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Cubature formulas of high degree of exactness

IOANA TAŞCU

Abstract. In this paper we use the multivariate interpolation for construction of cubature
formulas of high degree of exactness, when the domain of interpolation is a rectangle. These
formulas are of Gauss-Christoffel-Stancu type. The coordinates of the Gaussian nodes are deter-

mined by using the roots of the orthogonal polynomials of Christoffel-Szegö.

1. Introduction

It is known that the interpolation of functions of several variables is defined by
means of a limit process and since such a process cannot be carried out on the
computer, we must replace them by finite processes.

Our basic problem is to calculate the definite multiple integral of a given func-
tion f of several variables.

We want to construct cubature formulas, which represent approximate proce-
dures for computing the value of a double integral, by using a given set of numerical
values of the integrand and its partial derivatives on some given points of a region
Ω.

2. Use of the bivariate interpolation formula of Lagrange-Hermite

In order to construct cubature formulas of interpolatory type, we shall use the
Lagrange-Hermite interpolation formula of several variables.

We consider that we have a rectangular grid of nodes determined by the inter-
section of distinct straight lines x = xi ∈ [a, a′] (i = 1,m + 1), y = yj ∈ [b, b′]
(j = 1, n + 1). We consider also the points αi and ar from [a, a′], where i =
1,m + 1, r = 1, n1, as well as the following points from [b, b′] : βj(j = 1, n + 1)
and bs(s = 1, n2).

Let us attach to ar the multiplicity pr and to bs the multiplicity qs.
Now we introduce the notations:

M = 2m + p1 + · · · + pn1
+ 1, N = 2n + q1 + · · · + qn2

+ 1,

u(x) =
m+1
∏

i=1

(x − xi), e(x) =
m+1
∏

i=1

(x − αi), A(x) =

n1
∏

r=1

(x − ar)
pr ,
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v(y) =

n+1
∏

j=1

(y − yj), g(y) =

n+1
∏

j=1

(y − βj), B(y) =

n2
∏

s=1

(y − bs)
qs ,

ui(x) =
u(x)

x − xi

, ei(x) =
e(x)

x − αi

, Ar(x) =
A(x)

(x − ar)pr
,

vj(y) =
v(y)

y − yj

, gj(y) =
g(y)

y − βj

, Bs(y) =
B(y)

(y − bs)qs
.

The corresponding Lagrange-Hermite double interpolation formula is of the fol-
lowing form:

(2.1) f(x, y) = (LM,Nf) (x, y) + (RM,Nf) (x, y),

where the first term from the second side represents the Lagrange-Hermite inter-
polation polynomial which has the expression (see [5]):

(LM,Nf) (x, y) =
m+1
∑

i=1

n+1
∑

j=1

l
(1)
i (x)g

(1)
j (y)f(xi, yj)+

+
m+1
∑

i=1

n+1
∑

j=1

l
(1)
i (x)g

(2)
j (y)f(xi, βj) +

m+1
∑

i=1

n+1
∑

j=1

l
(2)
i (x)g

(1)
j (y)f(αi, yj)+

+

m+1
∑

i=1

n+1
∑

j=1

l
(2)
i (x)g

(2)
j (y)f(αi, βj)+

n1
∑

i=1

pi−1
∑

ν=0

n+1
∑

j=1

li,ν(x)g
(1)
j (y)f (ν,0)(ai, yj)+

+

m+1
∑

i=1

n+1
∑

j=1

qj−1
∑

µ=0

l
(2)
i (x)hj,µf (0,µ)(xi, bj)+

+

m+1
∑

i=1

pi−1
∑

ν=0

n+1
∑

j=1

li,ν(x)g
(2)
j (y)f (ν,0)(ai, βj)+

+

m+1
∑

i=1

n+1
∑

j=1

pj−1
∑

µ=0

l
(2)
i (x)hj,µ(y)f (0,µ)(αi, bj)+

+

m+1
∑

i=1

pi−1
∑

ν=0

n+1
∑

j=1

qj−1
∑

µ=0

li,ν(x)hj,µ(y)f (ν,µ)(ai, bj) ,

where

l
(1)
i (x) =

ui(x)e(x)A(x)

ui(xi)e(xi)A(xi)
, l

(2)
i (x) =

u(x)ei(x)A(x)

u(αi)ei(αi)A(αi)
,

li,ν(x) =

pi−ν−1
∑

t=0

(x − ai)
ν

ν!

[

(x − ai)
t

t!

(

1

Ci(x)

)(t)

ai

]

Ci(x),

g
(1)
j (y) =

vj(y)g(y)B(y)

vj(yj)g(yj)B(yj)
, g

(2)
j (y) =

v(y)gj(y)B(y)

v(βj)gj(βj)B(βj)
,

hj,µ(y) =

qj−µ−1
∑

τ=0

(y − bj)
µ

µ!

[

(y − bj)
τ

τ !
·
(

1

Dj(y)

)(τ)

bj

]

Dj(y)
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and Ci(x) = u(x)e(x)Ai(x), Dj(y) = v(y)g(y)Bj(y).
The remainder of the interpolation formula (2.1) can be expressed, by means

of three partial divided differences, under the form

(2.2) (RM,Nf) (x, y) = u(x)e(x)A(x)
[

x, x1, . . . , xm+1, α1, . . . ,

αm+1, (a1)
p1 , . . . , (an1

)pn1 ; f(t, y)
]

+ v(y)g(y)B(y)
[

y, y1, . . . , yn+1,

β1, . . . , βn+1, (b1)
q1 , . . . , (bn2

)qn2 , f(x, z)
]

− u(x)e(x)A(x)v(y)g(y)B(y)·

·
[

x, x1, . . . , xm+1, α1, . . . , αm+1, (a1)
p1 , . . . , (an1

)pn1

y, y1, . . . , yn+1, β1, . . . , βn+1, (b1)
q1 , . . . , (bn2

)qn2

; f(t, z)

]

.

The notation (c)r means that c is repeated r times.
If we suppose that the function f(x, y) has continuous partial derivatives of

the order (M + 1, N + 1), then by applying the laws of the means for divided
differences, we obtain the following expression for this remainder:

(RM,Nf) (x, y)=
u(x)e(x)A(x)

(M+1)!
f (M+1,0)(ξ, y)+

v(y)g(y)B(y)

(N+1)!
f (0,N+1)(x, η)−

− u(x)e(x)v(y)g(y)A(x)B(y)

(M + 1)!(N + 1)!
f (M+1,N+1)(ξ, η) ,

where ξ ∈ (a, a′) and η ∈ (b, b′).

3. Construction of cubature formulas of high degree of exactness

By using the general bivariate interpolation formula (2.1), we can construct a
cubature formula for approximating the value of the double integral

(3.3) I2(f) =

∫∫

D2

ω(x, y)f(x, y)dxdy

where ω(x, y) is a bivariate weight function, while D2 = [a, a′] × [b, b′].

Theorem 3.1. The cubature formula is given by

I2(f) =

m+1
∑

i=1

n+1
∑

j=1

Ai,jf(xi, yj) +

m+1
∑

i=1

n+1
∑

j=1

Bi,jf(xi, βj) +(3.4)

+

m+1
∑

i=1

n+1
∑

j=1

Ci,jf(αi, yj) +

m+1
∑

i=1

n+1
∑

j=1

Di,jf(αi, βj) +

+

n1
∑

i=1

pi−1
∑

ν=0

n+1
∑

j=1

Ei,ν,jf
ν,0(ai, yj) +

m+1
∑

i=1

n2
∑

j=1

qj−1
∑

µ=0

Fi,j,µf (0,µ)(xi, bj) +

+

n1
∑

i=1

pi−1
∑

ν=0

n+1
∑

j=1

Gi,ν,jf
(ν,0)(ai, βj) +

m+1
∑

i=1

n2
∑

j=1

qj−1
∑

µ=0

Hi,j,µf (0,µ)(αi, bj) +

+

n1
∑

i=1

pi−1
∑

ν=0

n2
∑

j=1

qj−1
∑

µ=0

Ii,ν,j,µf (ν,µ)(ai, bj),
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where we have

Ai,j = I2

(

l
(1)
i (x)g

(1)
j (y)

)

, Bi,j = I2

(

l
(1)
i (x)g(2)(y)

)

,

Ci,j = I2

(

l
(2)
i (x)g

(1)
j (y)

)

, Di,j = I2

(

l
(2)
i (x)g

(2)
j (y)

)

,

Ei,ν,j = I2

(

li,ν(x)g
(1)
j (y)

)

, Fi,j,µ = I2

(

l
(2)
i (x)hj,µ(y)

)

,

Gi,ν,j = I2

(

li,ν(x)g
(2)
j (y)

)

, Hi,j,µ = I2

(

l
(2)
i (x)hj,µ(y)

)

,

Ii,ν,j,µ = I2 (li,ν(x)hj,µ(y)) .

Assuming that w(x, y) = w1(x)w2(y) and that the partial moments

cm =

a′

∫

a

w1(x)xmdx , dn =

b′
∫

b

w2(y)yndy

exist, while c0 > 0, d0 > 0, we try to determine the points xi

(

i = 1,m + 1
)

and

yj

(

j = 1, n + 1
)

, so that we have

Bi,j = Ci,j = Di,j = Gi,ν,j = Hi,j,µ = 0 ,

for any values of the parameters α1, . . . , αm+1, β1, . . . , βn+1.
It follows that xi

(

i = 1,m + 1
)

and yj

(

j = 1, n + 1
)

should be the real and
distinct roots of the orthogonal polynomials of Christoffel-Szegö type, defined re-
spectively by the formulas

(3.5) Um+1(x) =
1

u(x)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

Pm+1(x)Pm+2(x) . . . Pm+1+p(x)

Pm+1(a1)Pm+2(a1) . . . Pm+1+p(a1)

P ′

m+1(a1)P
′

m+2(a1) . . . P ′

m+1+p(a1)

. . . . . . . . . . . . . . . . . . . . . . . . .

P
(p1−1)
m+1 (a1)P

(p1−1)
m+2 (a1) . . . P

(p1−1)
m+1+p(a1)

Pm+1(a2)Pm+2(a2) . . . Pm+1+p(a2)

. . . . . . . . . . . . . . . . . . . . . . . . .

Pm+1(ar)Pm+2(ar) . . . Pm+1+p(ar)

P ′

m+1(ar)P
′

m+2(ar) . . . P ′

m+1+p(ar)

. . . . . . . . . . . . . . . . . . . . . . . . .

P
(pr−1)
m+1 (ar)P

(pr−1)
m+2 (ar) . . . P

(pr−1)
m+1+p(ar)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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(3.6) Vn+1(y) =
1

v(y)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

Qn+1(y)Qn+2(y) . . . Qn+1+q(y)

Qn+1(b1)Qn+2(b1) . . . Qn+1+q(b1)

Q′

n+1(b1)Q
′

n+2(b1) . . . Q′

n+1+q(b1)
. . . . . . . . . . . . . . . . . . . . . . . . .

Q
(q1−1)
n+1 (b1)Q

(q1−1)
n+2 (b1) . . . Q

(q1−1)
n+1+q(b1)

Qn+1(b2)Qn+2(b2) . . . Qn+1+q(b2)
. . . . . . . . . . . . . . . . . . . . . . . . .

Qn+1(bs)Qn+2(bs) . . . Qn+1+q(bs)

Q′

n+1(bs)Q
′

n+2(bs) . . . Q′

n+1+q(bs)
. . . . . . . . . . . . . . . . . . . . . . . . .

Q
(qs−1)
n+1 (bs)Q

(qs−2)
n+2 (bs) . . . Q

(qs−1)
n+1+q(bs)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

where p = p1+ · · ·+pm+1, q = q1+ · · ·+qn+1 and {Pk} is the system of orthogonal
polynomials on (a, a′) corresponding to the weight function w1(x), while {Qk}
is the system of orthogonal polynomials on (b, b′), corresponding to the weight
function w2(y).

If we chose for x1, . . . , xm+1 the roots of the polynomial Um+1(x) and for
y1, . . . , yn+1 the corresponding roots of the polynomial Vn+1(y), then we can con-
clude that the cubature formula (3.4) becomes

a′

∫

a

b′
∫

b

w1(x)w2(y)f(x, y)dxdy =
m+1
∑

i=1

n+1
∑

j=1

Ai,jf(xi, yj) +(3.7)

+

n1
∑

i=1

pi−1
∑

ν=0

n+1
∑

j=1

Ei,ν,jf
(ν,0)(ai, yj) +

m+1
∑

i=1

n2
∑

j=1

qj−1
∑

µ=0

Fi,j,µf (0,µ)(xi, bj) +

+

n1
∑

i=1

pi−1
∑

ν=0

n2
∑

j=1

qj−1
∑

µ=0

Ii,ν,j,µf (ν,µ)(ai, bj) + R(f).

We just proved the following theorem, which is the main result of this paper:

Theorem 3.2. The cubature formula (3.7) has the degree of exactness

(2m + p, 2n + q).

Remark 3.1. Because this degree does not depend on the parameters αi and βj ,
we can consider the limit case e(x) ≡ u(x), g(y) ≡ v(y) in the remainder (2.2) and
we will obtain the following result:

The remainder of the cubature formula (3.7) has the form

(3.8) R(f)=

∫∫

Ω

[(R1f)(x, y)+(R2f)(x, y)−(R3f)(x, y)] w1(x)w2(y)dxdy ,
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where

(R1f)(x, y)=u
2(x)A(x) [x, x1, x1, x2, x2, ..., xm+1, xm+1, (a1)

p1 , ..., (an1
)pn1 ; f(t, y)]

(R2f)(x, y) = v
2(y)B(y) [y, y1, y1, y2, y2, . . . , yn+1, yn+1, (b1)

q1 , . . . , (bn2
)qn2 ; f(x, z)]

(R3f)(x, y) = u
2(x)v2(y)A(x)B(y)·

·

x, x1, x1, x2, x2, . . . , xm+1, xm+1, (a1)
p1 , . . . , (an1

)pn1

y, y1, y1, y2, y2, . . . , yn+1, yn+1, (b1)
q1 , . . . , (bn2

)qn2

; f(t, z) .

By applying the law of the mean to the integral (3.8) and the theorem of the
mean for the divided differences, we obtain

R(f) =
C1D2

(2m + 2 + p)!
f (2m+2+p,0)(ξ, η1)+

C2D1

(2n + 2 + q)!
f (0,2n+2+q)(ξ1, η)−

− C1C2

(2m + 2 + p)!(2n + 2 + q)!
f (2m+2n+4+p+q)(ξ, η),

where we have ξ, ξ1 ∈ (a, a′), η, η1 ∈ (b, b′) and

C1 =

a′

∫

a

w1(x)A(x)P 2
m+1(x)dx, C2 =

b′
∫

b

w2(y)B(y)Q2
n+1(y)dy,

D1 =

a′

∫

a

w1(x)dx, D2 =

b′
∫

b

w2(y)dy.

In the special case w1(x) ≡ w2(y) ≡ 1, a = −1, a′ = 1, b = −1, b′ = 1, p1 = · · · =
pn1

= 0 and q1 = · · · = qn2
= 0, we obtain the Gauss bivariate cubature formula

for the square Ω2 = [−1, 1] × [−1, 1], namely

∫∫

Ω2

f(x, y)dxdy =

m+1
∑

i=1

n+1
∑

j=1

Ai,jf(xi, yj) + Rm,n(f),

where we have

Ai,j =
4

(m + 1)(n + 1)P ′

m+1(xi)P ′

n+1(yj)Pm(xi)Pn(yj)
.

The remainder of this Gaussian cubature formula has the following expression

Rm,n(f) =
4m+2

2m + 3
· (m + 1)!

[(m + 2) . . . (2m + 2)]
3 f (2m+2,0)(ξ, η1)+

+
4n+2

2n + 3
· (n + 1)!

[(n + 2) . . . (2n + 2)]
3 f (0,2n+2)(ξ1, η)−

− 4m+n+3

(2m+3)(2n+3)

(m + 1)!(n + 1)!

[(m+2)...(2m+2)(n+2)...(2n+2)]
3 f (2m+2,2n+2)(ξ, η),

where by Pr is denoted the Legendre orthogonal polynomial of degree r, corre-
sponding to the interval [−1, 1].
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4. Illustrative examples

1) In the case of the weight functions

w1(x) = (1 − x)α1(1 + x)β1 , w2(y) = (1 − y)α2(1 + y)β2

where α1, β1, α2, β2 > −1, while the polynomials of the fixed nodes are
A(x) = 1 − x2, B(y) = 1 − y2 and m = n = 0, we obtain the Gaussian nodes

x1 =
β1 − α1

α1 + β1 + 4
, y1 =

β2 − α2

α2 + β2 + 4
.

For α1 = α2 = β1 = β2 = −1

2
we get the following cubature formula

∫∫

Ω2

f(x, y)dxdy
√

(1−x2)(1−y2)
=

π2

16

{

f(−1,−1)+f(−1, 1)+f(1,−1) + f(1, 1)+

+ 2 [f(−1, 0) + f(0,−1) + f(1, 0) + f(0, 1)] + 4f(0, 0)
}

+ R(f),

where in the case f ∈ C4,4(Ω2), the remainder is given by the formula

R(f) = − π2

192

[

f (4,0)(ξ, η1) + f (0,4)(ξ1, η) +
1

192
f (4,4)(ξ, η)

]

.

2) If we consider the triple integral

I3(f) =

∫∫∫

Ω3

w(x, y, z)dx dy dz

extended on the 3-dimensional cube Ω3 = [−1, 1]3, and the weight function is
w(x, y, z) = w1(x) = w2(y) = w3(z) = 1, then for m = n = p = 0 we get the
Gaussian cubature formula

∫∫∫

Ω

f(x, y, z)dx dy dz = f

(

1√
3

,
1√
3

,
1√
3

)

+ f

(

− 1√
3

,
1√
3

,
1√
3

)

+

+ f

(

1√
3

,− 1√
3

,
1√
3

)

+ f

(

1√
3

,
1√
3

,− 1√
3

)

+ f

(

− 1√
3

,− 1√
3

,
1√
3

)

+

+ f

(

− 1√
3

,
1√
3

,− 1√
3

)

+ f

(

1√
3

,− 1√
3

,− 1√
3

)

+

+ f

(

− 1√
3

,− 1√
3

,− 1√
3

)

+ R(f)

where the remainder has the expression

R(f) =
1

135

[

f (4,0,0)(ξ, η′, ζ ′) + f (0,4,0)(ξ′, η, ζ ′) + f (0,0,4)(ξ′, η′, ζ)
]

−

− 1

18225

[

f (4,4,0)(ξ, η, ζ ′) + f (4,0,4)(ξ′, η, ζ ′) + f (0,0,4)(ξ′, η′, ζ)
]

+

+
1

9841500
f (4,4,4)(ξ, η, ζ).

The degree of exactness of this cubature formula is (3, 3, 3).
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