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Simultaneous approximation by Schurer
type operators

DAN BARBOSU and MIHAT BARBOSU

ABSTRACT. Let p be a given non negative integer.
For any m € N, let By, : C([0,1+ p]) — C([0,1])

m-+p

( mpf) mek f(k/m)

be the Schurer operators (introduced and studled by Schurer, K., in 1962). Some ap-
proximation properties were studied in ([4]).

In the present paper we study properties of simultaneous approximation for Em,p. As
particular cases, we get similar properties for Bernstein operators.

1. PRELIMINARIES

Let p > 0 be a given integer. In ([3]) were introduced the Schurer
operators By, , : C([0,1+ p]) — C([0,1])

m-+p

(1.1) (Busf) (@) mek f(k/m),

where Dy, i (z (mk P)ak(1 — z)™P~F are the fundamental Schurer poly-
nomials (see also (12]))-

The operators (1.1) generalize the classical Bernstein operators, obtained
from (1.1) when p = 0.

In ([4]) a convergence theorem for the sequence {Em,p I oy and es-
timations for the rate of convergence under different assumptions on the
approximated function were established.

In this present paper we study the simultaneous approximation of a
function f € C7([0,1 + p]) using the Schurer operators (1.1).
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Section 2 provides properties in connection with the derivatives of gm,p f.
As consequences of these properties we get formulas for the derivatives of
Em,p in terms of finite and divided differences of approximated function.

In Section 3, we establish a convergence theorem for the sequence
{DJ Em,p f)}men, where D7 denotes the j-th order differential operator.

2. THE DERIVATIVES OF B, f

In what follows we denote by py, r(z) the fundamental Schurer polyno-
mials

(2.1) Prk() = (m;;;) 21— )k

Lemma 2.1. The polynomials (2.1) verify

(2'2) Dl(ﬁm,k)(x) = (m"i'p){ﬁm—l,k—l(w)_ﬁm—l,k(w)}

where ﬁ0,0(x) = 17 ﬁ87,1($) = ﬁs,erl(:E) = 07 ERS N*.
Proof. The assertion follows from (2.1), by direct computation. O

Lemma 2.2. The following equalities

_ m—+p—1 k
23 D Bap)a) = mtn) S Fos@dyf (1)

m
k=0
m—+p—1
_ m+p ~ k k+1
= TS Goate) [ £ S

k=0
hold.

Proof. From definition (1.1), we have

m-+p d

D' (Brypf) = 3 - (Bu) @) (/).

k=0
Next, applying Lemma 2.1, yields

m-+p

D! (Em,pf) () = (m+p) { Z Pm—1k—1() f(k/m)
k=0

m—+p
- > 5m1,k(flf)f(k/m)}
k=0
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Because py,—1,0(z) = 0, the first sum of the right side of the above equality
can be written in the form

m-+p m—+p—1

Z Pm—1k-1(x)f(k/m) = Z Pm—1k(2) ((k+1)/m).
k=0

Because D m+p—1(z) = 0, the second sum can be written in the form

m+p m~+p—1

Zﬁmfl,k( k/m Z pm 1k k/m)
k=0

Therefore

m+p—1

D'(Bnpf)(z) = (m+p) Z Pm—1.k(@) {f((k+1)/m) — f(k/m)}
k=0
m~+p—1

= (m+p) Y Du-1k(@)ALf(k/m),

k=0

i.e. the first equality (2.3) is proved.
Taking into account that

[k /m, (k + 1) fm; £] = mA 1 f(k/m)

we get
m+p—1
~ m+p k k+1
Dl B, = m— ) )
(Brsf)io) = "85 Fnale) [ ]
and the proof ends. O

Theorem 2.1. For any non-negative integer j < m+p the operators (1.1)
verify

m+p J

(24) D (Buyf) (@) T2 Preikl@) A (),

where mUl = m(m —1)...(m —j+1).

Proof. For j = 1, the equality holds from Lemma 2.2.
Suppose that (2.4) holds for j:=j — 1, i.e.

m—j+1

D7~ 1( mpf) ml—1 Z Pm—j+1( A1/ f(k/m)
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Applying Lemma 1.1, we get
m+p—j+1

DByl @) = w0 L (1)) AT /)

=0

_(mtp—itl
_ mm{ Y Pmgrie (@A f(k/m)

m+p—j+1

(2.5) - Z Pm— —j+1, k(2 Al/mf(k/m)}

After some transformations, from (2.5) we get

m-+p—j

D) (Bupf)(@) = (m+p) 3" prjul(@)
k=0

s (50) ~ne ()

m+p—j

= (m+p)P Y Bajripa(@)A], f(k/m),
k=0

X

i.e. the desired identity is proved by induction after j.
Corollary 2.1. The following

m-+p ) .
(2.6) st =Y (" 77,000

=0
holds.

Proof. Applying the Taylor formula, we get

m-+p
(2.7) Bupf)(a Z D? (B pf) (0
From Theorem 2.1, we have
o _mtp—j ]
(2.8) DY (Bupf)(0) = (m+p)7 >~ P jn(0)A], f(k/m).
k=0
But py—jo(x) =1 and for any k> 1, pp,—;1(0) = 0.
Therefore
(2.9) DY (B pf)(0) = (m +p)IA] | F(0).

Using (2.7), (2.8) and (2.9) we arrive to the desired result (2.6).
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Corollary 2.2. For any integer j satisfying 1 < j < m + p, the operators

(1.1) verify
(2.10)

. (m+p)il " k ki
DJ(Bmvpf)(m)— P i Z e [mjf]

m

Proof. The assertion follows from Theorem 2.1, taking into account of the
well known relation between finite and divided differences

[’f,‘”l,,,,,k“,f] —A{/m (k/m).

m m

3. SIMULTANEOUS APPROXIMATION

The main result of this section is

Theorem 3.1. For any f € Cj([O, 1 +p]), the sequence {Djém’Pf}meN
converges to fU), uniformly on [0,1] (1 < j < m+p).

Proof. Using the symbol of Landau (see for example ([5])), the relation

m—00

1
lim p <) = 0 can be expressed in the form p (1) = o(1).
m
From the above remark, we can write
, k k
1) (49, £kfm) = Gty 1+ oD}t | £ BT ]
Using the mean theorem for divided differences, from (3.1) it follows that

k k+j
exists & € ] N [ so that
m’ m

(3.2) (m+p)PIA] | f(k/m) = {1+ o(1)}fD (&)
On the other hand, we have

1) = { F9&) = FOe/m) } + 9 (kfm) = o(1) + f(k/m).

because

& — k’ < 1 and f € Cj([O, 1 —|—p]). Therefore we get the iden-
m m

tity

{40 (&) = {14 o)} {o(1)+ fD(k/m)}

= o(1) + (1+ o(1)) f9(k/m)
(3.3) — f(j)(k;/m) + o(1).
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From Theorem 2.1, taking into account that & € [k/m , k + j/m][, we get
m-+p—j

D (Bupf ) @) = > By {5/ m) + 0(1)}
k=0

(3.4) = (BnsfP) (@) + o(1).
Because the sequence (ém_m g) m>j converges to g, uniformly on [0, 1] for
any g € C([0,1+ p]), from (3.4) we arrive to the desired result. O

Corollary 3.1. Let B,, := Emo be the Bernstein operator. The se-
quence {D]'(Bmf)}meN converges to f9), uniformly on [0,1], for any f €
C7([0,1]).

Proof. We apply Theorem 3.1, for p = 0. O
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