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Fixed point theorems for multivalued generalized
contractions on complete gauge spaces

ADELA CHIS

ABSTRACT. We present fixed point theorems for generalized multivalued contractions on com-
plete gauge spaces.

1. INTRODUCTION

This paper presents fixed point theorems for a class of generalized contractive
multivalued maps defined on a complete gauge space. The results are in con-
nection with similar theorems established by Frigon [8], [9], Granas and Frigon
[10], Chis and Precup [4], Agarwal and O’Regan [2], and Chis [5]. The results is
based on similar arguments to the single valued case [1], [3], [11]. More exactely,
we deal in this paper with geneneralized contractive multivalued maps of the
Riech-Rus type

D, (Fz, Fy) < agdiste(x, Fx) + badiste(y, Fy) + cada(z,y),

where a, b., ¢, are non-negative numbers with a,, + b, + ¢, < 1 (see Precup [12],
Rus [13]).

Throughout this article (X, {d,}aca) (A is a directed set) will be a gauge space
endowed with a complete gauge structure {d,, : « € A}, see [7]. If 2o € X and
r = {rataca € (0,00)4 denote by B(zo,7) = {z € X : duo(z0,2) < r for all
a € A}. ForY Cc X and z € X fixed, by dist,(x,Y) we mean ylgf/ do(z,y). We

denote by D, the generalized Pompeiu-Hausdorff pseudo-metric induced by d,,,
that is

D,(Z,Y)=inf{e >0:Va e Z,VyeY, " € Z, Iy €Y
such that d,(z,y*) < g,do(z*,y) < e} for Y, Z C X, with the convention that
inf () = co.

2. FIXED POINT RESULTS

We begin with a fixed point result for generalized contractive multimaps with
closed values defined on a complete gauge space.

Theorem 2.1. Let (X, {d,}aca) be a complete gauge space, r € (0,00)4, zo € X and
F : B(zg,r) — C(X); here C(X) ={Y C X : Y is closed and nonempty}. Suppose
for every z,y € B(xo, ), and every o € A we have

D (Fx, Fy) < agdisty(x, Fx) + badists (y, Fy) + cod(z,y),
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where a, by, co, are non-negative numbers with a,, + b, + ¢, < 1. In addition assume
the following two properties hold:
(i) forevery a € A,

(21) disty(zo, Fxo) < (1 — %) Ta
(i) for every x € B(wo,r) and every e = {eq}aca € (0,00) there exists y € Fx
with
(2.2)  do(z,y) < disto(z, Fx) + ¢, forall a € A.
Then there exists « € B(xg,r) withz € Fz.

Proof. From conditions (2.1) and (2.2) we may choose a x; € Fzy with
Ao + Co
1—bq

Notice from (2.3) we have that z; € B(xo,r). In what follows, for each o« € A we
choose an ¢, > 0 such that

Ao + Co Ea Ao + Co Ao + Co
2.4 d 1-— .
@4 Fp dalrew) + 3= < 5o ( 1ba)r“

According to (ii), there exists zo € Fa; with d,(z1,z2) < disty(x1, Fx1) + €4
forall o € A. Then:

do(z1,22) < diste (21, F21) + €4
< Do (Fxo, F1) + €4
< aqdisty(xo, Fxg) + badiste (1, Fx1) + cada(x0, 1) + €4
< aad(zo, 1) + bada (21, 22) + cada(o, 1) + €q-

(23)  do(x1,0) < <1 — ) ro fOr every a € A.

Hence
(]- - ba)da(xlva) S (aa + Coz)da(x()vxl) + €q-

Then, also using (2.4) we obtain

aq + Co

1 — by

do(11,19) < Co da + Ca <1 aa—i—ca) Teo

dowo.a0) + 75 < T4 1= b,

forall @« € A. Then

do (0, 22) <

Y

al(Zo, 1) + da(z1, 22)

1— by 1— b, 1— by
Aq + Co , 1+aa+ca
1—by ) “ 1— by
2 3
Ao +Co aa+Co Ao +Co Ao +Co
1— o |1
1ba)r [ R +(1ba) +(1ba) *

1 Ao + Co 1 _
1—b, )/ _Gatca '

1 -0,
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So we have d, (xg, z2) < ro forall a € A, thatis x5 € B(zg, r).
Next for o € A, choose ¢, > 0 such that

Ao + Co O Ao + Co 2 Ao + Co
2.5 de (21, < 1- o
@8) T, delonm) <1—ba> ( 1—ba>r

Now we choose z3 € Fag With d, (22,23) < disty(x2, Fae) + 0, for all a € A.
Then

do (22, x3) < disty(xe, Fxa) 4 du
< Do(Fz1, Fxg) + 04
< apdisty(x1, Fx1) + badisty (2, Fa) + codo (21, 22) + 04
< apd(x1, 22) + bada (T2, 23) + cada (21, 22) + 0.
This together with (2.5) implies that

2
Aq + Co Ea Qo + Co Qo + Co
da y L& < da ) S 1-— [}
(:C2 Zd)_ 1_ba (:Cl z2)+1_ba (1_ba) < 1_ba)r
forall o € A.

As above we obtain that d, (xo, z3) < ro forall a € A, thatis z3 € B(zo, r).
Proceeding inductively we obtain

Ao + Co " Ao + Co
1—
d(xn+17xn) < ( 1—b, ) ( 1—b,

) re, foralla € A,

where z,, € Fz,_1 and z,, € B(xo,r).

Ao + Co

n
Since . da + Ca

€ [0,1) it follows that ( .

— 0,as n — oo and, con-

[e% [e%

sequently (z,,) is a Cauchy sequence and since X is complete, (z,) converges to
x € B(xzo,r). We claim now that z € Fz. Indeed, for all & € A we have some

do(z, Fz) < do(z,x0) + disto(zn, Fz) < do(x,2,) + Do(Fxp-1, F2)
< do(z,zn) + andisto(Tp—1, Fxn_1) + badiste(x, Fx) + codo(Tn—1, ).
Hence
(1 = by)diste(x, Fz) < do(x,24) + cada(Tn-1,2) + aada(Tn_1,xs).
In the last inequality letting n — oo we obtain
(1 = by)disty(z, Fz) <O0.

So disty(x, F(x)) = 0, thatis ¢ € F(x) = F(x). Thus the proof of Theorem 2.1 is
complete. O

Next we present an homotopy result for this type of multivalued generalized
contractions.

Theorem 2.2. Let (X, {d.}aca) be a complete gauge space. Let U C X be an open
subset of X. Assume H : U x [0,1] — C(X) satisfies the following conditions:

(i) z ¢ H(z,\) forx € U\U and \ € [0, 1];

(ii) for every A € [0,1], « € Aand x,y € U we have

Do (H(z,A), H(y, A)) < aadista(z, H(z,\) + badista(y, H(y, A)) + cada(z,y).
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Here ay, by, ¢, are non-negative numbers with a,, + b, + co < 1;

(#4) for every X € [0, 1] and every e = {e4}aca € (0,00)4 there exists y € H(z, \)
with do (z,y) < disto(z, H(z, X)) + €4 for every o € A;

(iv) for every e = {e4}aca € (0,00)* there exists § = d(¢) > 0 (which does not de-
pendon ) such thatfor A, i € [0, 1] with |A — p| < §, we have Do (H (2, \), H(z, 1)) <
gq forallz € Uandall o € A;

(v) there exists a € A, with inf{dists(z, H(z,\)) : x € U and X € [0,1]} > 0;

In addition assume Hy has a fixed point. Then H,(.) = H(., A) has a fixed point for
each A € [0,1].

Proof. Let
A={X€][0,1]: thereexistsz € U withz € H(z,\)}.

Since Hy has a fixed point and (i) holds, we have 0 € A, and so the set A is
nonempty. We will show A is open and closed in [0, 1] and so by the connected-
ness of [0, 1] we have A = [0, 1] and the proof will be finished.

First we show that A is closed in [0, 1].

Let (\;) be a sequence in A with A\, — X € [0,1] as k — oo. By definition of A,
for each k, there exists x, € U such that z, € H(zy, A;). We claim that

(2.6) igfl diste(xr, X\U) >0 (here aisasin (v)).

Suppose our claim is true and then there exists ¢, > 0 with d,, (zx, z) > &, for
all k > 1and z € X\U. So there exists € = {c4}aca € (0,00)" with B(zy,e) C U
for all £ > 1. Now fix a € A. From (iv) we have that there exists an integer ng,
(which does not depend on «) with

anrCQ)E
1—by " “

dZSﬁOé (m‘no bl H(xnm )\TL())) S DO( (H(m’no) )\n0)7 H(xn(p )\)) < (1 -

if A= Ap,| <.

Now Theorem 2.1 implies that H, has a fixed point z ,, € B(zn,,c) C U.
Hence A € A and so A is closed in [0, 1].

We prove now A is open in [0, 1].

Let \p € A and z( € U such that 2o € H(x0, \g). From U open we know that
there exists d1, da, ..., dp, > O With U(zo,01) N ... N U(z0,0m) C U. Here U(xo,d;) =
{r € X :dy,(z,20) < 6;},fori=1,2,...,m (hereo; € Afori € {1,2,...,m}).Then
there exists 6 = {6a}aca € (0,00)? with B(z¢,8) C U. Fix a € A. Now using
the condition (iv) we have: there exists = 1(J) > 0 such that for each X € [0, 1]
| A=Xo |[< nwith Do (H(z, ), H(x, A\o)) < e forany z € B(zg, d). So this property
holds for z too, and then we have

Ao + Co
1— by

dista(zo, H(xo, ) < Do(H(z0, M), H(zo, N)) < (1 — )0a

for A € [0,1] with | A= Xo |[<n.

Using now (ii), (iv) and (v) together with the Theorem 2.1 (in this case » = § and
F = H),) we obtain that there exists z, € B(xo,0) C U with z)x € Hjy(x)) for
A €]0,1], | A — X |< n. Consequently A is open in [0, 1].
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In what follows we show that the claim (2.6) is true. Suppose (2.6) is false, that
is,
lir>11; disto(xr, X\U) =0 (here aisasin (v)).
Fix ¢ € {1,2,..}. Then there exists n; € {1,2,..} and y,, € X\U with

1

do(zn;, yn;) < =. Hence there exists a subsequence S,, of {1, 2, ...} and a sequence
7

(y;) in X\U, fori € S, with

2.7)  do(zi,yi) < 1 fori e S,.
7

The last inequality together with (v) implies
(2.8) 0 < inf{disty(x, H(z,\)):x € dU € [0,1]} <
< lim mf diste (yi, H(yi, Ai))-

1—00, 1€ S

We show now that
(2.9) lim mf disto(yi, H(yi, Ai)) = 0.

1—00, 1€ Sq
We have
lim inf disto(ys, H(yi, M) < lim inf [do(ys, 2:) + diste(xi, H(yi, Ai))]

i—o0 in Sa i—o0 in Sa

1
< lim inf —, +Da(H(xz;>\z)7H(yz;>\z))

T i—o0in Sa

= lim mf Do (H (i, Ni), H(yi, Ai)

i—ooin S

lim mf [aadiste(xiy H(xiy Ni) + badiste (i, H(yi, \i)) + cada(2i, yi)]

i—00 in Sq
lim inf [0+ badiste(yi, H(yi, Ai)) + cada(Ti, yi)]

i—00 in Sq

< by lim inf dist,(yi, H(yi, i) + co im do (x4, ;)

i—00 in Sq

| A\

IN

1
< by lim mf disto(yi, H(yi, Ai)) + o lim —.
i—o0 in Sa 1—00

Hence
(1 —bgy) lim mf disto(yi, H(yi, i) < 0.

i—00,1€ S
As a result we have that assumptlon (2.9) is true. But the assumption (2.9) is in
contradiction with (2.8) so the claim (2.6) is true. Now the proof of Theorem 2.2
is complete. O
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