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Some boundedness properties of certain operators

GHEORGHE MICLĂUŞ

ABSTRACT. In this paper we determine some conditions of boundedness for the integral operator
(1.1) when it is applied to an analytic function f so that

| arg f ′(z)| <
5π

9
, z ∈ U.

In particular, results for the Alexander integral operator, Libera integral operator and Libera genera-
lized integral operator are obtained.

1. INTRODUCTION

Let H(U) denote the class of holomorphic (analytic) functions in the unit disc
U of the complex plane C. Let A ⊂ H(U) denote the set of functions f of the
form f(z) = z + a2z

2 + . . . , z ∈ U and S ⊂ A its subset of univalent functions.

Functions in the class R =

{
f ∈ A : Re

zf ′(z)
f(z)

> 0, z ∈ U

}
are called functions

with bounded turning.

Let S∗ =

{
f ∈ A : Re

zf ′(z)
f(z)

> 0, z ∈ U

}
be the class of starlike functions.

Let β and γ be real numbers, with β > 0 and β + γ > 0.
Define for f ∈ A,

(1.1) I(z) = Iβ,γ(f)(z) =
[
β + γ

zγ

∫ z

0

f(t)tβ+γ−2dt

] 1
β

, z ∈ U.

In 1994 P. T. Mocanu [6] found a sufficient condition on β and γ so that
Iβ,γ(f) ∈ S∗ for f ∈ R.

For β = 1 and γ = 0, (1.1) is the Alexander integral operator [1]:

(1.2) I1,0(f)(z) =
∫ z

0

f(t)t−1dt, z ∈ U.

For β = 1 and γ = 1, (1.1) is the Libera integral operator [5]:

(1.3) I1,1(f)(z) =
2
z

∫ z

0

f(t)dt, z ∈ U.

For β = 1 and γ = 1, 2, . . . , (1.1) is the Libera generalized integral operator:

(1.4) I1,γ(f)(z) =
1 + γ

zγ

∫ z

0

f(t)tγ−1dt, z ∈ U,
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which has been considered by S. Bernardi [2] in 1969.
In this paper we find the Hardy spaces for the integral operator (1.1) acting

on functions f with | arg f ′(z)| <
5π

9
in U , and the Hardy spaces for its itera-

tive. Hence we find conditions for boundedness of (1.1). In particular, results for
the Alexander integral operator, Libera integral operator and Libera generalized
integral operator are given.

2. PRELIMINARIES

For f ∈ H(U) and z = reiθ ∈ U , we set

Mp(r, f) =

⎧⎪⎪⎨
⎪⎪⎩
(

1
2π

∫ 2π

0

|f(reiθ)|pdθ

) 1
p

, 0 < p < ∞
sup

0≤θ≤2π
|f(reiθ)|, p = ∞.

A function f ∈ H(U) is said to be in Hardy space Hp, 0 < p < ∞, if Mp(r, f)
remains bounded as r → 1−. H∞ is the class of bounded analytic functions in U .

We shall need the following lemmas to prove our main results.

Lemma 2.1. ([3]). If f ∈ H p and F (z) =
∫ z

0

f(t)dt, z ∈ U , then f ∈ Hq with

q =
1

1 − p
for p < 1, and f ∈ H∞ for p ≥ 1.

Lemma 2.2. ([4]). If f ∈ S ∗\{f0}, where f0(z) =
az

(1 − zeiτ)2
, z ∈ U , then there

exists ε = ε(f) > 0 such that f ∈ H
1
2+ε.

Lemma 2.3. ([7]). If f ∈ A and | arg f ′(z)| <
5π

3
, z ∈ U , then I1,1(f) ∈ S∗.

3. MAIN RESULTS

Theorem 3.1. Let β and γ be real numbers with β > 0, β + γ > 0 and I is defined by

(1.1). If f ∈ A\{f0}, where f0(z) =
az

(1 − λz)3
, z ∈ U and | arg f ′(z)| <

5π

9
, z ∈ U ,

then there exists ε = ε(f) > 0 such that:

(i) I(f) ∈ Hβp, where p =
1
2

+ ε;

(ii) if (β + β2 + · · · + βn−1)p < 1, then In(f) ∈ Hq, where

q =
βnp

1 − (β + β2 + · · · + βn−1)p
, p =

1
2

+ ε and In = I ◦ I ◦ · · · ◦ I︸ ︷︷ ︸
n

;

(iii) if (β + β2 + · · · + βn−1)p ≥ 1, then In(f) ∈ H∞.

Proof. (i). Observe that

(3.5) I = F ◦ G,
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where F = F (f)(z) =

[
β + γ

zγ
f(z)

] 1
β

, z ∈ U , and G = G(f)(z) =
∫ z

0

f(t)tβ+γ−2dt,

z ∈ U . We will determine the Hardy spaces for F and G.
Let f be analytic and f ∈ Hq. For F (f) we have:

Mp
p (r, F ) =

1
2π

∫ 2π

0

∣∣F (reiθ
)∣∣p dθ =

1
2π

∫ 2π

0

∣∣∣∣∣
[

β + γ

rγeiγθ
f(reiθ)

] 1
β

∣∣∣∣∣
p

dθ =

=
1
2π

∫ 2π

0

∣∣∣∣∣(β + γ)
1
β

r
γ
β ei γθ

β

f
1
β (reiθ)

∣∣∣∣∣
p

dθ =

=
(β + γ)

p
β

r
γp
β

(
1
2π

∫ 2π

0

∣∣f(reiθ)
∣∣ p

β dθ

)
=

(β + γ)
p
β

r
γp
β

· M
p
β
p
β

(r, f) .

Hence we obtain Mp (r, F ) =
(β + γ)

1
β

r
γ
β

· M
1
β
p
β

(r, f) and

lim
r→1−

Mp(r, F ) = lim
r→1−

(β + γ)
1
β

r
γ
β

M
1
β
p
β

(r, f) = (β + γ)
1
β lim

r→1−
M

1
β
p
β

(r, f).

Because lim
r→1−

M
1
β
p
β

(r, f) < ∞, if lim
r→1−

M p
β
(r, f) < ∞ and from f ∈ Hq we have

lim
r→1−

M p
β
(r, f) < ∞ for p

β = q. Hence we have that

(3.6) F (f) ∈ Hβq.

For G we will deduce that if f ∈ Hq then G(f) and I1,0(f) have the same Hardy
space. Indeed, if f ∈ H q then f is holomorphic and G(f) is holomorphic and
[G(f)(z)]′ = f(z)zβ+γ−2. Analog [I1,0(f)(z)]′ = f(z) · z−1.
We can easily deduce that f(z)z−1 and f(z) · zβ+γ−2 have the same Hardy space.
Hence we obtain that G(f) and I1,0(f) have the same Hardy space.

Now, from Lemma 2.3 we have that if f ∈ A and | arg f ′(z)| <
5π

9
then

I1,1(f) ∈ S∗. From Lemma 2.2 we deduce that there exists ε = ε(f) such that
I1,1(f) ∈ H

1
2+ε. On the other hand we can easily deduce that I1,0(f) and I1,1(f)

have the same Hardy space. Hence and from (3.6) we obtain that F (G(f)) ∈
Hβ( 1

2+ε) namely I(f) ∈ Hβp, where p =
1
2

+ ε.

(ii) and (iii). From Lemma 2.1 and from (i) we deduce that if I(f) ∈ H βp, then∫ z

0

I(f)(t)β+γ−2dt ∈ H
βp

1−βp and hence

I2(f)(z) = I(I(f))(z) =
[
β + γ

zγ

∫ z

0

I(f)(t)tβ+γ−2dt

] 1
β

∈ Hλ,

where λ = β
βp

1 − βp
=

β2p

1 − βp
, for βp < 1, and λ = ∞ for βp ≥ 1.
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We suppose that In−1(f) ∈ Hλ where λ =
βn−1p

1 − (β + β2 + · · · + βn−2)p
for

(β + β2 + · · · + βn−2)p < 1 and λ = ∞ for (β + β2 + · · · + βn−2)p ≥ 1.
From Lemma 2.1 and from assertion (i) we have In(f) ∈ Hλ where λ =

βnp

1 − (β + β2 + · · · + βn−1)p
, for (β + β2 + · · · + βn−1)p < 1 and λ = ∞ for

(β + β2 + · · · + βn−1)p ≥ 1, p =
1
2

+ ε. �

Corollary 3.1. Let β and γ be real numbers with β > 2, β + γ > 0 and I is defined by

(1.1). If f ∈ A and | arg f ′(z)| <
5π

9
then In(f) are bounded for all n ≥ 2.

Indeed, is known that if f ∈ S∗ then f ∈ Ap, for all p <
1
2

. If β > 2 then

βp ≥ 1 and from Theorem 3.1 we obtain I2(f) ∈ H∞ and hence I2(f) is bounded.
Analog, (β+β2+ · · ·+βn−1)p ≥ 1 for n ≥ 2 and hence In(f) ∈ H∞, namely In(f)
is bounded. For β = 1 and γ = 0 the integral operator I becomes I1,0 defined by
(1.2). For the Alexander integral operator I1,0 we have the following result.

Corollary 3.2. If f ∈ A\{f0}, where f0(z) =
az

(1 − λz)3
, z ∈ U and | arg f ′(z)| <

5π

9
,

then In(f) are bounded for all n ≥ 3.

For β = 1 and γ = 0 the integral operator I becomes I1,1 defined by (1.3).
For the Libera integral operator I1,1 we have the following result.

Corollary 3.3. If f ∈ A\{f0}, | arg f ′(z)| <
5π

9
, then In

1,1(f) are bounded for all
n ≥ 3.

For β = 1 and γ the real number so that 1 + γ > 0 the integral operator I
becomes the Libera generalized integral operator defined by (1.4).

Corollary 3.4. If f ∈ A\{f0}, | arg f ′(z)| <
5π

9
, then In

1,γ(f) is bounded for all n ≥ 3.
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