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Positive solutions of functional differential equations

SORIN BUDISAN

ABSTRACT. We study the existence of positive solutions of the equation
u’ (t)+a(t) f(u(g()=0,0<t<1

with linear boundary conditions.We show the existence of at least one positive solution if f is either
superlinear or sublinear by an application of a fixed point theorem in cones.

1. INTRODUCTION

In this paper we shall consider the second-order boundary value problem with
modified argument

#0400 (u(g(0) =0, 0<t <1
SRR IO I
u(t) =k, —0<t< 0

Hereg:[0,1] — [-0,1], 8 >0,and g (t) < ¢t forall ¢t € [0,1].

The following conditions will be assumed throughout:

(Al) f eC ([07 OO) ) [07 OO)) and g e C ([Ov 1] ) [767 1]) 5

(A.2) a € C(]0,1],[0,00)) and a (t) is not identically zero on any proper subin-
terval of [0, 1];

(A3) a,8,v,0 >0and p:=~v8+av+ad > 0.

The purpose here is to give an existence result for positive solutions to (1.1), as-
suming that f is either superlinear or sublinear. We seek solutions of (1.1) which
are positive in the sense that « (t) > 0 for 0 < ¢ < 1. We introduce the notations

fo:= limM7 foo i= 1mM.
u—0 U u—oo U
The situation f, = 0 and f,, = oo corresponds to the superlinear case, and
fo = oo and f., = 0 to the sublinear one.

The proof of our main result, Theorem 2.1, is based on the following fixed point

theorem, due to Krasnoselskii [3].

Theorem 1.1. (Krasnoselskii [3]) Let £ be a Banach space, and let X' C E be a cone in
E. Assume 1, Q5 are open subsets of £ with0 € 1, Q1 C Q5, and let

AZKﬂ(ﬁQ—Ql)HK
be a completely continuous operator such that either:
@) |Au|| < JJull, v € K NoQy and ||Aul| > [Jul|, v € K NOQ; or
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14 Sorin Budisan
(id) | Aull > Jull, u € K N9y and [|Aull < [Ju]l,u € K Ny,

Then A has a fixed pointin K N (Q — Q1).
2. THE MAIN RESULT
We start with a lemma which improves a result from [2].
Lemma2.1. Let K be the Green’s function of the problem:

u'=0
{ au(0)—Bu' (0)=0
yu(l)+du' (1)=0

given by
1
—p(t)Y(s), 0<s<t<1
K (t,s) = T
;w(S)w(t% 0<t<s<l
where
o) =y+8—~t, W)= B+at, 0<t<l.

4
Then, for every n > 3 there is M (n) > 0 such that

K(t,s) 1 3
>M for - <t< =
K(s,s) ~ (n) Orn_t_4
Proof. We have
(1)
<t
K(t,s) _ e (s) 5=
K(s,s) w(t),tgs
Y (s)
For s <'t, we will prove that
(1) y4+46 3
> ; t<-.
p(s) —4(v+9) 4

3
Indeed, for0 < s <t < 1 one has

y+6—~t S y+46

y+o—vs 4 (y+9)’

4(y+8)7 4y (Y +8) t> (v +48) (Y+0) —v (y+40) s,

4 (V427046 = (P+570+48°) >y [4 (y+0) t—(y+46) 5],
3V 4+376>y 4 (v+6) t—(v+49) s],

3(y+8) =24 (v+8)t—(y+49) s,

(Y+0) B—-4t) = —(v+40) s,

3
that is obviously for vy, > 0and t < 1
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For t < s, we will prove that

P (t) a+nf
V() S natp)

for t > % n > % which may be written equivalently using the following in-
equalities:
np(a+8)+na(a+PB)t>8 (a+np)+a (a+np) s,
nBa+nfi+nalt+napft>pat+nfi+a (a+np) s,
nf+ntat+ntf >0+ (a+np) s,
(22) B(t,s):=Bn—-1)+4+nt(a+p)—(a+nB)s>0.
But we have:
B(t,s) >minB(t,s)=B({t,1) =08 (n—1)+nt (a+p)—a—-np=
=nt (a+p)—(a+p)=(a+p) (nt—1)>0

1

for o, 3 > 0,t > —, so (2.1) is true, which proves the conclusion.
n
Now we choose

M(n)min{47+45 atnp }

(vy+6) n (a+0)

=] w

1
in order that for — <t <
n

O

Theorem 2.2. Assume that conditions (A.1) — (A.3) hold. If g € C'[0,1], ¢’ > 0,
g (1) > 0and g is bijective, then problem (1.1) has at least one positive solution in each
of the cases:

(i) fo = 0and f. = oo (superlinear); or

(i1) fo = oo and f. = 0 (sublinear).

Proof. Superlinear case: Suppose that fo = 0 and f., = co. We wish to show the
existence of a positive solution of (1.1). Now (1.1) has a solution v = « (¢) if and
only if u solves the operator equation

u(t):/o K(t,s) a(s) f(u(g(s)))ds:= Au(t), u e Cl0,1].

Here K (t, s) denotes the Green’s function (expressed in Lemma 2.1) for the bound-
ary values problem (BVP)

u’ =0
(2.3) { au(0)—pFu (0)=0
yu(l)+du (1) =0.
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Observe that

1
@) K5 v v =K(s), 0=t s<]
We let K be the cone in C' [0, 1] given by
K- {ue Cl0.1]u(t) 2 0, min w(t) > M ||u||}

where |jul| = sup |u(t)], ap and b will be specified later and M = M (n) is from
t€0,1]
Lemma 2.1.
So, for u € K, we have, using (2.4):

1 1

Au(t) = [ K(t,s) a(s) f(ulg(s)ds < [ K(s;s) a(s) f(u(g(s)))ds

0 0
and hence

(25) MWSAK®@a®fwmst

1 3
We choose ay = — (n from Lemma 2.1.), and b = min < g (1), Z}'
n

For u € K, using (2.5) and Lemma 2.1, we obtain

1

Jnin Au(t) = min, ; K (t,s) a(s) f(u(g(s)))ds >

1
> M / K (s,s) a(s) f(u(g(s)))ds = M [|Aul|.
0
Therefore, A (K) C K. Moreover, it is easy to see that A : K — K is completely

continuous. Now, since fy = 0, we may choose H; > 0 so that f (u) < n u, for
0 < u < Hy, where n > 0 can be chosen conveniently. For 0 < v < Hy, we have:

@8 ul < [ K(5:5) als) f(uly(s))ds <

SnAK@wa@ummw=
g(1)

_ gt SO W) "

ﬂém}“Q(Wﬂ W) S W)y <l
making

. 1
g(s)=y, s=g  (y), ds= PAT=YmY dy,
if we choose 7 so that
9(1) 1 1 a (9_1 (y))
"o K™ (), 97 (v) 7)) (y))dyé L.

Now if we let Q; = {u € E:|u|]| < H;} then (2.6) shows that | Au| < [ull,
u€ KN an
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Making the same change of variables, we have

L ()
Au(t) = / o) K™ ) o T ) dy

Furthermore, since f., = oo, there exists Hy > 0 such that f (u) > uu, u > Ha,
where p > 0 can be chosen conveniently. Let

Qo ={ueE:|ul <Hs},

where

H
Hy = max{2 Hiy, WQ}

Using the hypothesis g (1) > 0, g (0) < 0, ¢’ > 0, we obtain for ag <ty < b, u € K,
lu]| = Ha, that

min u (t) > M |ju|| > Ho
<t<

and so

if we choose p > 0 so that

b a (o1
pu M [/a K (to,g " (y)) g,(gq_il((y;))) dy] > 1

Hence || Au|| > ||u||, for u € K N 9Q2. We observe that for g (1) > 0 we may

I . 3
choose n > —— in Lemma 2.1, so g (1) > ag (obviously, for g(1) < 7 we may

g(1)
1 4
choose n > m > 3 how we need in Lemma 2.1). Therefore,by the first part

of the Fixed Point Theorem,it follows that A has a fixed point in K N (22 — ),
such that H; < ||u|| < H. Furthermore, since K (¢, s) > 0, it follows that « () > 0
for 0 < ¢ < 1. This completes the superlinear part of the Theorem 2.1.

Sublinear case. Suppose next that fy = co and f., = 0. We first choose H; > 0
such that f (u) > 7w for 0 < w < Hy, where 77 > 0 may be chosen conveniently.
Let’s consider M from the first part of the proof. Then, for ey < tg < b,u € K and
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|u|| = Hy, we have:

g(1) al(g™?!
Au (to) = / K (to,g " (v)) M fu(y))dy >

9(0) g (971 (v))
b a —1
R g,<(gg_1<?;))))f<u<y>>dy>
b a —1
zﬁ/ K (torg~1 () L) s

b —
> i [ K G ) Sy >
if we choose 77 > 0 such that
b a -1
ﬁM/a K(toagfl (y)) %d9>1

Thus, we may let
Q) = {u SO HUH < Hl},

so that ||Aul|| > |Ju|| for u € K N 9.

Now, since f., = 0, there exists H, > 0 so that f (u) < \ u for u > H, where
A > 0 may be chosen conveniently.

We consider two cases:

Case (i). Suppose f is bounded, say f (u) < N forall u € (0,00). In this case
choose

g(1) a(g™
Hs := max {2 H{,N /(0) K (g*l (v), 971 (y)) g/(éil((yy))))dy}

so that for u € K with ||u|| = H2 we have:

g(1) al(g?!
AU(t):/ K (t.g™" (y)) Mf(uw))dyé

(0) g (g7 (v))
g(1) alg=?
<N o K(97'(y),97" (v) %dy < Hj

and therefore || Au|| < ||u]. o
Case (ii). If f is unbounded, then let H, > max {2 Hy, H,} and such that
f(u) < f(Hsy) for 0 < u < Hy(we are able to do this since f is unbounded). Then
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foru € K and ||u|| = H2 we have:

Aut) = :)” K (07 ) AL gy ay <
< [RG w0) S <
= g(:))K(gl v),97' ) Z’((gg—l((z)))) £ (Hy) dy <
<\ H, g:)) K(g ' ),97 "' (v) %dy < Hy = |

if we choose A > 0 such that

g(1) » B M
’ /gm) Ko™ @).a7 ) PEPRAC) Nl

Therefore, in either case we may put
Qo :={u€FE:|u|| < Hs}

and for u € K N 0Qy we have || Au|| < [Ju]l.
By the second part of Fixed Point Theorem it follows that (1.1) has a positive
solution, and this completes the proof of the Theorem 2.1. O

Remark 2.1. If we choose g (t) =t — h, h € [0,1), we note that g (1) > 0, ¢’ = 1,
so g satisfies the hypothesis of Theorem 2.1. In this case problem (1.1) concerns a
delay equation.

t 1
Remark 2.2. If we choose g(t) = -, £ > 1, we note that g(1) > 0, ¢ = = so

satisfies the hypothesis of Theorem 2.1. In this case we do not need the condition
u(t)=k,—0<t<0.
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