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ON CONCURRENCY-DEGREES FOR JUMPING PETRI NETS

Criatian YVIDTLASCT, Toader JUCAN

Abatract. This paper treata the notion of degrees of eoneurrenéy in jumping Petri
nets. Tt will present a mume general definition of condurrency-degrees for them, which
tabes into consideration the suto-toneurreney (18 the case of the transitions concurreatly
rrahled with themmselves), thus replacing the old definitions given in [4], which ignors the
puto-concurreney. Also, this paper will introduce a finer notion, mamely the coneurrency-
depreea ..t a set of eransitions and it will point mat how these more general concarensy-
chsgrrenss can be computed.
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A Pacri net is s mashemad ical mndel used for the speetficntion and Lhe analyaia of par-
alled il dlistributed eystemes, It is very important, g0 introducs b mesues of conearrency
for such systems, What is the meaning of the fuct that in the system 5 the concurrency
ig greatar than inthe syvstem Sy ¥ We-will study the problun of concurrency for Pecri
nets. bl sinee the Petri nets are wsed as suilable models for real-world parallel or dis-
eributed systems, the results will be applicable wlso o Husse systems. We will see that the
wumiher of transitions which can fire asimultaneonsly in a Petri net which maodels a given
renl svstem, can be used ss an intuitiwe measure of the concurrency of that system,

1t & well-knewn that the behaviour of some distributed systems cannot be adequately
modelied by olissical Tl nels, Many extensions which incresse the compulational and *
e piresaive power of Potri nets hevee heen thua introduced. One dircetion has led Lo wrioos
mdifications of the firing rule of nets, like that of jumping Petri neta, introdoced o (5

The notion ol roneurreney-degres. for jumping Petei nets was introduced in 4], bt
that definition has one growt draslack: it kakes into consideration ondy distinct transticns
which ean fire simultaneously; thus, it ignores, Lhe anto-eoncurrency, ie. the case of &
tronsition freahde simultaneoualy with itealf at' s merking, Therelore, we will give in this
paper & more general definition of concerrency-degrae for jumping Petri nets, which takes

373



int« consideration also the transitions concurrently ennbled with themselves. Also, we
wil introduce aofioer, podion, pamely the roncurrency-degree wort. a set of transitions,
g we will show hovwr e con compule these concirrency-degfess.

2 Preliminaries

We will assume o be known the basie terminology snd notedion about sets, relations
ar 1 functions, weetors, muitiaens and formal languases, Let us just briefy remuind that o
maltised Wy oves B ROD-cinpty seh 5, s a functinn w0 5 — N, usually pepresentad as a
Feomnal sz 30, o mia) 8. Lhe operstion: and relation: on multisels are compeaentsiae
dofinl. Spes denotes the set of all moultisets over 5. The size of m is defioed ay |m] =

2 el
Thia zection will establish the basie torminology, notation, and results concerning Tetn
rets [for cletidls Whe reader 15 peferred to [1], [3]). Maindy, it will follow T

2.1 Petri nets

A" Ploce /Transition net, shorthy PATomed, (Anite, wath infinite capacitien), abbreviated
FPTN, i3 a d-tuple & = (5,1, F, W], where & and T are oao finite non-empty sets (of
P!:-!'I-E'N' and frensdions, e ), SnT =0 F C |::."-_|' * TI":I LT = .‘J'] i the ﬁow relabion
and Wi (5 x TTUT = 8 — N s the weegld fonction of T overifying Wie, ] =0 i
tr. ] & Fo A morking of d TN i a hmction w0 F — N, doe v mltisel over, 55 it will
he sometimes identified with a | §|-dimensional wector. &9 denctes the set of all markings
nf %

A moarked PTN abhreviated mP TN s 8 peir v = {5, mal where Zods s PTN aoed
rig, called the inifal merking of =, 15w macking of ¥.

Lot ¥ be'a P T-net, & Tand woe T The fuoctions 7,07 G — N amd S8, S
&5 Zrard defined by {2y = Wia, t)ptt{ay = Wikps), Ad{s) e bt (o) 4 (5} and
S 2] =E?—] Af (A w= gL o Al sl =l e

The ramqiential hehavionr of 8 P/ T-net i given bar the foang rads wlocle congisla of
wl the erabiing culs: A Leanaition iz enobled o merking o in S (op s freedils) fram
m), abbreviated mlthe T LT < b)) the computing ruler it mitie, then { may osocur
vielding & 'new murking m', abbrevinted mQee’, defined by m' = m4 At

In fact, Tor any transition ¢ of & we have a binsry relation un N5 denated by [t and
givem bt e T i nd e = A IRy dp o on B n ], re transitions of T,
[t1%s .- tate will demote the classicnl prodhect of The relations [tode vesptade- . Mareover,
we alsd consider the relation [A)e given by [Xie = [{m, m)jm e N7}

Let o = TE mg) be'd wmPTN, and w2 NS The word w< T is called a fransition
seguenice from m in ¥ if there exists w marking m’ of T such that mfwizm', Moreover, the
marking #t' is called reechable from m in 2. B8(E.m) = [mip = |m' € N¥Qw = T
mfudgr’ b odenotes the sel of all eachable markings from m in X0 In the ceese m = mg,
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the set, [5(F.ma) is abbreviated by BE(7) (o jrrg)yy and i6 s colled the reachobality scl
of .

The marking m is coverable in o if there axists a marking ' £ [mghy such thal
m = m'. The first, and well-known, reduced Teachahility tree/zraph was that introdecad
by Karp and Maller, and A. Finkel introdwced the minimil ponverahility sef, troo. and
graph. (1n j2;)-

Coneurrency-degrees for P/ T-nets.

In # was given n more geaeral definition of concurrency-degres for P/ T-nets, which
cakes, Sl consideration s the auto-concurrency. Let us rerall this definition.

Let 5 = [5, 7, F, W) bea FjT-net and m £ &%, A step ¥ is & nun-empty and fnite
multizet over. T, A step ¥V is enabled ot the marking e in £ {or V is froable from, ni).
and we gy ale thet ¥ is a multiset of transitions concwrrently enabled at m, ibrevinted
¥y A 3 e YIE T < ., Moreower, if m[¥ g, then by occuring ¥ atm is producel
=TT Y e ¥th- dut, abbrviated m ¥ irm’. Yois 4 il gtep enalled wtoe in b
T there rxiats oo step Y enabled At moin LwithY' =Y.

The onterrency-degies af £ at fha marking m is defined as the sapreru b of
trans;thons coneurrently enablediat me Jd(X, m) = aup] |¥] | ¥ isa stepenabled s m in i

Lt = (5, mg) ben TN, The inferior and superw eomcurrency-degree of 5y T
defined as the minimum, snd resp. thys, supremmum, numher; B ANy memnEnt, of Lran-
citions meadmal concurrently emabled: a”iy) = minda( L, i)l gy boand dtiv} =

aupd D, mifme = lrgdahe T d (4} =" (1), then this nnher i called the concprremey-

desgrne of v oand it 18 cleneted bar (7).
For moe comments aboul. the inbuitive meaning of conourrency-ceygress for B iLl-mels,

ihe render is refMered to [8]. All these coneurrmeyv-degroes are camputable (T8l%
2.2 Jumping Petri nets

Jumping Petri peta {(5]) are an exzension of P T-nats, which allows themn to perform
Uspotitansous jamps” Fom ong marking to snother [this is similar to A-moves in antomirlia
Lheory ).

A jumpng P/ T-net, abbreviated JPTN, i 8 pair 4= (5 &) where B is a TN and
1% -a recursive binary relalion on the et of markings of B, e S W o W palled the
set of [aponbeneous) Juinps af . The pairs {m,m'} & R are peferred to.aa jumpsof v L
i callod the undeniying PAT-net of . A marking of 7 is any merking of E. 18 AT i= finite,
then 7 is called & finite guinping P/ 1-nel, abbroviated FJIPTHN,

& morked jumping P T-net is Jefined similarly a8 a marked Py T-net, by changing,
s e “5, 7. The abbreviations usesd will e mJPTHN, mfJPTN.

The behaviour of B jumping e 7§ s given by the j-fiveng rule, which ponsiats of a) the
j-enabling rule: o Lransition & 18 jenabled ul & marking m (i +], shbreviated mfthy ;i
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Lhers eatists ]'.I'.IL'HI']-.'.IIIg iy sucli thal Trl.R-TrH t:l:r: iE I}.Pi]'m: the u1|||1'\-:r]:|lrj_'|:|g P,'r'T-'l'l.Et of il
and [ the reflexive and trapstive closure of B); 1) the j-computing rule: if m[th, ,, then
the marking v’ is yprodiiced by occurring © at i, abbroviated m{), o', 1 there exdsts
twier markings iy, me such that mB v [ema it m.

The: notions of fransitdei F-eeiiener and j-reachable'morkiog dre defined similarly as
fur P/T-nees (the relation A}, ; is defined by 'A% ; = B*). The j-reachability st of o
mJPTN v = (B, It, mp) is denoted by RS(v] or by M)y -

All vther notions from P/T-nets are defined for jumping Petei nets similarhr se for
P/T-nets, by considering the notion of j-reachebility inated of reachatility from PST-
nets.

The notions of reachability treefgraph and {minimal) coverability struetires raek,
graph) for jumping Pelr nets were introduced 'in (6. The main result from [6] aays the
tninimal covernbility set snd graph, dencted Iy MOS[y) and MEGTY), respl, are anique,
finite, und eompatahle for finite jurnping Petri neta.

3 Dtfining concurrency-degrees for jumping Petri nets .

The notion of toncurrenevadegren for jumping Petri nets was introduced in [4]." But
that definilion Jus the same drasrback sz in the cose 'of PP Tinete: it ignores the antoc
concirrency, 1. the case of ' tranaition firealile simmltaneocusly with itsell &t & marking,
W will give in this aection a more peneral definition, wrhich takes inte eonsiderstion lso
the transitions eoncurrently rnabled with themaelves. Also, we will introduce & new, finer
definition, namaely the coneurreney-degree w.rt. a asl of bransitions,

Tirst, we will define the notion of a glep freable at a m.u_rking az a mulkizel of trons-
tiong, and then the eoncireencv-ilegrass based on this notion of & step. The line we follosr
i [4].

Definition 3.1. Let v = (¥, B} be a junping P/T-net. A step ¥ is a non-cmpty and
fnite multisel over the set of tronsitions 1 of . The aet of all steps'of 5 will be dencoted
Ty Vi,

Definition 3.2. The st type concurrent behaviour of a jumping PATenet v = (£, 8]
I8 given by the wtép firing rude, “which conziat of a) the step enablimg rule: o gtep Y i3 -
ennbled wt B marking m in v (or ¥ is foeable frum m), and we say alao thal ¥ is'a
mltises of transitions corearrently Feenabled ar m, abbreviated :u.-!"r"':lﬂ_hﬂ_.l , il there mdsts
o markdng my gueh that &, Y5 1 b) the step eomputing rale: i m[¥ ), then the
marking ' is fprmdeced by occurring ¥ oat the marking m, shbreviated ¥ e il
Lthere sxists two merkings o, sech that medt= g [Fiema 8% Intaivively, the fotion
of concurrency-degres al a mirking wof o jumping PP Tenet ~ropresents the supreminm
number of fransitions concurrently j-enabled at the marking n.

Definition 3.3. Let - be a jumping T'/T-net, and w an arbitrary marking of 4. The
concurrency-degred af Hie snorbng moof the nat v ia definel by

diy, m) =sup| Y| | ¥ € Y(9) Am[¥ ;1) (1]
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Proposition 3.1 For eny jumping P/T-net « = (T, 1) snd, any arbitrary mirking
el oy,

(s, mu) = sup d[E, m’) | Rt } . {2

Tt Tollonws fromn definitions.

Definition 3.4, Let 5 = {5 B omnp) be o merked jumping P/ Tinet,

i] The inferior 7 fupevior comcarvensy-depree of the net 4 18 defined b
P TR i O (3
d™{7) = sup{ d{y,m} | in € [mmp) ;| (4]
iy IE d- (7] = d@™{~), then this number iz called the ncerrerey-degres of ¢ and it is
denoted by di~].

Roemark 3.1, i) Directly froan definitions we hare 0 < (=) 2 dt(7) < oo,

i} a ) represents the minimum number of transitions masdimal concurrently j-enabiod
at any j-reachable marking of v, In other words, at uny j-reachable marking s of ~ there
exiat o7 (7] bransitions concurrently jrenabled at

il et ! [ represents the supremunn number of cranaitions masdmal concurrently j-enabled
ut any j-reachable marking of v, In other words, al any j-reachable marking i of + there
exist at most &7 (] transitions concurrently jenabled g2 m,

iv] The concurrency-degres of the net + meana thal at any j‘reachable marking m of the
net < there exial dlvy) transitions concurrently jenabled at m, and thera be 4o j-reachahble
marking m’ of ¢ with more than d(+) transitions coneurrently j-cnabled at m"

Remark 3.2, Sometimes it is wseful to ignore some trapsitions of a net and b study
the behaviour of the net w.r.t. the remaining transitions. Thus, we can define coneur
rency-degrees for jumping Petri néts wort, to o subset of transitions, similarly as for
Py Tonets,

Definition 3.5, Lat v = (B, B) be o jumping net and T S T a subset of transitions

of B,
a) A T estep ¥oaw wisteprwich ¥ {E) =0 forullt e T4+ ipractically, ¥ is a non-emply
and linite multiset over the aubsel T), Thus, by ¥{~, T = ¥+ M TY;e we will denote
Hhe set of all TV-steps of 7. b} Lot m be'an arbitrary marking of 5. The neTency-degree
wrd, 17 ot weof &, denoted by iy, T, m), is defined by, replacing ¥(~) with ¥i9. T in
2.

Definition 3.6. Let v = {E, %, mg) be & marked jumping P/T-net, and 7° C T a
subeet of transitions, The inferior and superior concurrency-degres wrf, T of the et .
dencted by d (7, 17} and d+{~, T}, resp., wre defined by replacing diy, m) with €0+, T°_m)
in 3], (4).

4 Computing the concurrency-degrees for jumping nets

In this section we will show how we can compute the concusremey-degrees of & jumping
mt
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First ol all, et us notice that the conouwrrency-degree [wor.n. a subset of transitions)
at soy marking of & JPTAN 4 can be computed il + has the property that [m' | mE m")
i= finite, for each marking m (thiz follows easily from Prop. 3.1, which helds similarly For
the notion of comeurrency-degroes wort. & set of cranaitions, because we hoave to compute
i supremum on o finite set ),

Leet us remark that any foile juspping oot bas chis property. Thus, we have che resali;

Theorem 4.1. The concorvenoy-degree word. o #88 of trenstions of o merking,
e, T ), s comgadeble for any PSPTN 5, for ang swbsed of bonsitions T, and for
oy Marking m.

Corollary 4.1. The oncvrrency-degree ot o marking, &, m], 8 compucable for any
FIPTN 4 andd For any marking .
The superior concurrency-degree of a marked foile jumping net cen be computed as
tollemrs,

Theorem 4.2, The superior concurrenci-depmee ot () & coraploble forang P SPTN
5. More enacly.

A7) = mu{ oy, W] moE MOS0

This resull has been proved in [T] ss a consequence af & more general realt, which
stute] thaet, given a marked jumping net 5 aml a monotene inerepsing function defined
on the sat of all markings of +, the supremum of thet function on the j-reachabiliby st
ol 4 can be computesd vsang sy fnite covershility set of 5, like the minimal coverability
sist,

The inferior concurrency-degree of a marked finite jumping net can be compuied as
Frlless,

Let v = (X, 1, myg| be a mFJPTN. T is easy to remark that, although the j-reachalility
gan [ml-,:-ﬁh, can be hnite or infinite, there exists a finite subset A 2 :";"'II:'T.f auch that

v € [mg)sy, 3" € A9 such that m' < m. )
Traleesd, v can ponsider A4 as béing the aet of minimal j reachehle maringe of v, ie
M = minimol(lmala.s) = L 1t € [mabog | ¥ € ol — () 2]

By Dickeon's Temma, any subset of &% containag only finitely nhany incomparshble vee-
tors. Sinee the clements of A4 are incomparahle, it fllows that A1 is finite. Then, we
(TERGT

iy, m) | & sl | < i, ) Lo e MY, ()
which follews easily from (3] snd from the fact that the coneurreney-degree st a markiog
it o monotone increasing funetion. Fram (6) and Corollary 4.1, we obtain the result;

Theorem 4.3. The wferor caméewrrency-degree A~ () s romputeble for ang mESPTN

o
Cimilar results to Thearern 4.2 arul 4.3 holed for the mpeﬂn-]' ansd inferine COTCUTTET -

degree w.r.t. a subsst of Lransitions,

are



5 Conelusion

In this paper we have presefted a more eencrel definition of coneurrency-iegrees for
Jumping Petri nete, which takes into congideration the anto-concurroney, ie the casze of Lhe
transitions concorrently enahltsd with themselves, and, ‘alsa, & fAner notion, of CORCUFrency-
degrees worl. woset of Lransitions. Moreover, we have shown how we can compute the
concurrency-degrees for finite jumping Petri nets.

Some problems remain to be stidied, for example: &) finding hetter algorithms for
eomputing the conourrency-degrees of finita Jumping nets; h) exctending the compuesbility
results reganding concurrency-degress of finite Jumping Petri nets for the larger class of
Jumping Petri nets; ¢) making some case studies on models of resl-vaorld systema.
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