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Cubature formulas of high degree of exactness

IoaNA TAsCU

ABSTRACT. In this paper we use the multivariate interpolation for construction of cubature
formulas of high degree of exactness, when the domain of interpolation is a rectangle. These
formulas are of Gauss-Christoffel-Stancu type. The coordinates of the Gaussian nodes are deter-
mined by using the roots of the orthogonal polynomials of Christoffel-Szegd.

1. INTRODUCTION

It is known that the interpolation of functions of several variables is defined by
means of a limit process and since such a process cannot be carried out on the
computer, we must replace them by finite processes.

Our basic problem is to calculate the definite multiple integral of a given func-
tion f of several variables.

We want to construct cubature formulas, which represent approximate proce-
dures for computing the value of a double integral, by using a given set of numerical

values of the integrand and its partial derivatives on some given points of a region
Q.

2. USE OF THE BIVARIATE INTERPOLATION FORMULA OF LAGRANGE-HERMITE

In order to construct cubature formulas of interpolatory type, we shall use the
Lagrange-Hermite interpolation formula of several variables.

We consider that we have a rectangular grid of nodes determined by the inter-
section of distinct straight lines z = z; € [a,d/] (¢ = 1,m+1), y = y; € [b,V]
(j = I,n+1). We consider also the points «; and a, from [a,a’], where i =
I,m+1, r = 1,nq, as well as the following points from [b,V'] : 3;(j = 1,n+ 1)
and bg(s = 1,n3).

Let us attach to a, the multiplicity p, and to bs the multiplicity ¢s.

Now we introduce the notations:

M=2m+p+ - +py,+1, N=2n+q¢ + -+ ¢qn, +1,

m—+1 m—+1 ni
u@) = [[ (@ ==, el@) = [[ (@ - ai), A@@) = [[ (@ = a,)P,
i=1 =1 r=1
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v@) = [Tw-v). 9w = [[ w85, Bw) =[]~ 6",
j=1 j=1 s=1
)= 2 e gy
vy 9(y) __ Bl
v;(y) = y—y; 9;(y) y— B; B(y) = (y —bs)ds

The corresponding Lagrange-Hermite double interpolation formula is of the fol-
lowing form:

(21) f(may):(LM,Nf) (xvy)+(RM,Nf) (a:,y),

where the first term from the second side represents the Lagrange-Hermite inter-
polation polynomial which has the expression (see [5]):

m4+1n+1

(Lan f) (@) =D 1S e V(@i yi)+
i=1 j=1
m+1n+l m+1n+1
1 2 2 1
+ 3 2@ W) @i 8) + Y 31 (@)g ) f (e )+
i=1 j=1 i=1 j=1
m+1n+1 ny pi—1ln+1
2) v,
+ ZZI( az,ﬁ] +ZZ ley ( 0)(a27y])+
=1 j=1 =1 v=0 j=1

m+1n+1q;—1

+ 303 1P @)y fO (@i by)+
i=1 j=1 pu=0
m+1p;i—1n+1

YN hiw(@)g” () 0 (ai, By)+

i=1 v=0 j=1
m+1n+1p;—1

+ z Z Z lz@) (I)hjyu(y)f(o’#)(ahbj)+

i=1 j=1 pu=0
m+1pi—1n+1g;—1

2222 D L @hi @) (b)),

i=1 v=0 j=1 p=0
where

151)(1) _ u;(z)e(x)Ax) o) (2) = u(x)el(ac)A(:c)

ui(xi)e(zi)Alz;) " u(ai)ei(ai) Alay)
B Pyt (x —a;)” | (z —a;)t 1 )
li,u(x) - tz:; o [ 1 (Cz(if) . Cl(l'),

dD(y) = v;(W9W)Bly) @, v()gi(y)By)
95 W = e By Y W T 5, 4

q5—p—1 —bj M —bj T 1 (7)
V=2 . u!) [(y 7! . Dj(y))

7=0
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and Cy(z) = u(x)e(z)Ai(x), D;(y) = v(y)g(y)B;(y).
The remainder of the interpolation formula (2.1) can be expressed, by means
of three partial divided differences, under the form
(2.2)  (Runf) (z,y) = u@)e(@)Az)[z,21,..., Tmi1,01,. ..,
a1, (@)P 0 (an, )P £ 9)] +0(@)g(W)BW) [y v1s- - Ynsr,s
Broeees Brgr, (01) ™ (by) P2, f(w,2)] — u(z)e(a) A(z)v(y)g(y) B(y)-
Ty Ty ey Tl Oy -+ 5 Qa1 (a1)PY, ooy (A, )P
. o aft2)].
Yy Yiy .o 7yn+17517 cee 75n+1a (bl) 17 ey (an) n2

The notation (¢)” means that ¢ is repeated r times.

If we suppose that the function f(z,y) has continuous partial derivatives of
the order (M + 1, N 4+ 1), then by applying the laws of the means for divided
differences, we obtain the following expression for this remainder:

(Rar nf) ) =" S 0110 ) o LRITL po.040) g

u(x)e(x)v(y) A(z)B(y) LNa
- (5\/[)+(gi)!g((lg<f)+ 1>)! W) parenie, ),

where £ € (a,a’) and n € (b,0).

3. CONSTRUCTION OF CUBATURE FORMULAS OF HIGH DEGREE OF EXACTNESS

By using the general bivariate interpolation formula (2.1), we can construct a
cubature formula for approximating the value of the double integral

(33) L(f) = / / w(z, ) (, y)dedy

where w(z,y) is a bivariate weight function, while Dy = [a, a’] x [b,b'].

Theorem 3.1. The cubature formula is given by

m+1n+1 m+1n+1
(34)  I(f)= Z Z Aijf(miy5) + Z Z B jf(xi, 85) +
i=1 j=1 i=1 j=1
m+1n+1 ’ m+1n+1 ’
+ Z Z Cijf(oi,y5) + Z Z D; jf(ou, B;) +
i=1 j=1 i=1 j=1
n1 pi—1ln41 m+1 ny ¢—1
A3 3 N B %any) + 00D Fijuf O (wi,b)) +
i=1 v=0 j=1 i=1 j=1 p=0
n1 pi—1ln+41 m+1 ne ¢i—
JrZZZGi,u,jf(V’ (as, Bj) +ZZZHlJ/Lf( bj) +
i=1 v=0 j=1 i=1 j=1 p=0

n1 pi—1 ng q5—

YD ZIW,Lf( v (aiy by),

i=1 v=0 j=1 p=0
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where we have

@) By =L (1M @) ).
1@ @) . Dy = L (1P @)g W) .

iy =T (Lin(@)95" @), Figuu = I (1Y thy),
(1o

GZUJ—IQ lll,lL' (2) ), Z][_L_I2(l y)»
ZV,]M:IQ (ll,l/(x) ( ))

Q2
<
|
fon
I/~ A/~

~

Assuming that w(z,y) = wy(z)ws(y) and that the partial moments

a’ b
%z/mmwm,%z/m@w@
a b

exist, while ¢g > 0,dy > 0, we try to determine the points x;(i = I,m + 1) and
y; (j =T,n+1), so that we have

B;j=Cij=D;j=Giv;=Hij,=0,

for any values of the parameters a1, ..., Qmy1, 515+, Bnt1-

It follows that x; (z =1,m+ 1) and y; (j =1,n+ 1) should be the real and
distinct roots of the orthogonal polynomials of Christoffel-Szego type, defined re-
spectively by the formulas

Pry1(@) Proy2() - .. Prgrp()
Pryi(a1)Pmg2(ar) - Prgiep(ar)
Pvln—i-l(al)PV/n—i-Q(al) s Prln-l—l-i-p(al)

1—1 1 1
PP (a) PPV (ar) . PPTD (a1)

(35)  Unmii(z) = 5 Prii(az2)Pry2(az) . .. Pryiip(az)

—_

Pryi(ar)Prya(ar) ... Pm+1+p(ar>

P&+1(ar)P&+2(ar) e Pr/n+1+p(a7“)
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Qni1(¥)Qni2(y) - Qny114(y)
Qn+1(b1)Qn+2(b1) -+ Qni1+4(b1)
TLJrl(bl)Q’,nJrQ(bl) s Q/n+1+q(b1)

L QB e0QEE V() QL (br)
(3.6)  Vipi(y) = o) | @ne1(02)Quia(b2) - Quyiq(b2)

QWY (0:)Q'% 5P (by) ... QL% (bs)

where p =p1+- - +Pm+1, ¢ = @1+ -+ ¢nr1 and {Pi} is the system of orthogonal
polynomials on (a,a’) corresponding to the weight function wj(z), while {Qg}
is the system of orthogonal polynomials on (b,b"), corresponding to the weight
function ws(y).

If we chose for z1,...,2m,m+1 the roots of the polynomial U,,11(z) and for
Y1, -, Yn+1 the corresponding roots of the polynomial V,,1(y), then we can con-
clude that the cubature formula (3.4) becomes

a’ b m+1n+1
(3.7) //w1 r)ws2(y) f(x,y)drdy = Z ZA,Jf iy Yj)
=1 j=1
n1 pi—ln41 m+1 ny gi—1
+ZZZE1V,]JC(’)Q7 Yj +ZZZFlJ“‘f -Tza )
i=1 v=0 j=1 i=1 j=1 pu=0

ny pi—1l ny 4;—
+ZZZZIZV]/,LJC(VM)G”L ) (f)
i=1 v=0 j=1 p=0

We just proved the following theorem, which is the main result of this paper:

Theorem 3.2. The cubature formula (3.7) has the degree of exactness
(2m+p,2n+q).

Remark 3.1. Because this degree does not depend on the parameters a; and f;,
we can consider the limit case e(x) = u(z), g(y) = v(y) in the remainder (2.2) and

we will obtain the following result:

The remainder of the cubature formula (3.7) has the form

(38) R(f)= / / (Ruf)(@,y) + (Raf)(@,y) — (R f) (2, y)] wn («)wa(y)dady
Q
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where

(R1f)(z, y)qu(x)A(x) [, %1, T1, T2, T2, ooy Tt 1, Tt 1, (@1)PL, ooy (@ny ) P71 f(E, y)]
(RQf)(ZE,y) = U2(y)B(y) [yv ylaylay27y25 .. ~,yn+1,yn+l7 (bl)qlv' c (bnz)qn27f($7z)]

(Rsf)(z,y) = u®(x)0* (y) A(z) B(y)-
LTy X1y, L1y T2, L2y« Tm41, Tm+1, (a’l)pl’ R (a’nl)pnl

- o 3 f(62)
yayhyl?vayQa"'7y’ﬂ+1ayn+1v(b1) ?"'7(b”2) 2

By applying the law of the mean to the integral (3.8) and the theorem of the
mean for the divided differences, we obtain

01D2 (2m+2+p,0)
m f (&, 771)+

C1C;
2m+2+p)!(2n+ 2+ q)!

R() = D o, )

2n+2+9q)

f(2m+2n+4+p+q) (€ 77)

where we have £,& € (a,a’), n,m € (b,d’) and

a’ b’

o = / wn(2)A@@) P2 ()dr, Cy = / ws () B) @y (4)dy,
aa/ y b

D, = wy(z)dx, Ds= [ wa(y)dy.
/ /

In the special case wi(z) =wa(y) =1,a=-1,d =1, b=-1,0=1,py=---=

Pn, =0 and ¢ = --- = ¢, = 0, we obtain the Gauss bivariate cubature formula
for the square Q9 = [—1,1] x [—1, 1], namely
m+1n+1
// fla,y)dady =Y " A f(@i,y;) + Rnn(f),
o i=1 j=1

where we have
. 4
Y (m A1) (4 )P,y () Pl (y5) Pr(2i) Pa(y;)

The remainder of this Gaussian cubature formula has the following expression

- 4m+2 . (m -+ 1)' (2m+2,0)
Bnn(f) = 5,773 [(m+2)...2m+2)° ! €& m)+
4tz (n+1)! (0,2n+2) B
T3 (). nr2P E1,)
gmtn+3 (m+ Dli(n+1)!

— (2m+2,2n+2)
(2m+3)(2n+3) [(m+2)...(2m+2)(n+2)...(2n+2)]3f e,

where by P, is denoted the Legendre orthogonal polynomial of degree r, corre-
sponding to the interval [—1,1].
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4. ILLUSTRATIVE EXAMPLES
1) In the case of the weight functions
wi(x) = (L=2)" (L+a)7, waly) = (1—y)*2 (L +y)™

where g, 01,2,82 > —1, while the polynomials of the fixed nodes are
A(z) =1—22% B(y) =1 —y* and m = n = 0, we obtain the Gaussian nodes

= p1—ay Y = P2 — a2
T ANV eI
1
Forai=as=01=0=—= 5 We get the following cubature formula

//\/%_T;{f(_l’_l)”(_l’1)+f(17—1)+f(171H
+2 [f(_LO) + f(0= _1) + f(l,()) 4+ f(O7 1)] +4f(0’0)} + R(f),

where in the case f € C**(Qy), the remainder is given by the formula

71.2
R(f) =155 {f(‘*’o)(&,m) 10D (61,m) + 15 SOV )] :

2) If we consider the triple integral

f) = ///w(x,y,z)d:cdy dz
Q3

extended on the 3-dimensional cube Q3 = [~1,1]3, and the weight function is
w(z,y,z) = wi(z) = wa(y) = ws(z) = 1, then for m = n = p = 0 we get the
Gaussian cubature formula

1 1 1

where the remainder has the expression

R() = 1§5 [F400 €t )+ FOIE )+ FOODE )] -
— 18225 [f(4,470)(§ n,¢') + f(4’0’4)(§/777,C/) +f(0’0’4)(§'777/7é)] +
+ 9841500f‘4 D(En.0).

The degree of exactness of this cubature formula is (3, 3, 3).
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