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About a class of linear and positive operators

OviIDIU T. PopP

ABSTRACT. In this article we shall give a general property to a class of linear and positive opera-
tors and then, through particular cases we shall obtain statements verified by the Bernstein, Schurer
and Stancu operators.

1. INTRODUCTION

Let m be a non zero natural number and B,, : C([0,1]) — C([0,1)] the Bern-
stein operators, defined for any function f € C([0,1]) by

m

k
M)  Buf)@) = pusle)f (a) ,
k=0
where p,,, 1 (z) are the fundamental polynomials of Bernstein, defined as follows

02 purto) =} )at-0
forany z € [0,1]and any k € {0,1,...,m}.

In 1932, E. Voronovskaja proved the result contained in the following theorem.
Theorem 1.1. ([10]). Let f € C([0,1]) be a two times derivable function at the point
x € [0,1]. Then the equality
(13) 7r}i—r>noo m [(Bmf)(m) - f(x)] =
holds.

For the positive integers m and p, m non zero, F. Schurer (see [6] or [7]) intro-
duced and studied, in 1962, the operators B, , : C([0,1+p]) — C([0, 1]), defined
for any function f € C([0,1 + p]) by

Q) (Bus) @)= 3 Fnalo)f (%)
k=0

where p,, ,(z) denotes the fundamental Bernstein-Schurer polynomials, defined
as follows

x(l—x)

= @)

~ m + tp—
(15) pm,k(m) = ( k p) xk(l - m)m-ﬂ) b= pm+p,k(m)

forany z € [0,1]and any k € {0,1,...,m + p}.
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In 2002, D. Barbosu proved the result contained in the following theorem.

Theorem 1.2. ([2]). Let f € C([0, 1+ p]) be a two times derivable function in the point

x € [0,1+ p|. Then the equality

x(l—x)
2

16)  lim (m+p) | (Buyf) (@)= f@)] =p /@) + 1)
holds, where p € N.

For 0 < a < 3 and m a non zero natural number, let P{*7) . c([o,1)) —
([0, 1]) defined for any function f € C([0,1]) by

a, B Ui k+«
@n (P01 @ =X rma(n)] (=25)

forany z € [0, 1].

The operators P® m a non zero natural number, are named Bernstein-
Stancu operators, introduced and studied in 1969 by D.D. Stancu (see [9]).

In [9] is given the result contained in the following theorem.

Theorem 1.3. Let f € C(]0,1]) be a two times differentiable function at the point
x € [0,1]. Then the equality

8 1im (m+0) [(POf) (@)~ f (0)] = (o= Bo) [/ (2) +
holds.

Let m and i be positive integers, m # 0, and T,, ;(z) be the polynomials

m

(L9)  Tmi(x) = (k—ma)' pm (@),
k=0
for any « € [0, 1] (see [7]), and T, ; the polynomials

m—+p

(110) Tpni(z) = Y [k — (m+p)al’ pmi(@) = Tomiypi(@)
k=0
forany z € [0, 1], where p € N (see [7] and [3]).
In [4] are given the results contained in the following theorems.

Theorem 1.4. Let f : [0,1] — R be a s times differentiable function at the point = €
[0,1], s € N, seven. Then

. 1
(L11)  lim m? | (Buf)(@) =Y —
i=0 ’

Tri(x) fO ()| = 0.
Theorem 1.5. If7 € N, then

@12)  tim L@ - (b,

m—00 m[i]
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for any = € [0, 1], where

0, if iisevenor i =1
(113) a; = ( 1)”[ ] (2]17* . Odd >3
- 77 1 7
Pt (2k—2)"
and
1, if i=0
0, if i=1
(114) b, = (=D if i iseven, i>2
1 ] (2k — 1)!
5 Z% ol ,ifiisodd,iz?).

Theorem 1.6. Let f : [0,1] — R be a s times derivable function in the point = € [0, 1],
s € N, seven.
If s =0, then

(L18) lim (Buf)(@) = f(2),

and if s > 2, then

s—1
(116) hm m% 'mf Z m Z' rnz f(l)( )
=0
= G gt ),

2. PRELIMINARIES

Leta,b,a’,b" be real numbers, I C Rinterval,a < b,a’ <V, [a,b] C I, [d',V] C
I and [a,b] N [d/,b] # ¢. For m non zero natural number, consider a system of
nodes (z,, k)7, in the interval [a, b], so that
a4=2Tmo < Tm1<: - <Tmm =D,
and the functions p;, , : I — R with the property that p;, ,(z) > 0, for any
x € la’,b]and forany k € {0,1,...,m}.
For m non zero natural number and i € [0, co) define

217) T .(x)=m Z Tk — ) Py (),
k=0

forany « € I.
Also define the operators L7, m non zero natural number, by
L}, : B(la,b]) — F(I)

m

(218) L;kn me E\L mm,k)
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forany z € I and any f € E([a,b]), where E([a,b]), F(I) are the subsets of the set
of real functions defined on the interval [a, b], respectively the interval I.

In the following, let s be a fixed natural number, s even and we suppose that
the operators (L}, )m>1 Vverify the conditions: there exists the smallest «; € [0, 00)
so that

lim : =

m—oo Mm%

(2.19)

forany z € [@/,b'],i € {s,s+ 2} and
(2.20) as2 < as+2.

Proposition 2.1. For m non zero natural number, the L*
tive.

operators are linear and posi-

m

Proof. The proof follows immediately. O

3. MAIN RESULTS

Theorem 3.7. Let v € R that verifies the inequality v < s + 2 — as42 (Where a;42 has
been defined in (2.1) — (2.4)).
If§ >0and z € [a’,b] then

(3.21) lim m” E (@mk — ) P k(@) = 0.
m—00 ’
[T, —x]|>6
Proof. We have

1
S Gk T @ S5 Y @k — ) (@) <

|Zm, k—|>0 |Zm, k—2|>0

* 1 *
~ 52 Z Tm,k — .17 é+2p7n k( ) W T77L7S+2(m)’

m

SO

(3.22) m” Z (Tmk = 2) P () < P — T, sqa(T)-

|, e —x| >0

1 * 1 T’:L 5+2( )
But pEm—— T sy2(®) = SETi o o and because v < s +
2 — aspo, Wegets—+2—vy—agpo > 0. Taking (2 3) into account, which means

hm T;;LA,erQ (.17)

m—oo  Mm%s+2

= Bst2(z) € R, it results that

*
lim 1 Tm,s-{-Q (Z) _
m— 00 52ms+2777a5+2 mas+2 -

Considering the limit computed above, the fact that s is even and (3.2), we obtain
(3.1). O
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Theorem 3.8. Let f : [a,b] — R, be a s times differentiable function at the point
x € [a,b] N [a’, b']. If there exists M € (0, co) so that

(323) > phslx) <M,

k=0
for any non zero natural number m, then

S

(324) lim m* = |(Ly,f) (x) =

m ;
=0

1

mzz'

(@) [ (z)| = 0.

Proof. According to Taylor’s theorem for the function f around z, we have

S

025 10)=3 = 0@ + (-0t -

=0
where p is a bounded function and tlim u(t —x)=0,0r
(3.26) Ve>0,30.>0,Vhe(a—bb—a), |h|] <., wehave |u(h) <e.

If we replace ¢ with x,,, ; in (3.5), multiply by p; () and sum after k, when
k €{0,1,...,m}, we obtain

L) = 33 T )0 +
k=0 t=0
+ Z(mm,k - x)spfn,k(fﬂ)/ﬁ(%n,k - m) =
k=0
= 3 | — ) pae)| 7O +
1=0 k=0
+ Z(Imk - x)sp:n,k(x)u(xm,k - Z) )
k=0
or
Lin) ) = 3 o T )£ (@) = 3 s — ) B )i — )
1=0 k=0
and thus
G201 m* o (L) (@) = Y- = T (@) O @) | = (R f) (@)

where

(328) ( mf Z Tm,k — pm k( )M(xm,k - 33)
k=0
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Consider ¢, from (3.6), I, = {0,1,...,m}, I;,1{k € I, : |z r — x| < -} and
Imo={ke€ I, :|zmr—x| >} Then

m

(R f)(@)] < m*=% Y (@mk = 2)* Dl (@) [l e — )] =

k=0

= w0 Y @k — 2) P (@) [ — )] +
k€ln 1

om0 Y (@ — 1) P (@) (@ g — )|
k€l 2

taking (3.6) into account, and considering the fact that p is bounded,
sup  |u(t)] = n, we have

te(a—b,b—a)
(329) |(Ruf)(@)] Sm* e Y (Zmk —)*Phy k(@) +
k€lm 1
+ms~ aS/J Z Tm,k — pmk( )
k€lm 2

But (zy 1 — 2)° < (b—a)® and so

(330) Z (Zmﬁk ) pm k( Z pm k § b - a’ me E\T

k€l 1 k€l 1 k=0
Taking (3.3) and (3.10) into account, we have that
(3.31) m® e Z (T — ) Py () <M "% e(b—a)* M.

k€lm 1

Considering (2.4) we have that s — as < s+ 2 — a2 and then from Theorem 3.1
we obtain lim m*~%* > (@ — 2)°p), x(z) = 0, thus for e from (3.6), there

m— 00 k€l o
m,

exists m(e) € N,Vm € N, m > m(¢), so that
(3.32) m* % Z Tk — 2) P k() < €.
k€Im, 2
1

Choose ¢ = b —a)y M 1 1] and there exists m(¢) € N, forany m € N,

m > m(e), from (3.9) - (3.12) it results that |(R,,, f)(x)] < % and so
(333) lim (Rpf)(z) =0
From (3.7) and (3.13), (3.4) follows. O

Remark 3.1. The number M in (3.3) depends on the fixed number z in Theorem
3.2.
Corollary 3.1. Under the assumptions of Theorem 3.2, if s £ 0, then

s—1

(334) 11—1>noo m” (L:n ) ( )_ Z

m 4
=0

1

mzz'

510 @)| = 7O @) Bu().
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Proof. From Theorem 3.2 we get

s—1
. S—aQg * ]‘
i=0 ’
Ths(2)

m—oo  Ms

Ty () f 0 ()| =

=~ @) 1

By (2.3), the conclusion follows. O

k

Application3.1. Ifa=a"=0,b=0b =1, 2 = —, k € {0,1,...,m}, m € N*
m

and p;,, . (z) = pmk(x), forany z € [0,1], k € {0,1,...,m}, m € N*, then L},

i By(z) =

is the B,, Bernstein operator, m € N*. In this case (see[4]), as = 5

[z(1 —z)]3 (s — 1)!! and (1.10), (1.14), (1.15) takes place.
Application3.2. Ifa=0,b=1+p,p e N,a’ =0,b =1, the role of m is played

bym+pr Tm+p,k = E,k‘ S {0,1,,m+p} andperp’k(x) = ( L )$k(1—
= D k() = Pmpk(x), k € {0,1,...,m+p}, forany = € [0,1+p]. Then

the operator L}, is the operator B,, ,, the Bernstein-Schurer operator.

x)erpfk

Theorem 3.9. Let f : [0,1 + p] — R be a s times differentiable function at a point
€ [0,1].
If s =0, then

(335) lim By ,(z) = f(x),

if s € N, then
(3.36) gg&mn+pﬁ (Busf) (2)-
_ZZ (m + p)ti! (m;:p) (Z)(px)i T () f D (@ )] 0
1=0 =0

and if s > 2, then

»

(3.37) lim (m+p)?

(Frst) 0

~<m>“fmﬁz<x>f<i><w>] -

T

(=) —

3

+

’6

i

A~
3

3|+
=

~

D

~_
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Proof. We have

4m+p k i
Tipal) = () Y (=) Fnale) =
k=

(=)

m—+p Qdary )
- ( m ) Z (k —max)' Pm+p,k(‘fc) =
k=0
m+p\ e .
= ( ) (k= (m+p)x+px] .., . () =
m k=0
_ m-+p i m pzi: 7 [k—(m+ )I]l(m)i_l (x)_
B m l b p Pm+p,k =
k=0 1=0
m+p\ < (i e l
- ( m ) 2 (z (p2)'™" > [k = (m +P)a] Py (@),
1=0 k=0
and so
, m+p\ <= (i . ,
(338) Tm+p [ ( - p) (l) (p],') le-ﬁ-p,l(m)) 1€ {O7 1, ey S}.
=

In this theorem o, = g If s = 0, because T}, p0(z) = 1 and according to (3.18)

and (3.4), (3.15) is obtained.
By (1.9), (3.4) and (3.18), (3.16) follows.
If s > 2, then using (3.18) we have that

T* S
Bu(e) = tim 2wl _ g <—m+p> :

m— oo (m —+ p)% m— o0

. lz (‘ZS) (pa:)s_l Trntp(2) 1 =r + Tmﬂw(?

1=0 (m+p)[é] (m+p)2 3 (m+p)2

l
Because s is even, g > [4 ,forany { € {0,1,...,s — 1} and considering (1.11),

we get
(3.39) B(z) = [z(1 —xz)]2(s — 1)!I.
By (1.9), (3.14) and (3.19), (3.17) easily follows. O

Remark 3.2. Remind that T}, o(z) = 1 and T}, 1(z) = 0, for any = € [0,1], for
any m € N. From (3.18), we have that T,, o(z) = Tytpo(z) = 1and T, 1(z) =
Tintpa(z) = 0. For s = 2, (3.17) becomes

Jim (m+p)[ (Bupf ) (@) = Tono(a) -

o a0 (@)] = 21— )" (2),
and thus (1.6) follows.

mEp pﬂffm,o(ﬂf)f/(fﬂ)*
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s k+
Application33. Ifa =a' =0,b=b =1,z = T(;' ke {0,1,...,m}and
m
Pri(®) = pmi(x), forany z € [0,1], for any k € {0,1,...,m}, then L;, is the

Bernstein-Stancu P,(,f"’@ ) operator.

Theorem 3.10. Let f : [0,1] — R be a s times differentiable function, at a point = €
(0,1),0 < a < 6.

If s =0, then
(340) lm (PO (@) = f(),

m—0o0

if s € N, then

(3.41) lim m?

m— 00

(Ple®r) (@)-

oyl (m%ﬁ) (1) (@ = o)~ Tona(af© <x>] =0

1=0 =0
and if s > 2, then

s—1 i iy
(342) lim m#| (Pie0f) <w>fZZmZ! (#w) @

=0 [=0

(= Ba) ™ Ty () fO (w)] Gt Ly EFOTe

s!

Proof. We have

_ <mL+ﬁ>-l§[kz+a (m + B)2] pon k()
_ <%>Z§[(kmx)+(a5$)] P i) =
- <%>Z§§ <§> (k — ma) (a — Bx)" 'pmp(z) =
~ <%>; () (a — o)™ ﬁjj(k — ) ik (2),
from which L
(343) Tr,(z) = (m”j 5)12 (;) (o — Bx) T i(2), i € {0,1,..., s}

For this theorem o, = g If s = 0, because T, 0(x) = 1, by considering (3.23),
(3.4), (3.20) is obtained.
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Taking (3.4) and (3.23) into account, (3.21) follows. If s > 2 then using (3.23),

we have
By(xz) = lim m,i@) =
m— oo m?2
s[s—1
= lim (—m ) > <S> (a—ﬁx)S*le’lEx) 91 l +Tm*1(x)

m—oo \m+ 3/ |\l mlsl ms-[E] m2
Because siseven, £ > [1],foranyl € {0,1,...,s— 1} and using (1.11) we obtain
(344) B(z) = [z(1 —x)]? (s — 1)L,
From (3.14) and (3.24), (3.22) follows. O

Remark 3.3. For s = 2 in Theorem 3.4, we obtain Theorem 1.3.
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