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The SOR method for infinite systems of linear
equations (I11)

BELA FINTA

ABSTRACT. In [3], [4] we presented the extension of the Jacobi and Gauss-Seidel iterative numeri-
cal method from the case of finite linear systems to the case of infinite systems.

The purpose of this paper is to extend the classical SOR (successiv over relaxation) method, known
for finite linear systems, to infinite systems.

1. VECTOR NORMS

Zo
x1

Let x = : be a sequence of real numbers represented in the form of
Tn

an infinite column vector, and we denote by s the real linear space of these se-
(o)

quences. Let us define I' = {z € s | > _|a,] is convergent}. It is well known that

1=0
00

I is a real linear subspace of s and for every z € (! the formula ||z||; = Z | ]
1=0
defines a norm on /*. In this way (I}, || - ||1) is not only a normed linear space,
but a Banach space, too. We will call it vector space, the elements vectors and the
above mentioned norm, vector norm [6], [8]. For this paragraph see also [2].

2. MATRIX NORMS

Let A = (a;j):,jen be an infinite matrix of real numbers and we denote by M

7€8 =0
is finite}. Then M! is a real linear subspace of M and for every A € M! the

the real linear space of these infinite matrices. Let M' = {A eEM| supz laij]
N

formula ||A|; = Supz la;;| defines a norm on M* called column norm. In this
7EN 20

way (M1, ||-|l1) becomes not only a real linear normed space, but a Banach space,

too.
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Corollary 2.1. If for the matrix A = (a;;); jen We have a;; = 0 fori > nand j > n,
n € N, then from the above we obtain the results in the finite dimensional space R™ [1],

[5].

This space will be called matrix space and the above mentioned norm, matrix
norm. For this paragraph see also [2], [6], [8].

3. THE COMPATIBILITY OF THE VECTOR AND MATRIX NORMS

Let 2 € s be a sequence of real numbers, and A = (a;;); jen € M an infinite
matrix of real numbers.

Definition 3.1. We will define the product A - = if for every i € N the series

oo
Z a;;x; is convergent. In this case the resulting vector y = A - z is a column

=0
0o
E a()ij

=0

(o)
E :aljxj

: 7=0
vector with components y =

o0
E Qi T4
Jj=0

Theorem 3.1. The vector norm || - ||; defined on ' is compatible with the matrix norm
[| - [l defined on M, ie. |Az|y < || Al - ||| for every 2 € I* and every A € M*.

Proof. We have:

oo o0 oo oo
Azl = D 1Y aga| <D0 lagl |zl =
i=0 | =0 i=0 j=0
(o] oo (oo} (oo}
= DD al -zl =D fayl - D lay] <
7=0 =0 7=0 1=0
<

(o] (oo} (oo} (oo}
> gl osup Y agl =sup > ai;[ - Y |y = Al - [l])s-
JEN jEN

j=0 i=0 i=0 §=0
(]

Corollary 3.2. If for the matrix A = (a;;)i,jen We have a;; = 0for¢ > nand j > n,
n € N, then from Theorem 3.1 we reobtain the results in the finite dimensional space R™

(11, [5].
For this paragraph see also [2], [6], [8].
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4, THE MATRIX NORM SUBORDINATED TO A GIVEN VECTOR NORM

Forevery z € ' and A € M! we have ||Az|; < ||A|: - ||=||x according to
[[Az|y

[l

Theorem 3.1. If 2 # 6, (the null element of the vector space /'), then

| Azl |mezl\{ell}}.

]y
It is known that this formula defines a matrix norm on M*, which we call the
matrix norm subordinated to the vector norm || - ||; defined on ! and we denote
: A - .
ithy |A|lF = sup{ |” T”l |z el {911}} . It is immediately that || Al|5 < || A1,
Tl
for every A € M*. Actually, we have

Theorem 4.2. | Al = ||A]l1-

lA]]x and we can define sup {

Proof. We must prove that || A[[1 > [|A[|1. From [|Al; = sup ) _ |a,;| we obtain: for
J€N =0

o0
every ¢ > 0 there exists jo € N such that » _ |aj,| > [|Alls — e. Let us choose the
1=0
vector x € [! such that all the components of = are zero except for the component
Jo- SO

Azl = DY ayey| =D la,a,| =
1=0 |5=0 1=0
(oo} oo
= |aizo| - @] = |aize| | - |j0| =
>
1=0 =0
= (1Al = &) - [zl = (|1 AllL — &) - [l
Consequently
Azx
L7 » ag -,
[E4IFt
ie.
. [ Az||y
4l =sup { b2t 1 e 2\ (a0} 2 g -,
for every € > 0. This means that || A||T > || A]1. O

Corollary 4.3. If for the matrix A = (a;;); jen We have a;; = 0 fori > nand j > n,
n € N, then from Theorem 4.2 we reobtain the results in the finite dimensional space R"

(1], [5].

For this paragraph see also [2], [6], [8].

The above presented vector and matrix spaces will be used to extend the iter-
ative Jacobi’s and Gauss-Seidel’s methods, from finite linear systems to the case
of infinite systems. In this way we can study the linear stationary processes with
infinite but countable number of parameters.
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5. THE SOR METHOD FOR INFINITE SYSTEMS OF LINEAR EQUATIONS

Let us consider the infinite system of linear equations Az = b, where A € M
and z,b € s.

Definition 5.2. For agiven A € M and b € s we will say that z* € s is a solution
of the infinite system of linear equations Ax = b if we have Ax* = b.

o0 o0
This means that the series Z a;jx} is convergent and we have Z iz} = b,
=0 =0

for every i € N.

Let us suppose that a;; # 0 for every i € N and let us consider the constants
w; € R\ {0} for every i € N. The initial system of linear equations Az = b is
equivalent to the following iterative system of linear equations:

S b
. 05 0
zo = (1 —wo)zo — wo E —= xj +wo—
: apo apo
j=1
a . a b
10 15 1
r1 = 7(4)1—1'()4*(170)1)1170}1 E —xj+w1—
a1 — a1 ail
Jj=2
a a > a b
20 21 2 2
To = —Wo—— Ty — Wo— T1 + (1 —w2)$2 — Wo E — X +wa—
a22 a22 —a a22
7j=3
i—1 a 00 a b
17 17 7
T, = —Ww; E —mj—l—(l—w,-)xi—w,- E — X Fw;—
—o Qii T Qg Qig
Jj=0 J=i+l

Using this system of linear equations, let us choose z° € s and we generate the
sequence (z*)ren C s by the following iterative formula:

o0
agq bo
R = (1 — wo)xk — wo —L gk 4+ wog—
0 0 a i a
—; Goo 00
oo
k+1 10 k+1 k aij b1
27 = —wi—z5 " + (1 —wi)a] —w E — ] +wp—
a11 = a11 ail
o0
a20 a21 a2; bo
mg‘H = —wg—x§+1—wg—tm’f+1+(1—w2)x’§—wg g —jmf—i—wg—
(5-1) @22 a22 = a2 @22
L = a b
k+1 Z ij k41 k ij k i
Zi+ = —W; —jl'j+ +(17w2)xl — Wj E —]Ij —+ w; —
Qi Qs
]:0 (A ]:ZJrl K23 (a2

Consequently, starting from the vector z*, we generate the vector z*+! by the
recursion formula ¥t = B, - z* + ¢.
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Definition 5.3. The matrix A = (a;;); jen is {' diagonal dominated if there exists
the positive real number A > 0 such that for every j € N we have

oo
Nags| > lag]-
=0

2

i#j
It is immediately that A is ' diagonal dominated if and only if sup —lis

JEN S | Gjj
o i
a finite real number.
o0
Let us denote by A\ := sup dij , w* = sup{|w;|/i € N} € Rand w** =
jeN ;=g | A

17
sup{|1 — w;|/i € N} € R. Let us suppose w* - A < 1.

*)\ k% X .
Theorem 5.3. If % < 1, then the iterative sequence (z¥).en generated by
— W
(5.1) is convergent in [1, for every z° € [1. The limit point z* € ! is the unique solution
of the linear system Az = b.

.. WA+ w** . . .
Proof. We prove that condition T oo < 1 implies ||B,||; < 1. Indeed, if
— W
y = B,x, then
00 0o 1—1 is oo s
Iyl = Z|yi|zz _wiza_t_j_yj—f'(l_wi)xi_wi Z aL_J_%‘ <

i=0 i=0 j=0 j=it1l W
o0 1—1 Qs o0 i

< > il Y2 a—” |+ 11— willzi| + lwil D =2 l2y] | =
i=0 j=01"% g=i+1 !
i i—1 Qi 0 Qi 0

= > D il a—” lyil+ D fwil a—” ] |+ 11—willz:] =
i=0 \ j=0 w j=i+1 w i=0

= Z Z|Wi| a—Z_J_ ||+ Z | a—Z_J_ |y;] +Z|1*willxi|:
j=0 \ i=0 73 i=j+1 7 i=0

= Dl Xl ;‘;Hyjl_z |wi|ﬁ +_ 11wl <
7=0 1=0 1=7+1 1=0
> 1 g4 > Qg4 >

< Z |xj|Zw p” +|y]|.z w p” +Zw |z;| <
7=0 1=0 1=75+1 =0
(o] (oo}

< D (aglw™ A+ [yslw ) + D w ] =
=0 i=0

= Azl + @ ANyl + oz
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Consequently:

Iyl < WAzl + W Ally[l + @™ [,
which is equivalent to

lyl _ @A+ o

lzlh = 1—w*A "~
This means that
B *>\ sk
| Bulli = | Boz]ly — . lyll: < w +n*u N
x#@ll || Hl ”375911 ||mH1 1—w )\

Now we can apply the Banach fixed point theorem for the iteration map ¢ :
I* - 1!, ®(x) = B,r + c. Indeed, ® is a contraction, because

[@(2) — @yl = [(Buz + ¢) = (Boy + ¢)lli = [[Bu(z — y)l < [[Bollillz =yl

This means that the sequence (z*)xen is convergent in ! for every z° € I! and
its limit point 2* € [! is the unique fixed point of ® in [, i.e. ®(2*) = z*. So
B,x* + ¢ = z*, which is equivalent to Az* = b. d

Corollary 5.4. If for the matrix A = (a;)i,jen We have a;; = Owheni > n, j > n
and b; = 0 fori > n, n € N, then we reobtain the linear system with finite number of
equations and finite number of unknowns. In this way from Theorem 5.3 we obtain the
classical SOR iterative numerical method to solve finite systems of linear equations [7].

In the following we consider the particular case when w; = w, for every i € N.
So, from (5.1) we can deduce: let us choose z° € s and we generate the sequence
(7¥)ren C s by the following iterative formula:

aoj
a:’é“—(l—wmo—wg —L J
(100 aoo
LRl 10 k+1 1J
= —w—uxg +(1- —w
ail a11 a11
o0
a20 az bo
gt = - ghtl w—x]fﬂ + (1 - w)acéc —w E —]xf +w—
(5-2) a22 a22 = a22 a22
1—1 o)
k1 Qij k+1 k 4ij  k bi
x; :fwg —x T + (1 -wzi —w g — 1z tw—
Q5 = Qi Qi
7=0 Jj=t+1

In this case from Theorem 5.3 we obtain:
WA+ 1 — w]
1—|w|A
sequence (z*).en given by (5.2) is convergent in ! for every 20 € 1. The limit point

x* € [} is the unique solution of the linear system Az = b.

Corollary 5.5. If 1, (Jw|A < 1) then the corresponding iterative
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In the following we consider the particular case, when w; = w = 1 for every

i € N. So from (5.2) we can deduce: let us choose z° € s and we generate the
sequence (z*)ren C s by the following iterative formula:

a, b
+ z : 07 0
CL‘IS 1 - — - fL‘k + —

J

— oo apo
j=1
a = a b
10 15 1
R U L S PR
aii = M ail
oo
a20 a21 a2; ba
ahth = gkt 2 gkl E —L :c;C + =
(5-3) a2 a22 = @22 @22

Ut i b,
:cf“:—E:ﬁ:cf“f 2: ﬁx§+_z

ai;
j=0 " j=i+1

From Theorem 5.3 and Corollary 5.5 we obtain the author’s result, the Gauss-

Seidel’s iterative method for infinite systems of linear equations [4]:

1
Corollary 5.6. If A < 3 then the corresponding iterative sequence (x*)ren given by

(5.

3) is convergent in [! for every 20 € [1. The limit point z* € I! is the unique solution

of the linear system Az = b.

We can obtain similar results if we replace the space /' by the space (> or [?,

forp € (1,+0).

We mention that all these results are valid in the complex case, too.
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