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On p-cluster sets and their application to p-closedness

M. N. MUKHERJEE and B. Roy

ABSTRACT. In this paper, the study of a new type of cluster sets for functions and multifunctions
between topological spaces has been initiated by use of preopen sets of [8]. Such a notion of cluster
sets is characterized and studied to some extent. In the process, a characterization of Hausdorffness
is achieved in terms of the cluster set of a certain class of functions. An important application of
the study is exhibited by establishing a characterization of the concept of p-closedness of [7] via the
introduced idea of cluster set of multifunctions.

1. INTRODUCTION

The notion of cluster sets of arbitrary functions between topological spaces was
first introduced by Weston [17]. Similar theories for different classes of functions
and multifunctions have already been studied by good many researchers. Such
theories are seen to have many applications specially to the characterizations of
different covering properties and certain separation axioms. For instance, Joseph
[6] characterized some important covering properties like compactness and H-
closedness by means of cluster sets and derived some interesting consequences
of such a study. In [10] and [9], J-cluster sets and S-cluster sets respectively were
investigated, which were applied to the characterizations of near compactness
and S-closedness respectively among other things.

A new type of covering property under the terminology p-closedness, was
rather recently introduced by Abo-Khadra [7] by use of preopen sets of [8], and
the concept has already been investigated extensively by many workers (for ex-
ample, see [4]).

Our aim in this paper is to initiate the study of a new form of cluster sets of
functions and multifunctions with preopen sets and allied notions as the sup-
porting tools. Calling it p-cluster set, we show ultimately that such a concept can
be applied successfully towards the characterizations of p-closedness. Moreover,
we have derived explicit characterizations of p-cluster sets of functions and have
found that Hausdorffness of a space can be formulated via the idea of cluster sets
of suitable functions. This is a new approach to p-closedness with p-cluster set
as an appliance, and surely the latter concept can further be investigated in more
detail to arrive at many applications of it.

In what follows, by a space X (or Y) we mean a topological space endowed
with a topology 7 (say). The closure and interior of a subset of a space will be
denoted by clA and intA respectively. The notation f : X — Y will stand for a
function f from a space X to a space Y. Similarly, for a multifunction F' from X
to Y (i.e., a function mapping points of X into nonempty subsets of Y) we use
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the notation F : X — Y. A subset A of a space X is called preopen (preclosed)
[8] if A C intclA (resp. clintA C A). Clearly, A (C X) is preopen iff (X \ A) is
preclosed. The set of all preopen (resp. open) sets in a space X, each containing
a given subset A of X will be denoted by PO(A) (resp. 7(A)). Incase A is a
singleton, say A = {z} (for € X), we shall write PO(z) (resp. 7(x)) instead of
PO({z}) (resp. 7({z})). For any subset A of X, the intersection of all preclosed
sets containing A is called the preclosure of A [5], denoted by pclA, and A is
preclosed iff A = pclA.

For any subset A of a space X, the 6-closure [16] (p(#)-closure [4]) of A, to be
denoted by 6-cl A (resp. p(6)-clA), is the set of all those points x of X such that for
every U € 7(z) (resp. U € PO(x)), clU N A # () (resp. pclU N A # 0). The set A is
called #-closed (resp. p(#)-closed [4]) if A = 6-clA (resp. A = p(6)-clA).

2. p-CLUSTER SETS OF FUNCTIONS AND MULTIFUNCTIONS

Let us begin by recalling the definition of a grill and the notion of its p(6)-
convergence (as considered in [11]).

Definition 2.1. [15] A non-void collection G of nonempty sets in a topological
space X iscalledagrillon X if(lAcGandACBC X = Be€g, and
(AUBeG(A,BCX)= AcgorBeg.

Definition 2.2. A grill G on a topological space X is said to be p(#)-convergent
to a point z of X if to each U € PO(z), there corresponds some G € G such that
G C pclU.

Note 2.1. The above definition of p(#)-convergence of a grill can equivalently be
described as : A grill G on X is p(6)-convergent to a point z(e X) iff { pclU : U €
PO(z)} € G.

The notion of pre-8-accumulation point of a filterbase was given in [4] in the
following way:

Definition 2.3. Afilterbase F on atopological space X is said to pre-f-accumulate
ata point z of X, written as « € p(#)-adF, if foreach U € PO(z) and each F' € F,
Fn pclU # 0.

We now introduce the definition of a p-cluster set as follows.

Definition 2.4. Let F' : X — Y be a multifunction and x € X, where X and Y
are any topological spaces. Then the p-cluster set of F' at z, denoted by p(F, z) is
defined to be the set N{6-cl F'(pclU) : U € PO(x)}.

Similarly for a function f : X — Y, the p-cluster set of f at «, denoted by p(f, z),
is defined by p(f,z) = N{6-cl f(pclU) : U € PO(x)}.

In the next theorem we derive certain characterizing conditions of the above
defined concept.

Theorem 2.1. For any function f : X — Y, the following are equivalent:

(a) y € p(f, ).

(b) The filterbase f—1( cl~(y)) pre-9-accumulates at =, where cl7(y) is the collection
of closures of all open neighborhoods of y in Y.
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(c) Thereis a grill G on X such that G is p(#)-convergent to z(€ X) and y € N{6-cl
f(G): G eg}.

Proof. (a) = (b): Lety € p(f,z). Then for each open neighborhood V of y in Y
and each U € PO(z), clV N f(pclU) # 0, which gives f~(clV)NpclU # 0. Hence
{f~}(clV) : V is an open neighbourhood of y} pre-6-accumulates at z.

(b) = (c): Let F denote the filterbase f ~!(cl7(y)),and letG = {G C X : GNF #

@, forall F € F}. We first show that G is a grill on X. Obviously G is non-void
and that ) € G. Also, it is easy to see thatif A € Gand A C B, then B € G. Let
now AUB € G (where A, B C X),ie, (AUB)NF # 0, VF € F. If possible, let
A¢Z Gand B ¢ G. Then for some Fy,F, € F, ANF, = BN F, = . Since Fisa
filterbase, there exists F5 € F, such that F3 C F; N F,. Then 5N (AU B) =0, a
contradiction. Hence A€ Gor B € G.
By(b), for each U € PO(x) in X and each open neighbourhood V of y in Y,
i clV)npelU # 0, i.e., FnpclU # (), for each F € F and each U € PO(x) in
X. Hence foreachU € PO(z) in X, pclU € G. So G is p(6)-convergent to z. Now,
the definition of G implies that f(G) N clW # 0, for each G € G and each open
neighbourhood W of y in Y. Thus y € N{6-clf(G) : G € G}.

(c) = (a): Let G be a grill on X such that G is p(6)-convergent to some point
xzof X and lety € n{#-clf(G) : G € G}. Then {pclU : U € PO(x)inX} C G
and y € 0-clf(G), forall G € G, ie., y € n{O-clf(pclU) : U € PO(x)}. Hence
y €p(f,z).

It is clear from the definition of p-cluster set of a function (or multifunction)
f+ X — Y atany point z of X that f(z) € p(f,x). In the couple of theorems
that follow, we shall investigate certain situations where p(f, x) (resp. p(F, z), for
a multifunction F' : X — Y) becomes degenerate, i.e., p(f,z) = {f(z)} (resp.
p(F,z) = F(x)). U

Theorem 2.2. A topological space Y is Hausdorff if for some space X and some surjec-
tion f : X — Y, p(f, x) is degenerate for each = € X.

Proof. Let y1,y2 € Y with y; # ys. As f is onto, there exists z;,x25 € X such
that f(z1) = y1 and f(x2) = y2. Now p(f,z) being degenerate for each z € X,
y2 = f(x2) € p(f,2z1). Thus thereexist V € 7(y2) inY and U € PO(z,) in X such
that f(pclU)n clV = 0, whence we getf(pclU) C Y\clV. Then Y\clV € 7(y1)
and V' € 7(y2) such that V N (Y'\clV) = 0, proving Y to be Hausdorff. O

A weak version of the converse of the above theorem is now proved.

Theorem 2.3. If a topological space (Y, 7) is Urysohn then for some space X and some
function f : X — Y, p(f, x) is degenerate for each = € X.

Proof. Let Y be a Urysohn space and if possible, let for each space X and each
function f : X — Y, p(f,x) be not degenerate for at least one x € X. Consider
the identity map i : (Y,7) — (Y, 7). Then for some z € X, there exists y € Y with
y # x(= i(x)) such that y € p(i,z). Then forall U € PO(z) and all V € 7(y),
pclU NclV # § and hence in particular, clU N clV = pclU NnclV # 0, VU € 7(x)
and vV V € 7(y) (note that for an open set A, pclA = clA [5]). Thus Y is not
Urysohn. a
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To ascertain for the type of functions for which the converse of Theorem 2.2
holds, we recall the definition of a specific class of functions:

Definition 2.5. [12] Afunction f : X — Y issaid to be strongly 6-precontinuous if
for each z € X and each open set V' containing f(z) in Y, there exists U € PO(z)
in X such that f( pclU) C V.

Theorem 2.4. Let f : X — Y be strongly #-precontinuous with Y a Hausdorff space.
Then p(f, z) is degenerate for each z € X.

Proof. Letx € X. As f is strongly 6-precontinuous, for each open set V' containing
f(z)inY, there exists U € PO(x) in X such that f( pclU) C V.

Now p(f,z) = n{#-clf(pcll) : U € PO(x)} C n{f-clV : V € 7(f(x))} =
N{clV:Ver(f(z))} - (1). Lety € Y withy # f(z). AsY is Hausdorff, there
are disjoint open sets Gand H inY suchthaty € Gand f(x) € H. Then obviously
GnclH =0.Soy ¢ clH andthenby (1), y € p(f,z). Hence p(f,z) = {f(x)}. O

It now follows from Theorem 2.2 and 2.4 that

Corollary 2.1. Let f : X — Y be a strongly 6-precontinuous surjection. Then Y is
Hausdorff iff p(f, ) is degenerate for each « € X.

Definition 2.6. [3] A function f : X — Y is called #-closed if images of #-closed
sets of X are f-closed in Y.

Definition 2.7. [14] A topological space X is said to be almost regular if for every
regular closed set A in X and each point z € X \ A, there exist disjoint open sets
UandV suchthatx € U and A C V (aset A is regular closed if A = clintA).

It is known [14] that in an almost regular space X, 6-clA is #-closed for each
ACX.

Theorem 2.5. Let f : X — Y be a 6-closed map from an almost regular space X into
aspace Y. Let f~1(y) is f-closed in X for all y € Y, then p(f, z) is degenerate for each
zeX.

Proof. We have
p(f,z) =n{6 —clf(pclU) : U € PO(z)}
Cn{d—clf(@—clU):U € PO(x)}.

As X is an almost regular space, 6-clU is #-closed for each U €PO(z). As f is
6-closed map, 0-cl f(6-clU) = f(6-clU). Hence

(21) p(f,z) CSN{f(6-clU): U ePO(x)}

Lety € Y and y # f(x). Then by hypothesis, f~!(y) is 6-closed and = ¢
f~1(y). Hence there exists an open set G' containing z in X such that cIG N
f~l(y) =0andtheny ¢ f(clG) = f(6-clG) (as G is open). So by (2.1), y & p(f, z).
Thus p(f, z) is degenerate. a

Theorem 2.6. Let f : X — Y be a #-closed injection, where X is an almost regular
Hausdorff space. Then p(f, z) is degenerate.
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Proof. As X is almost regular and f is a 6-closed map, we have 6-cl f(6-clU) =
f(6-clU), forany U C X. Hence p(f,x) = n{#-cl f(pclU) : U € PO(z)} C n{h-cl
f(0-clU) : U € PO(x)} (since pclU C 6-clU) = n{f(6-clU) : U € PO(z)}). Let
z,x1 € X with z # z1. As f is injective, f(z) # f(x1). By Hausdorffness of
X, there are disjoint open sets G and H in X such that z € G, z; € H. Then
clHNG = P and hence z; ¢ 6-cl G, sothat f(x1) & f(6-cl G). Because G € 7(x) C
PO(x), from (2.1) it follows that f(z1) & p(f,z). Hence p(f, x) is degenerate. O

Theorem 2.7. For a multifunction F : X — Y, if F has #-closed graph G(F’), then
p(F,z) = F(x), foreach x € X, where G(F) = {(z,y) e X xY :y € F(z)}.

Proof. It is obvious that F(xz) C p(F,z), foreach x € X. Lety € p(F,z). Then
foreachV € 7(y)inY and U € PO(z) in X, clV N F(pclU) # 0, ie, F~(cl
ViNnpcl U # O foreach V € 7(y) in Y and each U € PO(z) in X, where for any
B CY the lower inverse F— of F is defined in the usual way as F~(B) = {z €
X : F(z)N B # 0}. Then for any basic open set M x N in X x Y containing (z, y),
F~(cl N)npcl M # (. So for any basic open set M x N in X x Y containing (z,y),
(cIM x cIN)NG(F) # 0. Hence cl(M x N)NG(F) # (, where M x N is a basic
opensetin X xY containing (x,y). Hence (z,y) € 0-cl G(F) = G(F) (as G(F) is -
closed). Hence (z,y) € [G(F)N({z}xY)],sothaty € ps [G(F)N({z}xY)] = F(z),
where p; : X x Y — Y is the second projection map. Hence p(F,z) = F(z),
VzeX. O

Towards the converse of the above theorem, we now show that the degeneracy
of p(F, z) implies the p(#)-closedness of the graph of F; this serves as a weak con-
verse, because it is easy to see that a §-closed set is p(6)-closed but not conversely.
To that end, we need the following results quoted from [13].

Lemma 2.1. Let X, Y be topological spaces, A C X, B C Y,z € Xandy € Y.
Then (a) pcl(A x B) € pcl Ax pel B, (b) U € PO(z)andV € PO(y) = U xV €
PO((z,y)).

Theorem 2.8. For a multifunction F: X — Y, if p(F,z) = F(x) for each x € X, then
the graph G(F') of F'is p(6)-closed.

Proof. Let (z,y) € X x Y\ G(F). Now, y € F(z) = p(F,z) = there exist V' ¢
7(y) inY and W € PO(z) in X such thatcl V N F(pcl W) = 0§ = ( pclV xpcl
W)NG(F) =0 (since pclV CclV) = pcl(V x W)NG(F) = 0 (by Lemma 2.1 (a))
= (z,y) € p(#)-cl G(F) (using Lemma 2.1 (b)). Hence G(F) = p(6)-cl G(F') so
that G(F) is p(#)-closed. O

3. p-CLOSEDNESS VIA p-CLUSTER SETS

As already proposed, in this section we shall show an application of the intro-
duced concept of p-cluster set to the characterizations of the well known notion
of p-closedness. The idea of p-closedness, initiated by Abo-khadra [7] followed
by its extensive study by many others, goes as follows.

Definition 3.8. A nonempty subset A of a topological space X is said to be p-
closed relative to X if for each cover {U, : a € A} of A by preopen sets of X,
there exists a finite subset Ay of A such that A C U{pclU, : a € Ap}. If,in
addition A = X, then X is called a p-closed space.
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For any subset B of a topological space X, we how introduce a notion Cg to
denote the collection of subsets of X given by

Cp={U,pclU; :U; € PO(X)and U, pclU; 2 B, n€ IN}.

The following result, giving incidentally a characterization of the p-closedness
of a set, is required for our desired result.

Lemma3.2. A subset A of a topological space (X, ) is p-closed relative to X iff when-
ever for any filterbase 7 on X, F N C # 0 holds for each F € F and each C' € C4, one
has A N p(6)-ad F # 0.

Proof. Let A be p-closed relative to X and F be a filterbase on X satisfying the
given hypothesis. If possible, let A N p(6)-ad F = (). Then for each a € A, there
are U(a) € PO(a) and F(a) € F such that F(a)n pcl U(a) = @. Since {U(a) :
a € A} is a cover of A by preopen sets of X, by p-closedness of A relative to X,
there exists a finite subset Ay of A such that A C Ugea, pcl U(a). Let Fy € F
such that Fy C Ngea,F(a). Then Fy N (Ugea, pcl U(a)) = 0. But Usea, pcl
U(a) = C (say) € C4 and Fy € F with Fy N C = (, a contradiction. O

Conversely, suppose A is not p-closed relative to X. Then there exists a cover
{Uq4 : @ € A} of A by preopen sets of X suchthat A ¢ U{ pcl U, : « € Ao} for any
finite subset Ag of A. Then F = {A\ Unea, Pcl Uy : Ag is afinite subset of A} isa
filterbase on X [infact, Fy, F5 € F = F; = A\ Uqaenp, PCl U, and Fr = A\ Ugen,
pcl Uy, for some finite subsets A;, A2 of A= F1NFy = A\ Unen,un, PCl Uy € F]
such that F N C # () foreach I € F and each C € C4 (since ) # F C A and
CDA).ButAnp(f)-ad F=0.Fora € A = 3U,(« € A) such that a € U,, and
then A\ pcl U, € F such that ( pcl U,) N (A\ pcl U,) = 0.

Definition 3.9. For a point x of a topological space X and any family F of subsets
of X, we shall write x € §-ad F if for each open set V' in X containing = and each
FeF,FnclV #0.

We need to recall from [4] the following results as the final prerequisites.

Lemma3.3. (a) A p(#)-closed subset A of a p-closed space X is p-closed relative to X.
(b) A topological space X is p-closed iff every filterbase on X pre-6-accumulates at
some point of X.

We are now equipped enough to prove the main desired theorem as follows.

Theorem 3.9. A topological space X is p-closed iff for each space Y, each p(6#)-closed set
A C X and each multifunction F : X — Y, p(F, A) D 6-ad F(C4).

Proof. Let X be p-closed, and suppose that for a space Y, a multifunction
F : X — Y and for some p(6)-closed subset A of X, z € #-ad F(C4). Then
for each C' € (C4) and each open neighborhood V of zinY,cl VN F(C) # 0 i.e.,
F=(clV)NnC # 0. Now, {F~(clV) : V is an open neighborhood of z in Y } (= F,
say) forms a filterbase on X. As A is a p(6)-closed subset of a p-closed space X, A
becomes p-closed relative to X (by Lemma 3.3 (a)). Hence it follows from Lemma
3.2 that (p(d)-ad F) N A # 0. Letz € (p(f)-ad F) N A. Then for all U ePO(z)
and all open neighborhood V of zin Y, we have F~(cl V)N pcl U # 0 = cl VN
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F(pclU)#0= zec0-cl F(pclU),VU € PO(z) = z € p(F,z) C p(F, A) (since
x € A).

Conversely, let F be a filterbase on X and yo ¢ X. Let us constructY = X U
{yo}ando ={UCY : 49 g U H{U CY :yocUandIF € Fsuchthat F C U}.
Clearly o is a topology on Y. We then consider the inclusion map f : (X,7) —
(Y,o). We first show that #-cly X C #-ad f(Cx), where #-cly X stands for the
f-closure of the subset X(C Y) in (Y, o) (similar notation cly A will stand for
the closure of aset AinY in (Y,0)). In fact, y € 6-cly X = for each o-open
neighborhood U(y) of y in Y, cly U(y) N X # 0, i.e., clyU(y) N f(X) # 0.

Let C € Cx (in X), then C = U, pcl U; (for some n € IN) with U; € PO(X)
and X C U, pcl U;. Itis then clear that C = X. Hence clyU(y) N f(C) # 0,
VC € Cx (in X) and for all open neighborhood U(y) of y in Y, and so y € 6-ad
f(Cx). Thus #-cly X C #-ad f(Cx) C p(F,X) (by hypothesis). Now, yo € 6-
cyX = yo € p(f,z) = yo € p(f,x), for some x € X = yo € O-cly f( pcl U),
YU € PO(z) = cly(FU{yw})Nf(pclU) #0,VU € PO(z) andVF € F =
(FU{yo) N f(pclU) #0,VU € PO(x)and VF € F (as F U {yo} is closed in
Y)=Fn(pclU)#0,YU € PO(x)andV F € F (since f(pcl U) = pcl U C X)
= x € p(#)-ad F.

Hence by Lemma 3.3 (b), X becomes p-closed. d
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