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On the mean square error of the bivariate
operator of Stancu type

ToaNA TAsCU and IOANA ZELINA

ABSTRACT. In this paper we defined the Stancu bivariate operator obtained by the
tensorial product of parameytric extensions (1.5) and (1.6). In the last part of the paper

is established quantitative estimations of a function f € C([0,1]x[0, 1]) by the polynomial
(1.7)

1. INTRODUCTION

In 1969 D.D. Stancu has introduced in [4] the following generalization of
the Bernstein operator

(1.1) PED ) @) = pue) £ (1E2
;)p ¢ <m+ﬂ>

where py, 1(x) are the basic polinomials

(12) pos= ()t -0,

and «, [ are real parameters, independently of m, satisfying the relations
0<a<p.

For o = 3 = 0 we obtain the classical Bernstein polynomial B,, f, which
coincides with function f at zog =0 and z,, = 1.

If 0 < a # B the polynomial does not coincide at any node with the
function f. If @« = 0 and « # 3 then it coincides with f at x¢g = 0, while if
0 < o = 3 then it coincides with f at x,, = 1.

Let 0 < a3 < 61, 0 < ag < By and the Stancu operators

P7(na1,61)’PT(LOé2)62) :C([0,1]) — €([0,1]) given by
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@) () — S (g [ EE
(13 B =Y s (355):
for all z € [0,1], and f € C([0,1])

(a2,82) — - ) Jtas
(1.4 (P00 = 3 s (%),

for all y € [0,1] and g € C([0,1]), where p,, , and p,, ; are the basic Bern-
stein polynomials of degree m, respectively n.
The parametric extensions are

P, PlesP) s O([0,1] % [0,1]) — C([0, 1] x [0,1])

PO ) y) = pn() (’“““ )
k=0

m+517y

where (z,y) € [0,1] x [0,1] and Vf € C(]0, 1] x [0, 1])

n
k+ (D)
ploz,f2) z,y) = A <a:, ) ’
P27 ) (2, y) ;Pn,y(y)g G,
where (z,y) € [0,1] x [0,1] and Vg € C([0,1] x [0,1])
These operators are linear and positive, which commute.
The Stancu bivariate operator is defined by the tensorial product of para-
metric extensions and we obtain

plo

1
m,n

Briozfa) . C(]0,1] x [0,1]) — C([0,1] x [0, 1])

at,Bi;02062) _ v ] k+ap j+a
(19) (B 1)) = 33 pmalelon)] (Etor v

This operator has also been studied by F. Stancu in [7]. It is part of a
broader class of bidimensions positiv liniar operators studied by D. Barbosu
in [2] and [3].
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For the test functions e;j, i = 0,2, j = 0,2 where ¢;;(t,s) = t's/, we
have

(Pr(na#ﬂl;az’@) 600) = eo0;
pla,fi;a2,6) ) _ Lﬁﬂf;
( m.n cw)(@.y) =+ -~
o2 = Pay,

plaa,fisaz,fB2) ) _
< m,n eor ) (z,y) =y + nt By

mz(1—z) (a1 — Bix)(2mz + bz + i)
(m + 51)? (m + B1)? ’

m,

(P(Oé}qjﬁl;OC%BZ) 620) (x’ y) = x2+

ny(l —y) N (a2 — Bay)(2ny + Bax + an)
(n+ F2)? (n + B2)? ‘

m,

(P(a;{ﬁl;QQaﬁQ) 602> (x, y) — y2 +

2. THE MEAN SQUARE ERRORS OF THE OPERATOR Pﬁﬁ}{ﬂlm”g?)

PT(HO%ﬁUOQﬁz)

For the Stancu bivariate operator the mean square errors

are given by the relations

(2.1) eo) (@, y;an,B1) = PR ((t—2)%a,y);
0 (@, sz, B2) = P20 (5 — g% y).

According to (18) we have

mz(l —z) + (a1z — 61)2'

(2,0) . _
(2.2) €m,n (z,y;01,51) = (m + 51)2 )
(02) (1 o _ omy(l—y) + (a2y — B2)?
em,n (x,y) a2>/62) — (’I’L—i—ﬁz)2 .

In order to see how well a function f € C([0,1] x [0,1]) can be approx-
imated by the polynomial (1.7), we must find the maximal value of (2.10)
on the interval [0, 1] x [0, 1].



144 Toana Tagcu and Ioana Zelina

Theorem 2.1. If m > ﬁ% and n > 522 , then the maximal values on
[0,1] x [0,1] of the mean square errors (2.9) can be written as follow

oo, B m (81— 201)*7 .

(23) M (my ar, /61) - 4<m + 61)2 |:1 + m — ﬁ% :| ’
0s o (B — 20(2)2}

M*(nyaz, B2) = A(n + B2)? [1 + n— (3 ’

Corollary 2.1. The least mazimal values of relations (2.11) are attained
for B1 =2y, B2 = 2as and they are:

2.4 2.0 = <= 20,

( ) v (al) 4(m+2a1)2 = 4m 4 (0)7
1

V2% (an) = L . v%2(0).

4(n+2a9)? ~ 4n
In this case the approximating polynomial (1.7) is
(Plegoe2e2) 1) (@) = (S50 ) (e.y) =
(2.5)m .
S D@ 0) £ < Eton jton ) (120, a>0).

=0 =0 m+ 2a1 1+ 200

3. QUANTITATIVE ESTIMATION OF APPROXIMATION

We establish some estimates of the order of approximation of a function
f € C([0,1] x [0,1]) by the polynomial (1.7). Because the constants are
reproduced and using the result of [3] we obtain:

[y (Plop o2 ) (a.y)] < [1+ SRR (@ )iy

+ \/P (a1,B1502, 62 y)g; z, y)
+ 5 \/P (a1,B1502,02) t m)g; x,y)
P\ a1ﬁ1 02,52 2. 28548
(31) S y) YL, Y wl(f7 1 2)7

where w; is the first order modulus of continuity and d; > 0, do > 0.
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Taken into account the relations (2.1) and (2.2) we have:

[Fay) = (P09 £ ) ()| < [1 + 5 (o )+

1 /o2 . 1 2,0 )
(32) +(572 \/em,n(x7 Y; 2, 62) + 61(52 \/em,n(-ra Yy; aq, /81)

-\/e%n(% Y; a2, ﬁ2)} wi (f;61,02).

Theorem 3.1. If m > 32, and n > 32 then we have the inequality

1+;\/1+ (51— 201)?

m—ﬁlg

1 (B2 —2a2)? 1 (61 — 201)?

3.3) . \/1 " (62”_—250;22)2] ! (f; \/(m j—nﬁl)y \/(" +n52)2) '

For ay = /1 = 0 and as = B2 = 0 the inequality (3.3) is the inequality
of the Tiberiu Popoviciu:

9 1 1

For 81 = 2ayq and 2 = 2a2 the inequality (3.3) becams:

m,n

If = Ployfea g <

(3.5)
) 9 m n
_ plaa,2ai;00,2a2) <2 . ‘

REFERENCES

[1] Altomare F., Campiti M., Korovkin-Type Approzimation and Its Aplications, de
Gruytier, Berlin, New York, 1994

[2] Barbosu D., Aprozimarea functiilor de mai multe variabile prin operatori liniari de
tip interpolar, Ed. Risoprint, Cluj-Napoca, 2002 (Romanian)



146 Joana Tascu and Ioana Zelina

[3] Barbosu, D., Bivariate operators of Schurer-Stancu type, Anal. $t. Univ. ”Ovidius”
Constanta (2003), fasc. 1, 1-7

[4] Shisha O., Mond B., The degree of convergence of sequences of linear positive oper-
ators, Proc. Nat. Acad. Sci., USA, (1968), 1196-1200

[5] Stancu D.D., On a generalization of the Bernstein polynomials, Studia Univ. Babeg-
Bolyai, Cluj, 14(1969), 31-45

[6] Stancu D.D., Vernescu A., On some remarkable positive polynomial operators of
approximation, Revue d’Analyse Numérique et de Théorie de I’Approximation, Tome
28, 1(1999), 85-95

[7] Stancu F., Aprozimarea functiilor de doud st mai multe variabile cu ajutorul opera-
torilor liniari, PhD. Thesis, Cluj-Napoca (1984) (Romanian)

NORTH UNIVERSITY OF BAIA MARE

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
VICTORIEI 78, 430122, BA1A MARE, ROMANIA

FE-mail address: itascu@ubm.ro

E-mail address: izelin@ubm.ro



