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CONTROLLABILITY OF TIME-VARYING DYNAMICAT. SYSTEMS
WITH DELAY

Tatiana B. KOPEILKINA

Ahbstract. Contrallability prablems for sufficiently, wide eass ol linear timevary-
ing avstems of dillerential eyuations are atudicd, The unified method of researching
rontrollability Tor time-insaciant and timewarying systems of ordinary differentinl
aqnations, singularly perturbed equations and linear differential equations with delay
is aupgested. Some effective conditions of complete a5 well ag relutive controllability
are obtained for these type of syatema in terms ol the componeots of snlutinms to
matrix alpebraic defining cquations.
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1. Introduction

Conrollability and obscrvability problems for discrete and ordinary differential
systens were formulated and solved originudly by R Kalman in 1960, These problams
as before play a central rols in madern control theery, in particular for time-varying
orclinary differential systems, functional-differential systems, gingularly  perturboed
dynamic systems [SPDS), SPDE with delay [SPTDED). The cencept of controlls-
Bility appears as necessary and sometimes as snficient conditions for existencs of
a Ealution to most control problems, There exists several approaches of studying
the sontrollubility problems for linear time-varying dynamic svstems. The efficiency
of introductny the defining eguetions (1.e., matrix algebraic recurence equatioms] to
investigate the cantrellability problom of time-varying differential systems with de-
lay was shown in 1. This method is very nseful for studying the stabilizsbility
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problem of singnlarly perturbed dynemic svstems with delay 2|, for the row-by-row
decoupling problem for linear delay systems [3], ete.

In this paper #he wnified method of inveatigating controllability problems for var-
fous Lypes of systems {time-invariant and time-varying ordinary differential systems,
SPDS, SPDSD, etr.) is sugpested. This method combines the state space method
and the method of the delining equations and takes into accovmt Ghe specific charac-
ter of the cbjects under investigation {their time-dependent behaviour, singularity,
the presence or lack of delay). In terms of the components of the seluticus to the
defining equations we formulate controllability conditions for these systems. The
mles for constructing the defining equations are very simple and reflest Che tvpe of
the ohjects, under consideration, by s natural Wi

2. Btatement of the problems
Lit us consider the following linear time-varying SPDS [LIVSPDS)
£ (2) = At g 2lt] + Celt,p) wld) + Byt uft]
i (1) = Ag(t,p) 2(8) + Ealt, p) pit) + Blt) ult) (21}
will the initial atates

Fak:) = {xid) = wld) , & € [ta— L), 2ta) = 2o}, zgE R™,

wol) = {w(?) = (), # €[ty - bto], wits) =w), weR™, (22
gy () = {x(#) =@, 0 [lh-ht)l}
Yo {) =1 W) = (), € [fo— by to] ] (2.5)

where x(:] € C(lto — hty]B™, & is n slow variable, y() & Cllta— h, ta) R,
y ia & fast variable, h is some constant delay, b = const = 0, uis a control,
wl g U C CIRT), B i n—dimensional Fuclidean space, C(la, b, B¥) is & Ba-
nach space of continuous functions mapping 2,5 in B with the topology of uniform
convergence, t € I = [ig, 4], p is & small parsmeter, g € (0,0%, 1" € 1 pisa
differentiation cperstor: pn{t) = (L); expi—ph) is o shife operator of fanction’s
argument: expi—ph) =(t) = &t ~ k), so that p-exp{—ph)s{t) =2 (t - h);

ARz



Agig,pt . Celtyp)s §=1,2; age operatars of Lthe form
ALt p) = Aggfty + Aa (11 exnl 2ok) 4+ Ag(tlp - exp{-ph],

it pl = Calt) 4 ' Ca[Eyexpl —ph) + Cualtip - exp[—ph). i2.d]

Tnq2.1%, (24) Bi{ty, At} CylE) 2 = LAy J = 0,2, are suitahly differentiable
matrix funetions on T and assumed to e compatible size; o §2.2) wit), wit] e

continuously differentioble vector-functions; in (2.3) @ -(thy @ (1) are rontinuous
ryroand ng— vector-fonciions comrespondiogly,.  System [2.4)-(2.3) with matrices
At , Cilt,p) as in (2.4) is said to be the linear time-varying control SPTXS with
the devisling argumenst of neusral type (LTVEPDSNT).

It is readily to note that the system (2,1} comtains 6 madels of nontral e
varving differential systems for studying. i we suppese inthe system (2.1): a)
At p), Gl plad = 1,2 a8 in (2.4} we deal with LTVSEDSNT b) A = Doy

Cin = 0, mng:t = 1,210 giikl,p:l Colt, plat = 1, 24 we have LTVSPDS with con-
gtant deley ft (LT ‘I.-"‘EH'JSE'] e) i (2.4) At = ;1,13{{‘ = Dnyemy . Gia (t) = Chglt) =
Oa, xngt = 1,2, we have LTWSPDS; d} for po= 0, Az 1) = lngsng. Call.pl =
Dy rag s B2{t) = Dpyxr, /w2 havea contral differential system of neneral type; o lor
A(t] = Dy wny s Cen{t) = D emp, i = 1,2 0 the case d) we have & control differen-
tial aystern with constant delay; b for An (1) = r’-er:J-:I = (ajbings GilE) = Clplt) =
Oysming: 3= 1, 2 in the case'd) we get a linear time-varying contral aystem of ordinary
differential equations (LTVS(D).

Definition 2.1, LTVSPDSNT (2.1)-(24), g & {0, u", is called {=x, y}~relatively
controllable (x—relatively controllable; y—relatively controllable) on T, if for any
vector [y, € RV V™ and any initial states (2.2], (2.3] there exists an adoisible
cemtrol (1] € £ auch, that the corresponding solution {01, 1), y(t, ji) b of the system
2.1] satisfies the conditlon {x(t, play(t pl} = I’.{l_gu} e Rt (e, u) =a £
Ryt p) = w1 € B,

Problem. |{r,y}—rtelative, —relative controllability problem). Find conditions
af {x,y} — x—, y—relative controllability for LTVEPDSNT {2.1)-(2. 1), p & (0,4,
éxpressed through its parameters Agit), Cylt), Bit),i=1,2,i =1, g

Definition 2.2, TTVSPDSNT [2.1)-(2.4), & € (0, 1] i {2, g} —relatively

{mrelatively, y—relatively) controllable an T"if the correspending controllability
problem is solved for any initial states (2.2}, (2.3).
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4. The defining equations for time-varving control gystem
To find algebraic controllability conditions for LTVSPRSENT {2.1) we write it o

pr(t) = Ay (L, plxit) + Gt whylt) + By (1) ult),

pppity = Aa(t, ple(t] + Coll, phylt) + Bal(tult), (3.1)

where = € W™y € ™ w e B°, The defining equations for LTV50D, differential
syatemns with Lime delay in the state and/or contral, LTVSPDSNT (2.1} wan he
reedily abtain similarly [4) nsing \he Laplace transform. Ty virtue of diffiealties
m spplying Laplace transform fo time-varving control systems we suggest another
aproach. Let us introduce some correspondences [5]-7] between wector-fanctions
(t) yt), ult), the operatar p, small parsmeter g of the svstem {3.1) and new matrix
functions XF(t,s) € RV Y 5P€ B, Ui(1, 3) € 7" 6f two arpiments 18 (¢
reflects the lime-dependence behaviour of avstem, s reflects the presence of delay
m'it), new aperators AL A% I according to the rules:

x(f] — Xplt =), pif) — ¥t =),
w(t) L0 UL, p=A DR AT (3.2)

In i3.2) &, [AT) is the shift operator to the right on 1 for lower {upper) index of
snme matrix function, [ is the diferentiation sperator with respect to £ of the some
marrix [unction, so that for example (A} + DIZi(E8) = Zi it g) + ZU(E, 5). The
index &4 5 (4 =0,1) at matrices Xiiid Ej;'_,_} corresponds to j—dérivative of wectors
Zy y rom (2.1) the index {4m {mo= 1, 1) at XY V7™ corresponds to power 1ie of
it al derivatives j:,:l;' of the systerm [2.1), The time-dependent bohavionr of the system
{2.1] is reflected Hdue 1o (3.2) by the term D in the eorrespondence p— A, +Din

ventrast o time-lnvariant case. The cormespondence (3.2} tranaform T (), i it]
. o4 i
fram (2.1) topa(t) = (&i+ DYXHL 2 = XE| (b 8) 4+ Xy (8, 6), upp(t) = KA, |
- - ‘.+1 '} by - - - i
INYEL, 81 = 'F;I_Il{i,s} Y At 2l Obviously for time-invariant system (3.1) we
have xf{t] — Xiis), yit] — Yiia] instead of (3.1]) and we obtain correspondingly
pail) = (A, = DIXiis) = X o), gpult) — &% (A + DIV2(a) = ¥l (s). Due
e [3.1), (2.4) expl—A h) 18 a shift operator of the argument ¢ for some matrix
function: expl{—A_A)Xi(t 8 = Xi(t - h, a)exp(—Di) is a shift operator of the
argument s for some matrix function: expl —LL )X 8) = XLt s — k), s0 that
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expl—(A  + DiXE{t ) = Xift+ hg — ). Inwirtue of (3.2 -and properticsof
aparators A7, Ay, o we have for the system {&.1) the following matrix algelraic
pRCUTTEnCe ool K, f e ations

r;-l- ll:.!:':'..:'_ .:{-lr I:f:-':l} -
= Ayft, Ay + D)X (s) 4 ot A + DIVHT S + Bt s).  13.3)
) i+
Yo (el Y (Ls)=
= Adit, Ay + DYXL(E &) ok Calt, A s = DYV, 8) + Ba(tIR(L, 5],

i k=012, ... _
o clefing wniguely thiesnlution §X008, &)Y (L, 81} for (323) we introdune thiyinitial
conclibions: ;
U0 0 = By S ) = ek # 0 MAED,

x:;“-. ~'-"] = I!--:|::|-|_.:-~hr: T-F;':-!:S} = Gﬂz.xﬁ ke < Ur [3'4]

whers Oy gy (0 are zeno Aquaze {1y % ba)— and (1 = {]—matrices correspondingly:
Fy-ie the identity (6 x|} —matrie Matrix algebraic recurrence on k, ¢ equations (3.3]
we shall call the defining equations of LTVCSPDSNT [2.1).

A totality {XE{t,#):¥h¢.m)} € iy ff = k1.2, i =0.1,2,..)
said to he a solution af the definig equation (3.3), (3.4). Matrices XN{f 5] ¢
Rrire YL $) € BT caleulared according to (3.3), (3.4) we shall call the comgpe-
nents of the solutiona [ XL0L, &), Y =1} £ Rl [ 201, 2,..., i=0,1.2,...)
1o these equetions.

Remark 3.1, Note that-for the ease £, Le for LTVSOD she defining equi-
tioma (3.3 [3:4) coinvide with the well koown anea baefore [B]-[L0L vip. to fuctors
Rt (L), BOL(f, s]. For time-invarisnt systems with the deviating argurent of
neutral Lype equations coincide with [11], but for fime-warying systema of such Lype
they are new equetivns and differ from koown previnosly. For LTVSPDSNT [2.1)
and its partial cases of LIVSPDED, LTVEFDS the dehuing rouations (3.3} ane
introduced for the frst Lime.

Yo

4, Main results

Now we shall find some conditions of relative controllability for NCSPDSNT
{2.1)-(2.4) expressed through the components Ky (t.m), YL, 8) of the aolutivns 1o
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the appropriate defining equations= {330, (340, Fimst we shall demuonstrate the main
iden of the paper by investigating the contrallability: problém for the most sim-
ple case [0, namely for linesr time-varying SPDS of ordinary differential equations
[LTVSPDS0D) (2.1)-{2.3). Let us represent this system in an extended space of
dimensian nq + 1 o the forn

2 () = At p) 2(8) = Bitiuit), x e R™™ e T =i t)], 2(tg) = 21, (4.1}

where Aft, p) € Rimtnaiximbngg 000 = sal(2(8), glt)),

o A () Caft) -| Al Ciplf) ; Iyt 1
it )l = by =y = N H . Bt = i :
A [ Aalt) i Calt) i} T | Al tis -G | B | Btel |

Note that for ¢ — 0 system (4.1) singularly depends on .

Definition 4.1. LNSPDSOD {4.1), u < (0, 1", is completely controllable on T if
for any = € W™ anel for any inilial state zp © H™ '™ there exists an admissible
comtral w(t) € U suchthat the corvasponding solution z(t, ).t € T, satisfies the
condition z(t), 1) = .

For each fixed g, g€ (0, 1%, the system (4.1) s LTV30D, Sufficient conditions
of complete controllability for this systemn are well known [12], Theorem 20.1: In
Lernes of solutions (1) of the defining equationa [3.3), (3.4]) these tonditions have
Live [orm:

rank{Zt), k=1 nl=xn, T,

where _
Zeptiti— Ze (1) = Alx) 2, (1) + Bit)Ueit], (4.2}
Calt) = by, Up(2) =0 B #0, Zill) = Oy ur. K= 00 4.4

Note that solutions X (1), Ya(!) of the defining equations (3.3]; (3.4) for system (2.1,
{2:4) and solutions Zi ) of Lthe delining equations (4.2} with the initial states (4.3)
are eommected by the relalion:

rank|{Zp(t), k=1, + na} = rank Z[1, u, (4.4)

which is analogous to [7), pd2. Here poe (0, p%).

i—1 B
]- BT SR )

Z{t. i} = i i=T,m g

mra=I}

L

3 WYY
. N
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‘The preof of this and consequent propositions are analogens to proofs of Theorem
1. Comllaries 1, 2 of |7| and we drop their o this paper,
Theorem 4.2, Let we pasumne thut Agpli] € @Mt T R Calth €
,_r'_*m—nz—E[TI it :-n-:}l H.":f] oo e l{T,EH”"’”"T], i= 12, Then
1. the condition
roank £, 0] = —vie (4.5,

i o suflicient one of 11,y b-complete conbrollability for LNSPRSOD, poe (0,47
{d. 1l 74.2) for some t € T;

2, if elements af matrices Ag(L), Caoft], Bill), i = 1,2 are analyticel funcbions
ot I' then #he condibom (4.5] is pecessary one as well

Corollary 4.1 gives spfficient conditions and corollary 4.2 gives necessary cond-
tiom of {x, y}—complefe controllability for LNSPDSOLD (2.7])-(2.4).

Corollary 4.1. Supposze that conditions of Theorem | are fulfiled. Then of
for seme geb of integere ) dp, & = Ling +ng, v = 1,2 there exiafe my 1 Sm =
T 4+ g — minfly + ), for whick

:'—rn—l'1—1|:z:| .
ek }:_E_m_'!‘[l} i =T n]+nal = nap'+ny,
then there emiats p® == 0 such thot LNSPDSOD (2.1) 72.4) s completely controllable
on T for all e (0,17
Corollary 4.2, Le! s assume that elements of matrices A(), Bty are analyticel
functions on T. If LTVEPDSQD (f.1) i completely controlloble on T, then for
TERUNTY

EJIMI: e i N 'i:=]_.J"'.-|—'i'tg-| ='mnp,
fr=Lt] ¥

rrnk

i1 g
ratk {E AT s T g | g
~ |

t=11

For LTVEPDSNT (2.1) — [2.4] let us create the mateix

i—1 )
E ‘11;1;{:—".!.—1
mFI'-I e —
Zitop) = vl ngis =00k
a1

E “m}.-rl m
m= 3
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whete e (0, p"), X088}, ¥Rt 4) are the compenents of solutiors of the defining
equations (3.3), (2.1]

Thmrem&i.f’g.. Let AJ,-':ﬂ £ Moty '2[’1'. 111““)‘”':': ,r_:r”{f] £ Cmatme 2{T1 Hn,kr-:-::':
Bi(t) e CTF T MNEY) 4= 1,2 =101, Then

I. if for some t € T, p € (0, u7]
renk Z(t,u) = ny + na {4.8)

then LTVEPDSNT (211 - j8.4) is {x, y)-relatively controlinble on T,

2. if elemends of matrices AL (0, O], B8, 5 =12 § 2 01,2 are eibalyfaal
funchions on T, then (4.6 is necessary comdition of {i,yy-relafme controllobifity for
(21} - 784 as well.
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