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Some boundedness properties of certain operators

GHEORGHE MICLAUS

ABSTRACT. In this paper we determine some conditions of boundedness for the integral operator
(1.1) when it is applied to an analytic function f so that

5
arg f/(2) < 5. zE U

In particular, results for the Alexander integral operator, Libera integral operator and Libera genera-
lized integral operator are obtained.

1. INTRODUCTION

Let H(U) denote the class of holomorphic (analytic) functions in the unit disc
U of the complex plane C. Let A ¢ H(U) denote the set of functions f of the
form f(z) = 2+ a2z +...,2 € U and S C A its subset of univalent functions.

2f'(2)
f(2)

Functions in the class R = {f € A:Re >0, ze€ U} are called functions

with bounded turning.
2f'(2)
f(z)
Let 8 and ~ be real numbers, with 3 > 0and 5+~ > 0.
Define for f € A,

LetS*=<fe€A:Re > 0, z € U ; be the class of starlike functions.

L1)  I(2) =I5 (f)(2) = {w ’ f(t)tﬁﬂ?dt] Ciew

27 Jo

In 1994 P. T. Mocanu [6] found a sufficient condition on § and ~ so that
Is~(f) € S*for f € R.
For 8 = 1and~ = 0, (1.1) is the Alexander integral operator [1]:

12)  Lio(f)(z) = / T p@ld, 2 e U
Forg=1land~y = O1, (1.1) is the Libera integral operator [5]:
(13) La(f)(z) = %/OZ ft)de, z € U.
For=1and~y=1,2,...,(1.1)is the Libera generalized integral operator:

1 z
a9 nanE=—1 [

ftrtat, z e U,
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which has been considered by S. Bernardi [2] in 1969.
In this paper we find the Hardy spaces for the integral operator (1.1) acting
5
on functions f with |arg f'(z)| < EF in U, and the Hardy spaces for its itera-

tive. Hence we find conditions for boundedness of (1.1). In particular, results for
the Alexander integral operator, Libera integral operator and Libera generalized
integral operator are given.

2. PRELIMINARIES
For f € H(U) and z = re’ € U, we set

1 27 . %
My (r, f) = <%/0 | f(re)] de) C 0<p<oo

sup | f(re'), p = 0.
0<§<2r

A function f € H(U) is said to be in Hardy space H?, 0 < p < oo, if My(r, f)
remains bounded as r — 1~. H* is the class of bounded analytic functions in U.
We shall need the following lemmas to prove our main results.

Lemma21. ([3]). If f € H? and F(z) = / f@)dt, z € U, then f € H? with
0
1
qg= Eforp< 1,and f € H* forp > 1.

az

Lemma 2.2. ([4]). If f € S*\{fo}, where fo(z) = m,

exists ¢ = e(f) > O such that f € Hz+e,

z € U, then there

5
Lemma2.3. ([7]). If f € Aand |arg f'(2)| < g 2 e U, then I, (f) € 5*.

3. MAIN RESULTS

Theorem 3.1. Let 8 and ~ be real numbers with 3 > 0, 5+~ > 0 and I is defined by
(L.1). If f € A\{fo}, where fo(z) = ﬁ 2 e Uand |arg /()] < %” zeU,
then there exists e = £(f) > 0 such that:

(i) I(f) € HPP, where p = %Jr €

(@) if (B+ 6%+ + 8" 1)p <1, then I"(f) € HY, where

q= p )
1=(B+ 3+ +6")p

1
p=§+5andI":IoIo---oI;
—_—

(iii) if (B+ 3%+ -+ 8" Y)p>1,then I"(f) € H.
Proof. (i). Observe that
(835 I=FoQG,
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B+
27
z € U. We will determine the Hardy spaces for " and G.

Let f be analyticand f € HY. For F(f) we have:

where F' = F(f)(z) =

f(z)] B zeU,and G =G(f)(2) = /0 FOtP2a,

M2 (r, F) = 27T/7T‘F(7“e \”de_%/o m;jef( )]% do =
- :W (f;zjv,;éfﬂlf(rei%pde:
_ B+ <L/2”‘f(reze)|gd9> GRSV yan
r B 2 Jy rB 5
Hence we obtain M, (r, F) = 8 :;)é M§ (r, ) and
(B+7)?

1 1 1
lim My(r,F) = lim ~——*—M, (r,f) = (8+~)? lim M} (r, f).
r—1- r—1- rB B r—1 B
Because hm M (r, f) < oo, if hm My (r, f) < oo and from f € H? we have
hm My (r, f) < oo for E=q Hence we have that

(36) F(f) e HO.

For G we will deduce that if f € H? then G(f) and I o(f) have the same Hardy
space. Indeed, if f € H? then f is holomorphic and G(f) is holomorphic and

[G(f)(2)) = f(2)z"T7 72 Analog [I10(f)(2)] = f(2) - 27"
We can easily deduce that f(z)z~! and f(z) - 2°T7~2 have the same Hardy space.
Hence we obtain that G(f) and I o(f) have the same Hardy space.
)

Now, from Lemma 2.3 we have that if f € A and |arg f'(2)| < EF then
I 1(f) € S*. From Lemma 2.2 we deduce that there exists ¢ = ¢(f) such that
I1(f) € Hz*<, On the other hand we can easily deduce that I, o(f) and I 1 (f)
have the same Hardy space. Hence and from (3.6) we obtain that F(G(f)) €

1 1

HPG+e) namely I(f) € H?, where p = 3 te

(ii) and (iii). From Lemma 2.1 and from (i) we deduce that if I(f) € H"?, then

/ I(f)(t)P*+7=2dt € H™5 and hence
0

P(f)(=) = IT()() = [5 2 [Crneeeal” e n,

27 0

Bp B#*p
1—6p 1-pp

where A = 3 for Bp < 1,and A = oo for gp > 1.
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ptp
We suppose that I"~1(f) € H* where A = for
PP (‘f> 1_(ﬁ+ﬁ2+...+ﬁn—2)p
B+p2+--+pHp<landA=ccfor (B+ 32+ + 5" %)p> 1.
From Lemma 2.1 and from assertion (i) we have I"(f) € H» where A\ =

oy 2 4 ... 4 gl _
1_(g+g2+.,,+5n_1)p’for(5+ﬂ +--+ " )p < 1land A = oo for
(ﬂ+62+~~~+6"’1)p21,p:%+e. O

Corollary 3.1. Let 5 and ~ be real numbers with g > 2, 84+ v > 0 and [ is defined by
)
(1.1).If f € Aand |arg f'(2)| < gthen I™(f) are bounded for all n > 2.

1
Indeed, is known that if f € S* then f € AP, for all p < 3 If 5 > 2 then

Bp > 1and from Theorem 3.1 we obtain I%(f) € H> and hence I%(f) is bounded.
Analog, (8+3*+---+3""1)p > 1forn > 2and hence I"(f) € H>, namely I"(f)
is bounded. For 8 = 1 and v = 0 the integral operator I becomes I; o defined by
(1.2). For the Alexander integral operator I; o we have the following result.

az 5T
=,z € Uand|arg f'(2)] < —

Corollary 3.2. If f € A\{fo}, where fo(z) = Ty 9

then I™(f) are bounded for all n > 3.

For 8 = 1 and v = 0 the integral operator I becomes I; ; defined by (1.3).
For the Libera integral operator I; ; we have the following result.

5
Corollary 3.3. If f € A\{fo}, |arg f'(2)| < ?ﬂ then I7',(f) are bounded for all
n > 3.

For 5 = 1 and ~ the real number so that 1 + + > 0 the integral operator [
becomes the Libera generalized integral operator defined by (1.4).

5 .
Corollary 3.4. If f € A\{fo}. |arg f'(2)| < ?ﬂ then I7'. (f) is bounded for all n > 3.
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