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The connection between the implicit function

theorem and the existence theorem for differential
equations

IULIAN COROIAN

ABSTRACT. The paper presents a variant of implicit function theorem, as a corollary of exis-
tence theorem for solutions of a first order system of partial differential equations.

This results is then extend to the case of implicit function theorem for functions of several
independent variables.

1. INTRODUCTION

The aim of this paper is to show how a theorem on the existence of solutions
to a first order system of partial differential equations can be used to prove the
implicit function theorem.

For a system of ordinary differential equations, in [5, p. 62], it is proved that
the classical Picard existence theorem, implies, as a corollary, the implicit function
theorem.

First, we consider the first order system of partial differential equation

0z
87 Fl(xvyaz(xvy))’ _
(1.1) v ; (r,y) € D,

0z
aiy = FQ(x,y,z(:c,y)),

where D = [z — a,z0 + a] X [yo — b,y0 + b], a > 0, b > 0, with initial condition

(1.2)  z(wo,y0) = 20,

where (z9,%0,20) €2, Q=D xR, F}, Fy : Q — R, are given.

On the existence of the solutions of the problem (1.1) + (1.2), in [3, p. 423]
and [7, p. 219] is proved a result given by:

L OF, OF,

Theorem 1.1. Suppose that Fy, Fy € C1(Q) and 5 o, e bounded. If
3F1 6F1 8F2 aFQ
it St WY N B B Q
Ay + 9z " ° T ox + 9z U (2,9,2) €
(the complete integrability condition of the system (1.1)), then there exists an
unique solution z(z,y), = € CY(D), of the problem (1.1) + (1.2).

(1.3)
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2. THE MAIN RESULT

Let the equation
(24)  H(z,y,2) =0,

be, where H :  — R is C*(Q), Q= D xR, D = [xg — a,x + a] X [yo — b, yo + b,
a>0,b>0.

Using Theorem 1.1, we can prove the implicit function theorem, defined by the
equation (2.4) (see [2, p. 401]).

Theorem 2.2. Suppose that the hypothesises of the Theorem 1.1 hold. If for point
(0, Y0, 20) € Q we have
(25) H($07y0720) =0,

and

OH
(26) E (1’03 Yo, ZO) 7£ Oa

then, there exists an unique implicit function ® : D — R, ® € C1(D) such that
(2.7)  @(x0,%0) = 20,

(28)  H(z,y,®(z,y)) =0, (z,9) €D,

and

OH OH
0P 5. 0P Oy
(29) =_0x C%__ 0y
or OH 0y O0H
0z 0z
Proof. First, choose a,b,r > 0 so that

A:(J]O_a,wo-i-a)X(yo—b,y0+b)X(Z()—T7ZO+T>QQ7

0H
and B—(x,y, 2) is non vanishing on A. Then define F: A — R? F = (Fy, Fy) by
2
setting
OH
87(957%2)
(2.10) Fi(z,y,2) = _6'27’
E(z,y,z)
OH
ai(xvyvz)
(2.11) Fy(z,y,z) = _812{]7
a(xvyaz)

Since the hypothesises of Theorem 1.1 are satisfied, we can apply this theorem to
conclude that there exists a unique solution z(x,y) of the problem
0z
% Fl(x,y,z(x,y)),
9z z(z0,Y0) = 20
87?] = FQ(xayvz(xay))v
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defined on the interval D = (29 — a,20 + a) X (yo — b,yo + b).
Let ®: (xg —a,x0+a) X (yo—b,yo +b) = R,

D(x,y) = 2(z,y), (x,y)eD
We note that
(2.12)  ®(z0,y0) = 2(w0,%0) = 20,
and using (2.10), (2.11)

OH
o 0z F %(z,y,‘b(x,y))
%—%— 1(x,yvz(xay))__aH ’
67(x7y7¢)(xay))
z
(2.13) D
5‘7y_87y_ z(x,y,z(a?,y))—— H o .
E(zvya (-’E,y))
By (2.12), (2.5), we have H(xq,yo, P(x0,y0)) = H(z0,Y0,20) = 0, and by (2.13),
we have
2 Hey.0(y) =
alL’ l’a% x’y -
oOH OH 0® OH
= % (xayaq)(x?y)) + 92 (x,y,q)(x,y)) ox = % ($,y,¢’(l‘,y))—
OH OH
_ E(l’,gb‘b(l’,y))%(af,y,q)(.ﬁ,y)) _
oOH
E(x7yaq>(x7y))
Analogous

0
%H(xay7¢($7y)):07 (SL’,y)ED

Thus we obtain H(z,y,®(z,y)) = ¢ = constant = 0, (z,y) € D, because of

H(x()a Yo, (I)(.’ﬂo, yO)) = H(l’o, Yo, ZO) =0.
The proof is now complete. O

3. THE CASE OF SEVERAL INDEPENDENT VARIABLES

We can extend now the application of Theorem 1.1 and Theorem 2.1 in case of
several independent variables.
Consider the system of nonlinear partial differential equations

dy
87131 = F](CC1,£U2, cee 733m>y($1a3727 cee ,.’I,'m)>7

dy
(314) 87@:F2(x1ax2a--'7xm7y(x1ax2a"'7'7;777,))7
dy

0T,

- Fm(xthv e 7$may(‘r17x27 L] 71'm))7
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with initial condition
(3.15) y(2¥,29,...,2%) =4°.
Here F; : Q — R, Q CR™" Q=D xR,
D= [x(l] —al,x[l) —i—al] X [acg —ag,xg -‘1-(12] X oo X [mgl —am,xgn —i—am],

a; >0,i=1,2,....,m, (29,29,...,29,,9°) € Q, are given.
For initial value problem (3.14) + (3.15) we have

OF;
Theorem 3.3. Suppose that Fy, Fy, ..., F,, € C*(Q) and B0 1=1,2,...,m are
Y

bounded. If the complete integrability conditions
OF; OF; oF; OF;

+ = Jj= : + = Fi)
oz; 0Oy dx; Oy
are satisfied for all i,5 € {1,2,...,m}, i # j, (x1,22,...,Tm,y) € Q, then, there
exists an unique solution y(x1,%2,...,Tm), y € CH(D), of the problem (3.14) +
(3.15).

Proof. Tt is not a difficult problem to show that the initial value problem (3.14) +
(3.15) is equivalent to the Volterra integral equation

(3.16)

L
(3.17) y(x1,22,...,%m) :yo—|—/Fl(sl,x&...,x?n,y(shxg,...,x?n))dsl—i—

0
Ty

To
0 0 0 0
+ /Fg(xl,SQ,x3, ... 7ncm,;1/(91:1,82,953,...,az:m))ng + ot
z3

Tm—1
+ / mel (x17x27 <oy Tm—2, Sm—1, xgruy(irlv sy Tm—15Sm-1, $9n))d8m71+
0
m—1

+ /Fm(xlax27 s Tm—1, 8m7y(x17x27 s Tm—1, Sm))dsm .
0,
Let the map T : C(D) — C(D), be defined by the right side of (3.17), that is
(3.18) T(y)(xz1,22,...,%m)

x1
—,0 0 0 0 0
=y +/F1(51,x2,...,xm,y(sl,xQ,...,a:m))dsl-|-..._|_
af
T
+ Fm(:rl;x%"'7xm—135m7y($1;x23"'7xm—135m))d5m-

x?’!l
On the linear space C(D), we define the Bielecki norm

|21 —a% ||z 3|+ H]@m —2,|)

(319) lyls =  max |y(naa....zm)e ,

L1,T2500 mm)eD



The connection between the implicit function theorem 11
ye C(D), 7> 0.
Now (C(D),]| - ||) is a Banach space and with metric
p(y.2) = lly = zllz; v,z € C(D),

(C(D), p) is a complete metric space.
We can choose 7 > 0 so that the map T be a contraction on C'(D), that is

p(T(y),T(2)) < ap(y,z), y,z € C(D), 0 << 1.

We can apply Banach’s theorem to conclude that the map 7" has an unique fix
point, y(x1,xa, ..., x,) € C(D) so that

y="Ty.
Then, the integral equation (3.17) has an unique solution y(z1, z2, ..., ;) and
y(x1,Ta,...,%y) is also, the unique solution of the initial value problem (3.14) +
(3.15). O

Remark 3.1. The complete integrability conditions (3.16) are necessary con-
ditions for existence at least one solution of system (3.14) because if y(x) =
y(z1,22,...,7y) is a C? solution of (3.14), then

oy 0%y
8xi8xj B (933]833‘1 ’

equivalent to
OF; 8Fi@_8Fj+% y
or; Oy Oz; Ox; Oy Oz
This is just the condition (3.16).

We can now state an analogous of Theorem 2.1.
Let the equation

(3.20) H(x1,z2,...,%Tm,y) =0,
be, where H : Q@ — Ris a C*(Q), Q=D x R,
D= [w?—al,x?—i-al] X oo X [x?n—am,xfn—i—amL a; >0,1=1m.

Theorem 3.4. Suppose that the hypothesises of the Theorem 3.1 hold. If the point
(29,29,...,2%,4°) € Q satisfy

(3:21) H(a},a3,...,25,5°) =0,

and

oH , 4 o

(3.22) 67y (27, 23, . .. ,x?n,yo) #0,

then, there exists an unique implicit function ® : D — R, ® € CY(D) such that
(3.23) ®(aV,29,...,2%) =¢°,

(3.24) H(z1,22,...,Tm, ®(x1,22,..., %)) =0, (x1,22,...,2y) € D,
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and fori=1,2,...,m and (x1,%2,...,Zm) € D
OH

5% 8‘%.(1'1,1'2,...,xm,q)($1,l'2,...,1'm))
(3.25) — =-—-—=2

al‘i 8H

87y (.T1,$2, s Ty (I)(xla s axm))
Proof. The proof follows the line of proof of Theorem 2.1. Choose a1, as, ..., Gn,
r > 0 so that
A = (x?—al,a:g—kal) X (axg—ag,xg—i—ag) X ...

x (a:?n - a'm?m?n + am) X (yo -, yo + 7‘) C Q,

oOH
and 8—(@,:102, ...y Tm,y) is non vanishing on A. This is possible because of
Y

. OH
continuity of . and because of (3.22).

Then, define F : A — R™, F = (F}, Fs, ..., F,), with

8H< )
87171 L1, X2,y Tm,»Y

8H( )’
8y L1, T2,y Tm, Y

aH( )
8.’1}2 T1,L2y-- -y Tm,Y

OH ’
aiy(xlvl?)- .. ;xmay)

(3.26) Fi(z1,y2,- -, Tm,Yy) = —

FQ(xlaan"'axﬂhy) = -

OH
K>
0H
?y(zl,xg,...,xm,y)

(xlvaV o axmay)
Fm($17$2a-~-7$m7y) =

Since the hypothesises of Theorem 3.1 are satisfied, we can apply this theorem to

conclude that there exists a unique solution y(x1,xa, ..., x,,) of the initial value
problem
dy
87: F1(3717$2a~-~7$may($17$2a--~7$m)>7
1
dy
(327) 871:2:FQ(Il,IQ,---7xm,y(zl,$2,.--,l’m))7 y(xg)’xg’ ’x(r)n) :y07

dy

m: FQ(Z‘l,xQ,.-.,l'm,y(xl,xg,.-.737771)),
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where F; are defined by (3.26). Define
O (2 —ap, 2%+ ay) x - x (2%, = am, 2%, + an) — R,
D(z1, T2, Tm) = Y(X1, T2, ..., Ty), (T1,Z2,...,Tm) € D.
We observe that
(3.28) ®(xV,29,...,2%) = y(a,29,...,20) =4°,

and using (3.26) we have

(3.29) ggi = ggz = Fi(ﬁCl,l'g,...,ZE"L,y(Ihl'Q,...,.Tm)) =
= Fi(xhxg,...,mm,¢(x1,x27...,acm)) =

- gZ (acl,mg,...,xm,@(xl,xg,...,xm))

%I; (xl,xg,...,xm7<I>(x17x2,...,xm))’

that is ® € C'(D) and (3.25) are satisfied.
Moreover, from (3.21) and (3.28) we get

(3.30) H(x?,x% ... ,x?n, @(m?,x& . 75521)) = H(x?, ;Eg, .. ,x?myo) =0,

and for ¢ = 1,2,...,m, using (3.29)

0 OH O0H 09
H .« m,(b 5 g ey m = —_— =

axi (.131,1‘2, , T (xl T2 €T )) 6:51 + 3y 81'1

OH
= Oz (xlaxQ;"'axm7¢)(x17$27"';xm))_

0H
— oy (x1,x27...,xm7¢($17$2,...7$m)>'

OH

3 4(;vl,xg,...mm,@(xl,...,xm))

?H =0, V(x1,22,...,Tm) € D.

a—y(xl,...,zm,fb(xl,...,xm))

We conclude that H(ml,x27 ey T, P, 0, - 7gcm)) = const = C, for all
(x1,29,...,2m) € D. Because of (3.30), C' = 0, so we have

H(a:l,zg,...,:cm,@(xl,xg,...,xm)) =0, V(x1,22,...,2m) € D.

All conclusions of the Theorem 3.3 are proved. O
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