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Integral operators on certain classes of analytic
functions with negative coefficients

V. C. HoLHOS and GRIGORE S. SALAGEAN

ABSTRACT. In this paper integral properties of some analytic functions with negative coefficients
from certain classes of functions defined using a differential operator are studied. The obtained results
are sharp and they are improvement of some known results.

1. INTRODUCTION

Let N={0,1,---,n,---}, Nog = N\ {0, 1} and let V' be the class of functions
of the form

(1.1) f(z):z—Zakzk, ar >0, k€ Ngy,
k=2

that are analytic in the open unitdisc U = {z : |z| < 1}.

Definition 1.1. [3] We define the operator D™ : N' — N, n € N, by

a) D°f(z)=f(2);b) D' f(2)=Df(z)=2f'(2);¢) D" f(2)=D(D" "' f(2)), 2 € U.

Definition 1.2. [1] Leta € [0,1),3€ (0,1],1< A< B<1,B>0,B/(B— A) <

v < B/la(B—A)]whena #0,B/(B—A) <y<1lwhena=0,n€eN, A>0.

We say that a function f € AV isin the class T;, » (A, B, a, 3,) if and only if
ZG;,A(Z) _

(1.2) Gus) | <B, zeU
} ZG;L')\(Z) ZG;L')\(Z) ’
(B — Ay [ Gon ) 0‘} -B [ Gon ) 1}

where
(1.3)  Gua(z) =1 =ND"f(2) +AD" M f(2), feN.

Remark 1.1. Theclass Ty 0(—1,1,0,1,1/2) reduces to the class of functions f € N/
that satisfy |zf/(2)/f(z) — 1| < 1, z € U, namely these functions are starlike (see
[4]). In [1] it is proved that T, (A, B, «, 3,7) C Tp,0(—1,1,0,1,1/2), namely all
functions in T,, »(4, B, a, §,) are starlike (o € [0,1), 5 € (0,1], -1 <A< B <
1, B>0, B/(B—A) << BJ/[a(B - A)]whena #0, B/(B-A)<y<1
whena =0, n € N, A > 0).

Remark 1.2. Theclass T, (A, B,«,3,v) when 0 <~y < B/(B — A) is studied in
[1] and [2].
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In order to prove our main results we need the next characterization theorem
of the class T;(n,m, A, a) ([1]).
Theorem 1.1. Leta € [0,1), B € (0,1], n€N, X >0, -1<A<B<1, B>0,
B/(B—-A) <~y < B/[la(B—A)]whena # 0, B/(B—A) <~ < 1lwhena =0.
Then a function f € A of the form (1.1) is in the class T}, x(A, B, «, 8,~) if and only if

oo

£ (L4 Ak~ ][k~ 1) — BB(k — 1) + B(B — A)(k — o)
s 2 (B A~ a)

ap < 1.
k=2
The result is sharp.

The extremal functions are
(1.5) fk;a,ﬁ,’y(z) =
L Bv(B - A)(1 - a)
k" 14X (k—=1)] [k—1—BB (k—1)+6v (B—A) (k—a)]

Forc e (—1,00) let I. : NV — N be the integral operator defined by g = I..(f),
where f € N and

Zk, k € Ns.

c+1 [* .
g(z) = e / tLf(t) dt.
0
We note that if f € A is a function of the form (1.1), then

L c+1 k
(1.6) gz)=1I1.(f)(2) =2z — Z L el.
k=j+1
By using Theorem 1.1 in [1] it is proved that I.(T,x(A,B,a,8,7)) C
T (A4, B,a, ,7). In this paper the mentioned result is improved.

2. INTEGRAL PROPERTIES OF THE CLASS T, z(4, B, a, 3,7) CONCERNING THE
PARAMETER «

Theorem 2.2. Leta € [0,1), B € (0,1], n€N, x>0, -1<A<B<1, B>0,
B/(B-A) <~y < B/la(B—A)]whena #0, B/(B—A) <~y <1whena =0and let
c€ (—1,00). If f € T, A(A, B,a,3,7) and g = I.(f), then g € T}, A(A, B,a*, 3,7),
where

(c+1)(1 —a)[l = BB+ By(B — A)]
(ct D[1- BB+ 6B - A +1- BB+ (B A2 a)
and o < a* < 1. The result is sharp.
Proof. From Theorem 1.1 and from (1.6) we have g € T, x(A, B,a*, 3,~) if and
only if

oo

Z E"[1+A(k—1)][k—1+ By(B—A)(k—a*)—pBB(k—1)| c+1 Yl
P Bv(B = A)(1 - a¥) etk =
We find the largest o* such that (2.2) holds. We note that the inequalities
ct1k—1+py(B-A)(k—a’) - BBKk-1) _

c+k 1—a* -

_ = DA=BB) (B A=)

1) a*=1-

(2.2)

(2.3)

11—«
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imply (2.2), because f € T,, A(4, B, o, 8,7) and it satisfies (1.4). But the inequali-
ties (2.3) are equivalent to

24)  [(c+k)pk) = (c+ 1)1 —a)fy(B - A)a” <
< (c+ k)plk) — (c+1)(1 — a)[(k — 1)(1 - BB) + B1(B — A)k], k € Ny,

where

25  ¢(x)=(r-1)(1—-BB)+ y(B - A)(z — ), =€ [2,00).

We note that

(26) p(x)>x—1+8B(1—a) and ¢'(z) =1+8[y(B—A)—B]>1, z € [2,00),

because B/(B — A) < ~.

Since B/(B — A) <+ we have

(c+k)pk) —(c+ 11— a)fy(B - A) >
>(c+k)k-14+6B1l—-a)—(c+1)(1—-a)pB =
=(k—1Dlc+k+8BA—-0a)]>(k—-1(c+k), keN,.

Hence

27 (c+k)pk)—(c+1)(1—a)fy(B—A) >0, ke Na.

From (2.4) and (2.7) we obtain that

ctk)o(k)—(c+1)A—a)(k—1)[1-FB+p(B—A)|

(c+k)p(k)—(c+ 1)1 —a)fy(B - A) ’
We show that E(k) > E(2), k € Na. Let
(ct+z)p(x) - (c+ 1A - a)fy(B - A)

a*SE(kz):( k € Nj.

@8) Fo) = Ca - ai - 5B+ BB - Al 1)~ B
We have
_ ct+zx By(B = A)(1 - a)
@9) F@) = o a—a) T er DA ol = 5B+ 51(B — A
and since 1
Fe) = ra—a 1

we deduce that F' is an increasing function in [2,00). But E(k) = 1 — 1/F(k), so
E(k) > E(2), k € No. Thus o = E(2) is given by (2.1) and it satisfies (2.4), (2.3)
and (2.2). Consequently, g € T), A(4, B, o*, 3,7).
From (2.9) we have F'(2) > 0 and since o* = 1—1/F(2) we deduce that o* < 1.
We also have

(1—o)[l = BB+ By(B - A)(1 — )]
(c+1)[1—=pBB+py(B—-A)|+1-pB+py(B-A4)(2-a)
The result is sharp because
(2.11) Ic(fQ;aﬁ,v) - f2;a*ﬁm/a
where the function

> 0.

(210) a"—a =

_ ., B(B-Ad-a) ,
foi0,84(2) = 2 — 271+ Np(2) 2%, zeU,
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is an extremal function of T,, (A, B, «, 8,) (see (1.5)) and the function

. Bry(B - A)(1 —a”) 22, z
fg;mﬂﬁ(z) =z 2"(1 T )\)[1 — 63 +67(B _ A)(2 _ a*)] ’ S Ua

is an extremal function of T, »(4, B, a*, 3,7) .
Indeed,
(c+1)py(B-A)(1—a) ,

(2.12) Ic(fQ;a,B,’y)(Z) =z - 12271+ Ne2) 2%, zeU,

and we have to prove that

1—a* e+ 1)1 —a)
C) T mEB-Ae-a) | T 2p0®
where p(2) =1 — 8B + v(B — A)(2 — «). By simple computations we obtain
(c+ 1)1 —)[1 — BB+ py(B — A4)]
(c+2)¢(2) — (c+ 1)(1 - a)By(B - A)’
(c+2)p(2)+ (c+1)(1 —a)(1 = BB)
(c+2)¢(2) — (c+ 1)(1 —a)By(B - A)’

1—-a* =

2—a* =

1 - BB+ pBy(B—A)(2—a*) =
_ (c+2)p(2)(1 = BB) + (¢ +2)¢(2) + f7(B — 4)
(c+2)p(2) = (c+1)(1 —a)By(B - A4)

_ (c+2)p@)[1- BB+ By(B — A)]
(c+20(2) — (c+ )1 -~ a)5r(B - 4)

and now (2.13) follows obviously. O

3. INTEGRAL PROPERTIES CONCERNING THE PARAMETER ﬂ
Theorem 3.3. Leta € [0,1), 8 € (0,1],n e NNA>0,-1<A<B<1, B >0,
B/(B—A) <~ < B/[a(B—A)]whena # 0, B/(B—A) <~ < 1when o = 0and let
c€ (—1,00). If f € T, x(A, B,a,3,7) and g = I.(f), then g € T}, A(A, B, o, 5*,7),
where

(c+1)8
c+2+py(B—-A)(2—-a) - BB

and 0 < 5* < 3. The result is sharp.

(3.14) §* =

Proof. From Theorem 1.1 and from (1.6) we have g € T, (A, B, a, 5*, ) if and
only if

k14 A E-D][(k—=1)(1-8*B)+8*y(B—A)(k—a)] c+1
(3.15) >, FA(B-A)(1-a) oxk st

k=2
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We find the smallest 5* such that (3.15) holds. We note that the inequalities
c+1(k-=1)(1-p*B)+ 0*y(B - A)(k — a) <
c+k G* -
_ (k= 1)(1 = 8B) + #(B — A)(k—a)
— /8 )
imply (3.15), because f € T\, (4, B, a, 8,7) and it satisfies (1.4).

But (3.16) can be rewritten (for all &k € N») as

(317) (c+1)B(k—1) < (k= [(c+ k)By(B — A)(k — ) — BB(k — 1)] 3,
or, equivalently,

(3.16)

k € Ny

gz Gk = c+k+pBy(B-Ak—-a)—pBk-1)

Since c+k+03v(B—A)(k—a)—BB(k—1)=[1408~(B—A)—Blk+c—aBvy(B—A)+ 3B
and 1+ 8v(B— A) — B > 1, we deduce that G(k) is a decreasing function of &
and G(2) > G(k), k € No. Thus 8* = G(2) is given by (3.14) and it satisfies (3.16)
and (3.15). Consequently g € T), A (A, B, o, 5%, 7).

The relation 8* < g is equivalentto 1 + 3v(B — A)(2 — o) — 3B > 0 and this is
true when v > B/(B — A) (see (2.10)).

The result is sharp because

(3.18) IC(fQ;aﬁﬁ) - f2;a,ﬁ*ﬁ'

Indeed,
_ BB - A1 —a) 2
Jrap o) =2 - i phB-Ae—a -8B -V
and we have to prove that (see (3.18) and (2.12))
p _ _(e+1)p
143 [y(B—A)2—-a)=B] (c+2)p2)
By simple computation we obtain
1+ (B-A)2—-a)-B] =

_ c+24By(B-A)(2—a)—BB+(c+1)By(B—A)(2—a)—(c+1)3B
B c+2+py(B—-A)(2-a)-pB

k € Ns.

(3.19)

_ (e[ +BY(B-A)(2—0)-BB _ (c+2)¢(2)
c+2+6y(B-A4)(2-a)-6B c+2+pBy(B-A)(2—a)—-3B
and now (3.19) follows obviously. O

4. INTEGRAL PROPERTIES CONCERNING THE PARAMETER
Theorem 4.4. Leta € [0,1), 8 € (0,1],n e NN A>0,-1< A< B<1,B >0,
B/(B-A) <~y < B/la(B—A)whena #0, B/(B—A) <~y <1whena =0and let
ce (71,00)' Iff € Tn’,\(A,B,Ct,ﬂ,’}/) andg = Ic(f)v theng € Tn’,\(A,B,Ct,ﬂ,’}/*),

(¢ +1)(1 - 8B)y B }
(c+2)(1=pB)+py(B-A)(2-a) B-AJ’

(4.20) ~* = max{
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and 0 < ~v* < ~. The result is sharp.

Proof. From Theorem 1.1 and from (1.6) we have g € T, x(A, B, «, 5*,7) if and
only if

kML ME—1)][(k—1)(1—8B)+py*(B—-A)(k—a)c+1
4.21 <1.
e ; By (B~ A)(1 - a) etk =
We find the smallest +* such that (4.21) holds. We note that the inequalities
c+1(k—1)1—-pB)+8(B—A)(k—a)y*
c+k y* -
_ (k=1)(1—B8B) + BB~ A)(k—a)y
B Y
imply (4.21), because f € T,, A (A, B, o, 8,) and it satisfies (1.4). But the inequal-
ities (4.22) can be rewritten (for all £ € N5) as
(c+1)(1—BB)y
(c+k)(1—BB)+py(B - A)(k —a)’
We have (c+ k)(1 — 3B) + 8v(B — A)(k — a) = [1 — BB + By(B — A)]k + ¢(1 —
BB) — a, By(B — A) and since 1 — 3B + v(B — A) > 1 we obtain that
maX{H(A) B’ Oé, /67/77 C; k)? k G N2} = H(A7 B? O[, ﬂ? 77 C; 2)'

The inequalities (4.22) hold for each ~* belonging to the interval
[H(A, B,«, 3,7,c¢;2);7]. Itis easy to see that H(A, B,a, 8,7,¢;2) < ). For ap-
propriate values of parameters, H(A, B, «, 3,7, ¢;2) can be less or greater then
B/(B — a). We obtain that the inequalities (4.22) hold for v* = max{B/(B —

a); H(A, B,«a, 8,7, ¢;2)}. In order to prove that the result is sharp we show that,
forv* = H(A, B,a, 3,7,¢;2)

(4.23) Ic(f%@,ﬁrv) = f2;a7ﬁ7’y*-

We have

- By (B - A)(1-a) 2
@20 s B =2 i i ar (B-De-a =B~V
By a simple computation we obtain

(4.25) < — BB+ By (B-A)2-a) (ct+2)p(2)

Combining (4.24), (2.12) and (4.25) we obtain (4.23). a

(4.22)

) kENQ;

Y > H(A B,o,3,7,¢k) = k € No.
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