiy obeervable then (1) is uniformiy ex-
ponentially stable 3F and ondy if the equation (110 has o ardgue poerfive solalion.

Prool. " = " Since, in this case, the sequence {70, baew 18 constant (070
i tor el no© NI then e s Bommded sl owes s Theorsn 8 oand Lamina 7 |.'.l_| [=1]
tledies that B, = E Tk, nl(C*C) iz a bounded solution om N of che squation (7).
From Proposition E.w?cn frolliecs that the operabor U — 008 invertible and conssoguently

=
B,o= 5 QMO0 = (T =@y N . Thus B, = F, which does not depend on n, is
o]
& solution of che slgebreic equation (117, Mo, sinee | A, 5 B is uniformly observabls
wi diluce thal, (2] holds and therefore F' is positive. Th show the uniguemess Tet Py be
snother positive selution of (11}, Then Py s alan a solution of the equation (7). which
satiafies (8] and applying Theorem 8 it folicas Y = P

* =" 0011 haw & unigue poditive solution then it follews che this solution is dlso o

hounded soluticn of (71, From Theorem § we ablain the conclugion. 1
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