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On the stability of Picard and Mann
iteration processes

CHRISTOPHER O. IMORU and MEMUDU O. OLATINWO

ABSTRACT. In this paper, we establish some stability results for the Picard and Mann
iteration processes considered in metric and normed linear spaces respectively. We employ
the same method as in Berinde [1], but using a more general contractive definition than
those in Berinde [1], Rhoades [7], Harder and Hicks [4], and Osilike [8].

1. INTRODUCTION

Let (E,d) be a complete metric space and let T : E — E be a selfmap
of E. Let F(T) = {p* € E | Tp* = p*} denote the set of fixed points of T
Let {x,}5°, be the sequence generated by an iteration procedure involving
the operator T, that is

(1.1) Tnt1 = f(T,xy),n=0,1,2, ...

where xy € F is the initial approximation and f is some function. Suppose
{zn}72 o converges to a fixed point p* of T'. Let {y,}7>, C E and set

en = d(Yn+1, f(T,yn)),n =0,1,2,.... Then, the iteration procedure (1.1) is
said to be T-stable or stable with respect to 7" if and only if lim,, ., €, =0
implies lim,, o yn = p*.

Using this concept, Harder and Hicks [4] proved several stability results
under various contractive conditions. Rhoades [6, 7] extended the results
of Harder and Hicks [4] to other classes of contractive mappings. Moreover,
Osilike [8] extended the results of Rhoades [7] to the following contractive

definition: there exist L > 0, a € [0,1) such that for each z,y, € E,
(1.2) d(Tz,Ty) < Ld(z,Tx) + ad(z,y).

Using (1.2) above, Osilike [8] established several stability results most of
which are generalizations of the results of Rhoades [7] and Harder and Hicks
[4]. In this paper, we shall establish some stability results for Picard and
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Mann iteration processes using a more general contractive definition than
those in Osilike [8], Rhoades [6, 7], Harder and Hicks [4] and Berinde [1].
We employ the shorter method of Berinde [1] in our proofs. This method
was also used by Osilike [9]. For more details and references regarding the
fixed point iteration processes and their stability, we refer to the recent
monograph Berinde [10].

2. PRELIMINARIES

Let {z,}22 be the sequence generated by the iteration procedure(1.1).
Then, the Picard iteration is obtained from (1.1) if f(T,x,) = Tz,
n =0, 1, ... while the Mann iteration is obtained for

f(T,zn) = (1 —apn)zn + anTay,n=0,1,..., with {a,}72,
a sequence of real numbers in [0, 1], provided F is a normed linear space.
We shall employ the following contractive definition: there exist b € [0,1)
and a monotone increasing function ¢ : Ry — R4 with ¢(0) = 0, such that
for each z,y € F,

(2.3) d(Tz, Ty) < p(d(z, Tz)) + bd(z,y).

The contractive definition (2.3) is more general than those considered by
Berinde [1], Harder and Hicks [4], Rhoades [6, 7] and Osilike [8] in the fol-
lowing sense. If ¢(u) = Lu in (2.3) above, where L > 0 is a constant, then
we obtain the contractive mapping of Osilike [8] which is itself a general-
ization of those in Berinde [1], Harder and Hicks [4] and Rhoades [7].

Again, if L = mb, m = (1 —b)~!,b € [0,1), we obtain the contractive
condition considered by Rhoades [7]. Moreover, if ¢(u) = 0, then (2.3)
reduces to

d(Tx,Ty) < bd(z,y), b€ [0,1), Vz,y € E,
which is a contractive definition used in Harder and Hicks [4] and Berinde[1].

Furthermore, if L = 29, b = §, we obtain Zamfirescu contraction considered
by Berinde [1], and Harder and Hicks [4], where

(2.4) 0 = max {a’l—ﬁﬂ’ljfy}’

0<a<1,0<8<05and0<~y<0.5
The following Lemma of Berinde [1] shall be used in the proofs of the
stability results.

Lemma 2.1. (Berinde [1]) If § is a real number such that 0 < 6 < 1, and
{en}22 is a sequence of positive numbers such that lim, .. €, = 0, then
for any sequence of positive numbers {un}5> satisfying

(2.5) Up+1 < Uy +€,,m=0,1,...
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we have

lim u, = 0.
n—oo

Remark 1: The proof of this Lemma is contained in Berinde [1].

3. MAIN RESULTS
The following is a stability result for the Picard iteration.

Theorem 3.1. Let (E,d) be a complete metric space and T : E — E a
selfmap of E satisfying (2.3). Suppose T has a fixed point p*. Suppose also
that ¢ : Ry — Ry is monotone increasing and ¢(0) = 0. Let o € E and
let xny1 = Txp,n > 0. Then, Picard iteration process is T-stable.

Proof. Let {y,}5°, C E and €, = d(yn+1,TYn)-
Assume lim,_ .o, €, = 0. Then, we shall establish that lim y, = p* by
using (2.3) and the triangle inequality : o
dWYn+1,0") < d(Ynt1, Tyn) + d(Tyn,p*)
€n + d(Ty,, Tp")
= €, +d(Tp",Tyn)
< ento(d(p*, Tp%)) + bd(p”, yn)
= e+ o(dp",p")) + bd(yn, p*)
= en+¢(0) + bd(yn, p*)
(3.6) = bd(Yn,p") + €n-
Using Lemma 1 in (3.6) yields lim, oo d(yn,p*) = 0, that is,

lim y, = p*
n—oo

Conversely, suppose that lim 0 Y = p*. Then,

en = dWnt+1,TYn) < d(Ynt1,p0") + d(p*, Tyn)
= d(Yn+1,0") + d(Tp*, T'yn)
< d(Yn+1,p*) + @(d(p*, Tp*)) + bd(p*, yn)
= d(yn+1,0") + @(d(p*,p*)) + bd(yn, p")
= d(Yn+1,P") + ¢(0) + bd(ymp )

= d(yn+1,p*) + bd(yn,p*) — 0 as n — oo.

Remark 2: The Picard iteration is also T-stable for the more general
contractive definition used in this paper than those employed in Berinde
[1], Harder and Hicks [4], Rhoades [7] and Osilike [8]. If ¢(u) = Lu,L >0
is a constant, we obtain the contractive condition considered by Osilike [§]
which is itself a generalization of Rhoades [7] and others earlier mentioned.



158 Christopher O. Imoru and Memudu O. Olatinwo

Theorem 1 in this paper is a generalization of Theorem 1 in Osilike [8]. We
next prove a stability result for the Mann iteration process.

Theorem 3.2. Let (E,||.||) be a normed linear space and let T : E — E be
a selfmap of E satisfying (2.3). Suppose T' has a fized point p*. Let zg € E
and suppose that xny1 = f(T,x,) = (1 — an)xn + apTxy,n > 0, where
{an}oe is a real sequence in [0,1] such that 0 < o < ap, n = 0,1,2,....
Suppose also that ¢ : Ry — Ry is monotone increasing and ¢(0) = 0.
Then, the Mann iteration process is T-stable.

Proof. Let {y,}7°, C E and define

€n = Hyn—&-l — (1 = an)yn — anTyn|,n > 0.

Let lim ¢, = 0. Then,

n—0oo

lynt1 =P < lynsr — (1= an)yn — anTyn|l + (1 — an)yn + anTy, — p||
= o+ H(l —an)yn + Ty — (1 — ) + QN)p*H
en + 11— an)(yn — 1) + an(Ty, — )|

< et (I—an)llyn — || + an [[(Tyn — ")l
en + (1 —an) [[(yn — POl + an | Tyn — Tp7||
en + (1 — an) [[(yn — ") + an | Tp" — Ty ||
< et (1= an)[[(yn — 2Ol + anle(llp™ = Tp*()) + b llp* — ynll]
= (1=an)[[(yn = P) + b lyn — p*[| + anie(|[p" — p*[|) + €n
= (I —an+anbd) |yn —p")| + anp(0) + €n
(3.7) = (1—an+and)|lyn —p|| + €n.

Since 0 <1 —ay, + apb <1 —a(l —b) < 1, using Lemma 1 in (3.7) yields
lim |y, —p*|| =0,
n—oo

that is,

lim y, =p".
n—oo
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Conversely, let lim, o yn = p*. Then,

€n

= [[yn+1 = (1 — an)yn — an Ty

< (Wnt1 =2 + lIp* = (1 = an)yn — anTys|l

= [lyn+1 =P+ {1 = an) + anlp™ = (1 = an)yn — anTyn|

= lyn+1 — P + [[(1 = ) (p* = yn) + an(p™ — Tyn)|

< yn+1 =" + (1 — an)llyn — P*|| + awllp™ — Tyn

= [[yn+1 —p*| + (1 — an)llyn — P*|| + || Tp* — Tys ||

< ynt1 = p*ll + (1 = an)llyn — P || + anle(llp™ = Tp*|) + bllp* — yall]
= [[yn+1 =" + (1 — an)llyn — P || + anbllyn — p*[| + anio([lp* — p*[)
= [[yn+1 =" + (1 = an + anb)|[yn — p*[| + anep(0)

= lyn+1 =P + (1 — o + anb)||yn — p*[| — 0 as n — oo.

Remark 3: The Mann iteration process is T-stable for a more gen-
eral contractive definition than those in Berinde [1], Osilike [8], Rhoades

(7],

Harder and Hicks [4]. Theorem 2 in this paper is a generalization of

Theorem 2 in Rhoades [7].
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