CARPATHIAN J. MATH.
20 (2004), No. 2, 235-239

The Second Path Matrix of the Graph and its
Characteristic Polynomial

PETER E. JOHN and MIRCEA V. DIUDEA

ABSTRACT. The second path matrix §G) collects al the second paths in the graph G. Its
characteristic polynomial shows some regularity in several particular graphs, such as paths, cycles,
stars and complete graphs, as well as in bipartite graphs. Formulas for calculating the characteristic
polynomials in these graphs are given. The first eigenvalue of SG) showed an excellent correlating
ability.

1. INTRODUCTION

Let G = (V, E) be a molecular graph with the vertex (atom) set V = V(G) and edge
(bond) set E = E(G). A = A(G) denotes the n x n adjacency matrix of G, which entries are
unity if two vertices (atoms) are adjacent and zero otherwise [1,2]. | = I(G) stands for the

nx n unit matrix. Inthe above, n=V(G)|.

Polynomial description of a molecular graph was used in Quantum Chemistry since
the early Hiickel theory, the roots of the most studied Characteristic Polynomial:

ChA(x, G) = det[x| — A(G)] 1)

being associated to the m-electron energy levels of the molecular orbitals in conjugated
hydrocarbons. Other related topics: Topological Resonance Energy TRE, Topological
Effect on Molecular Orbitals, TEMO, the Aromatic Sextet Theory, AST, the Kekulé
Structure Count, KSC, etc.[1-4] make use of the polynomial description of a molecular
graph.

Let a, = a(G) denote the coefficients of the characteristic polynomial from the
graph G on n vertices:

ChA(x,G) = Zn: a, (G)-x"* )
k=0

Formulas for evaluating coefficients a, make use of either the Sachs graphs,’
contained as subgraphsin G or numeric methods of linear algebra[5,6].
Extension of relation (1) was made by Hosoya [7] and others [8-11] by changing the
adjacency matrix with the distance matrix and next by any square topological matrix.
A valuey iscaled an eigenvalue of G if and only if ChA(y,G) = 0.
A graph G is said to be bipartite if each vertex is colored black or white so that
adjacent vertices have different colours. In this case the vertex set V(G) is the union of
two disjoint sets B = B(G) and W= W(G) of black and white vertices of G, respectively.
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2. SECOND PATH MATRIX

The second path matrix S = S(G) is defined as the difference between the squared
adjacency matrix and the diagonal matrix D = D(G) of vertex degreesin G:

S=S(G)=A?-D -
The characteristic polynomial of Sis:
n
CS(x.G) = deix | - 9)= 3. (@) X" @

k=0

This polynomial is deducible from ChA(X,G) in the case of some simple graphs,
such as:

(1) Path: G=P,
n=2k: ChS(x, Py) = [ChA(x, R) T (5)
n=2k+1: ChS(X, Py.1) = [ChA(x, B,)]- [ChA(X, B.1)] (6)
(2 St G=5,
ChS(x,S,) = X- ChA(X, K 1) ©

(3) Cyclee G=C,
n=2k: ChS(x,Cy)=[ChA(X,C,)] (8)
n=2k+1 ChS(x,Cyy,1) = ChA(X,Cyy 1) (9)

(4) Complete graph: G = K> 2)
Chs(x,K,) =(n-2)" ~Chﬁ{n—X2,Knj (10)

ChS(x,K,) = [x= (n=1)(n-2)]x+ (n-2)]"? (10°)
(5) Complete bipartite graph: G = K,

ChS(x, K p) = WP -b" - ChA((X— b+ W) /b, K,,) - ChA((X — W+ b) / w, K )

— (x—w(b—1)) (x— b(w—1) (x+ W) - (x+ b)*D
(12)

(6) Bipartite graph: G = G(BUW, E)
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For a bipartite graph G with b = |B| black verticesand w=|W| white vertices, b+ w

=n, the b x w matrix C = C(G) represents the adjacency between the black and white
verticesin G. In this case the degree matrix isD = (D, D,,) and

ChS(x,G) = det[x-1, - (C-C" —D,)]-det[x-1, —(C" -C-D,)] (12)

= [ChA(X,G(B))].[ ChA(X.G(W)) ]
where I, and |, denote the b x b and w x w unit matrices, respectively while superscript T
refers to the matrix transpose and G(B) ,G(W) are the two (edge weighted) components
corresponding to matrix S= S(G).

If the bipartite graph G=G* has the property that G(B)) = G(W)), than ChA(x,G(B)) =
ChA(x,G(W)). For such a (symmetric) graph eg. (12) becomes:

ChS(x,G*) ={det[x-1, — (C* - Dp)]}* (129
= [ChAXG(B)I’

3. EXAMPLES

If ChS(x,G) =[ChA(s,(x),G,)]-[ChA(s,(X),G,)] , graph Gy, have ny, vertices(n, +
np=n),andfori=12..,m,j=12.., N, X isan egenvalue of A(G;) then x = si(Xs;) (%
= $(X%y)) and, from this equations, we can calculate the eigenvalue X;; () of S(G).

G G, G, Xqi and Xy,

|8

1 Ps Ps P2 X1 = 2¢08(27r -1/ 4);
X1p =2C08(27 - 2/ 4)
X13 =2€0S(27 - 3/ 4) ;
X1 = 2c0S(27 -1/ 3) and
Xpp =2c08(2r - 2/ 3)

2 G Cs Cs Xyq = 2€08(27 - 1/ 3) ; 41 = X 8
X1 = 2C0S(27 - 2/3) ; X12 = Xo2
Xg3 = 2C0S(27T) ; X13 = Xa3

3 S Ks P, Xu=4,%;=-1fori=234,5 and %, =0 7

If G = Cisthe graph of a cube:

ChS(x,C) = [2*ChA(X/2, T = K4]? = 2[ChA(X/2,T)] ? and for x; = 3=5,(X11) = X1
[2 one obtains X 13 =6 = X,y; fori =2,3,4itresults x; = -1= (X 4;) = Xy;/2and X4 =-2=X
2i-
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4. CORRELATING PROPERTIES

The half sum of entriesin S matrix equals the Gordon-Scantlebury [13] N, index.
Platt [14,15] has introduced the total adjacency of edgesin a graph, as the F index:

FzZZjl[EA]ij :ZZJ-:[S]” =2Z[V2'J (13)

In eq. (13) [EA]; denotes the elements of edge-adjacency matrix. The F index is
twice the Bertz B, index [16], defined as the number of edges in the line graph [17] Ly(G)
of G and calculated by a combinatorial formula from the vertex valency v; [18]. Note that
EA matrix refersto the vertex connectivity in L,(G).

Despite the summation of all entriesin EA and S, respectively, gives the same value
[19], (no counter example, so far), the two matrices represent different mathematical
objects, leading to different quantities by matrix manipulation. Applications of the above
presented topological indices were presented elsewhere [18].

In a recent study, our group [20] found a good correlation of the logP in a set of
polychlorinated biphenyls (PCBs) with an averaged mass descriptor AMD (i.e., the mean
atomic mass of the vertices at positions 2, 3, and 4 in PCBs, the halogen atom substituent
included) and the first eigenvalue EV of S, EV_S.

logP =-1.790+0.654- AMD +1.741-EV _S (14)

n=14; r = 0.9908; s = 0.185; CV% = 2.99; F = 296.62
LOO: g =0.984; Random: r = 0.583

A random mixing of the modeled property shows a significant drop in the correlation
coefficient value, proving that no chance correlation occurred. The explicit variance is
higher than 0.98. Prediction ability of the model (eq 14), as given by “leave-one-out”
LOO procedure, is very good (q = 0.984). In all, thisis an excellent result, even the set of
molecules is rather small (see also the result of multivariate regression, reported by the
Abraham’s group®).

5. CONCLUSIONS

The novel matrix S, herein proposed, together with its characteristic polynomial,
appear as interesting tools in describing the (molecular) graphs. For some particular
classes of graphs analytical relations were derived from ChA(x,G) . The first eigenval ue of

S(G) showed excellent correlating ability vs. logP on a set of polychlorinated biphenyls.
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2002.



[1]
[2]
[3]
[4]

(3]
(6]

(8]

[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

Peter E. John and Mircea V. Diudea 239
REFERENCES

Diudea, M.V., Gutman, |., and Jintschi, L., Molecular Topology. Nova Science,
New Y ork, 2002.

Tringjsti¢, N., Chemical Graph Theory, 2nd Ed. CRC Press, 1992.

Aihara, J., J. Amer. Chem. Soc. 98 (1976), 2750-2758.

Gutman, ., Milun, M. and Tringjsti¢, N., J. Amer. Chem. Soc. 99 (1977), 1692-
1704.

Dwyes, P. S., Linear Computations, Wiley, N. Y., 1951.

Fadeev, D. K. and Sominskii, I. S., Problems in Higher Algebra, Freeman, San
Francisco, 1965.

Hosoya, H., Murakami, M. and Gotoh, M., Natl. Sci. Rept. Ochanomizu Univ. 24
(1973), 27-34.

Graham, R. L., Grotschel, M. and Lovasz, L., Handbook of Combinatorics,
Elsevier, 1995.

Diudea, M. V., lvanciuc, O., Nikali¢, S. and Trinajsti¢, N., MATCH - Commun.
Math. Comput. Chem., 35 (1997), 41-64.

Ivanciuc, O., Diudea, M. V. and Khadikar, P. V., Indian J. Chem. 37A (1998), 574-
585.

Ivanciuc, O., lvanciuc, T. and Diudea, M. V., Roum. Chem. Quart. Rev. 7 (1999),
41-67.

Tysklind, M., Lundgren, K., Rappe, C., Eriksson, L., Jonsson, A., and Sjostrom,
M., Environ Toxicol Chem, 12 (1993), 659-672.

Gordon, M., Scantlebury, G. R., Trans. Faraday Soc., 60 (1964), 604-621.

Platt, J. R., J. Chem. Phys., 15 (1947), 419-420.

Platt, J. R., J. Phys. Chem., 56 (1952), 328-336.

Bertz, S. H., Discr. Appl. Math., 19 (1988), 65-83.

Harary, F., Graph Theory, Addison-Wesley, Reading, MA, (1969).

Randi¢, M., Design of molecules with desired properties, in Concepts and
Applications of Molecular Smilarity (M. A. Johnson and G. M. Maggiora, Eds),
Willey and Sons, (1990), pp. 77-145.

Diudea, M. V. and Khadikar, P. V., Molecular Topology and Its Applications,
Galgotia, New Delhi, India, (2004) (in press).

Caprioara, M., Nagy, Cs. L. and Diudea, M. V. Studia Univ. “Babes-Bolyai” 48
(2003), 27-36.

Platts, J. A., Abraham, M. H., Buting, D. and Hersey, A., J. Chem. Inf. Comput.
Sci. 40 (2000), 71-80.

Technical University llmenau,

Ingtitute Of Mathematics,

Psf 100565, D-98684 Ilmenau, Germany
E-mail: peter.john@mathematik. TU-ilmenau.de

Babes-Bolyai University,
Faculty Of Chemistry And Chemical Engineering
Babes-Bolyai University, 3400 Cluj, Romania


mailto:peter.john@mathematik.TU-ilmenau.de

