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About some inequalities

OVIDIU T. POP

ABSTRACT. In this article we prove some inequalities of Simpson’s type and we present
some applications.

1. INTRODUCTION
The following result was proved in [1]:

Theorem 1.1. Let f : [a,b] — R be a mapping with bounded variation on
[a,b]. Then we have the inequality

(1.1) ’/abf(m)da:—b;a f(a)+f(b)+2f(a;rb>” Sl(b—a)\b/(f),

2 3

b
where V' (f) denote the total variation of f on the interval [a,b]. The

a
1
constant 3 is the best possible.
Corollary 1.1. Suppose that f : [a,b] — R is a differentiable mapping

b
whose derivative is coutinuous on (a,b) and || f'||1 = / |f/(z)|dr < oo.
a

Then we have the inequality

() | [ sy 25 [LOEIO oy (U] < L)

2. MAIN RESULTS

Theorem 2.1. Let f : [a,b] — R be a mapping with bounded variation on
[a,b]. Then we have the inequality

(2.1)1’/abf(m)da; _ [Qt‘W—F(l—Qt)f(a;bﬂ(b—a)’g

b—a
2

b
(2.2) < \/(f) max{2t, |1 — 2¢|

for all t € [0,1].
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Proof: We define the function

- [(1—t)a+tb}, ze [aa;b)

_ [m+(1—t)b}, v e [“T“’b]

st (z) =

€ [0,1].

Using the integration by parts formula for Riemann-Stieltjes integral, for

t € [0,1] we have

atb b
se(z)df (x) + /1+b se(z)df (x) =

/ab sy(x)df (z) :/a 2 "
= /aagb {g; — [(1 - t)a—}-tb} }df(x)—i—
+/b {a=[ta+ (1 -0p] bar(a) =

= ({a- [0 -va+n]} i@ +b _ /H) fla)dz)+
+({az - [ta +(1- t)b} }f(a:

b
oo [, Fladds

therefore
(2.3)

/absleu)df(z):[2tW+(1—2t>f(a+b b /f

for all t € [0, 1].

(n) (n) (n)

Now assume that A, :a =z <z <z
divisions with lim ||A,| =0, where
12| :ie{ﬂf?fkn}(:”l(n) — ") and & € o), "),
ie{1,2,... ko).
For t € [0, 1], then
b ke
[ s@ar)] = | tm > a6 6 - )| <
a i=1
kn
< i B -] < g g S5
i=1
S0
b b
(24) [ st @) < max s @ V ()

= b is a sequence of

x.n),
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for all t € [0, 1].
Taking into account the fact that s; is monotonic nondecreasing on the

intervals [a, ot b> and [%—M, b}, and

2
si(a) = —t(b - a),

st(a+b—0> _ (A =20)(b—a)
2 2 ’
WS 1) 000

st(b) = t(b—a),
we obtain that

b—
(25)  max |si (@) = Tamax{%, 11— 2t|} for all ¢ € [0,1].
re|a

Now using the inequalities (2.2) - (2.4), we get the desired result from (2.1).
1
Remark. Choosing t = 5 in Theorem 2.1 we get Theorem 1.1.

Remark. Suppose that f : [a,b] — R is a differentiable mapping whose
derivative is continuous on (a,b). Then

b b
/ F(@)lds = \/(£).

1
For choosing ¢ = g in Theorem 2.1. we obtain Corollary 1.1.

Corollary 2.1. Let f : [a,b] — R be a differentiable mapping on [a,b] and
whose derivative [’ : [a,b] — R is continuous on [a,b]. Then we have the
inequality

(2.6) ‘/f Jaz — | M (1—2t)f<a;b>](b—a)‘§

< b;a\/( ) max{2t, |1 — 2¢[} <

for all t € [0,1].

(b)

[1flloo max{2t, |1 — 2¢[}

Proof: Taking in acount that

b b
[ 1£@lds=\6)

J 1 @)ldz < (b= a) supepay /(@) = = (b= a)[| /']l

and then of Theorem 2.1.
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Corollary 2.2. Suppose that f : [a,b] — R is a differentiable mapping
whose derivative is continuous on [a,b]. Then we have the inequalities

e | [ 1wa-0-as(")| < b—avjp < C=

b a —a b —a)?
@8) | [ sz -0-o O o0y < Loypy,

and

{f(aer) _2f(a)-2%f(b)}

(2.9) ;

(b-a)| <

—a b —CL2
< oy < Uy,

1
Proof: If we choose in (2.5) t = 0,t = 2 respectively ¢ = 1, we get (2.6)
- (2.8).

Corollary 2.3. Suppose that f : [a,b] — R is a differentiable mapping
whose derivative is continuous on |a,b]. Then
)

(2.10) \/f ()2 OB 2t)f(a;rb)}(b—a)‘g

b

a) \/(f) )| lloo

a

for all t € [0,1].
Proof: Let function ¢ : [0,1] — R, g(t) = 2t —|1—2t|,¢ € [0,1]. We have
1
M1, te [0,5)
telz]
from where
1
1-92, te [0,7)
1 4
2, t [7, 1}
< 4
and max max{2t, |1 —2t|} = 2. Taking in account relation (2.5), we obtain

te(0,1]
the (2.9) inequality.

max{2t, |1 — 2t|} =
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Corollary 2.4. Suppose that f : [a,b] — R is a differentiable mapping
whose derivative is countinuous on [a,b]. Then

b

a

— @10 - ()]0 -a)) <
b

< (b=a)\() < b-a?|f .

a

a+b

(2.11) max {‘ /abf($)dx —(b—a)f

Proof: Function h : [0,1] — R,
a(t) = | £(25) - 290 0 - a)2e+ +/ f(a)da —f(”b)( —a)

is at most 1 degree, so touches its extremes in ¢ = 0 and ¢ = 1. Then to be
applyed Corollary 2.3.

b
The following approximation of the integral / f(s)dx holds:
a
Theorem 2.2. Let f : [a,b] — R be a differentiable mapping whose deriv-

ative is continuous on [a,b]. If I, ;a =29 <1 < ... < Tp_1 < xp =0b1is
a partition of [a,b] and h; = x;41 — x;,1 € {0,1,...,n — 1}, then

(2.12) / f(x A(ln,t, f) + R(In, t, f)

where

n—1
(2‘13) (In,t f —Qth T +2f(xz+l hi+ 1 o Z (.Tz'f‘xl_,_l)hl
=0 i=0

for all t € [0,1] and the remainder term satisfies the estimation

n—1 Ti4+1

(2.14) |R(In,t, f)| < = max{Qt 1=2t}> "\ ()

=0 x;

n—1
max{?t 1 —2t[} Z 1F159RF < ||f’Hoo max{2t, [1 — 2t} Y h?

for all t € 0,1], where ||f|© = sup |f' (), i€{0,1,2,....,n—1}.

TE[T;,Ti41]

<

| =

Proof: Applying Corollary 2.1 on the interval [z;, z;+1],7 € {0,1,...,n—
1} we get
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Tit1

1 : 1
— 5 ma{2t, |1 — 24} | Q82 < — 2 max{2t, |1 — 26} \/ (F)hs <
Z;

2
1 Ti4+1 1 )
5 max{2t, |1 — 2t} \ (Hhi < < 5 max{2t, |1 - 2| | D h2, for all
T;

t €0,1].

Summing over ¢ from o to n — 1, we get estimation (2.13).

Corollary 2.5. In condition of the Theorem 2.2., we have the inequalities

n—1Tit+1 n—1 n—1
(215)  |R(Lnst, NI <>\ () b < D NFIL B <11 Flloo Y b2
=0 x4 =0 1=0
for allt € [0,1] and
n—1Ti41
(216)  max {|R(L,,0, LR, 1L, NI < 30\ () i <
=0 z;

n—1 n—1
S NFIDRE < N oo Y RE.
i=0 i=0

Proof: Taking in account that m[ax] max{2t,|1 — 2t|} = 2, then of The-
tef0,1
orem 2.2. and of Corollary 2.4.
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