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A Schurer-Stancu type quadrature formula

DAN BARBOSU

ABSTRACT. Starting from the Schurer-Stancu approximation formula we construct the quad-
rature formula 2.5). The coefficients of are expressed at (2.6). We establish the case when
has the degree of exactness 1 and in this case we give the form of the remainder term. Also an op-
timal quadrature of Schurer-Stancu type is established. As particular cases, the Stancu, Schurer and
respectively Bernstein quadrature formulas are obtained.

1. PRELIMINARIES

Let p be a given non-negative integer and let «, § be real parameters satisfying
conditions 0 < o < 3.

The Schurer-Stancu operators [2] 57(,?7}? e ([0,1 + p]) — C(]0,1]) are defined
for any f € C([0,1 + p]), any z € [0, 1 + p] and any positive integer m by

(1.1) (S f) (@) = mipﬁm w(@)f ( Kta )
" P m+p

where

1.2) B k() = <ml-€|-10> xk(l _ x)m+p7k

are the fundamental Schurer’s polynomials [6].

Note that the operators belong to a class of more general multiparameter
linear operators, first considered by Professor D. D. Stancu in 1997 [12]. Many ap-
proximation properties of operators were investigated in our recent mono-
graph [4].

Let us to recall some of these properties, which will be essentially used in the
present paper.

Theorem 1.1. ([2], [4]) Let e;(z) = x7 (j - non-negative integer) be the test monomials.
The following identities:

(i) (853)¢0) (@) = 1;

.. ola, m+p a
(i) (S60er) (0) = TG+ s
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1
(id4) (S,(ﬁff)eg) (z)= m{(m+p)2332+(m—i—p)x(l—x)+2a(m+p)x+a2},
hold, for any « € [0, 1 + p| and any non-negative integer m.

Theorem 1.2. ([2], [4]) Let ¢, : [0,1 + p] — R be defined by

pult) = |t — .

Forany x € 0,1 + p| the following identity

A3 (S504) @) = s (0= Hr+af + (m+p)a(1 =)}

holds.
In [3] and [4] it was considered the Schurer-Stancu approximation formula
(1.4) =800 f+ RO f

and were proved some results regarding its remainder term ESLE” f.

2. MAIN RESULTS
Let f € C([0,1 + p]) be given and let

1 m+p
(2.5) /0 f(x)dx = Z Ag:ﬁ;),kf <:L+—|—Oé) +rD(f)
k=0

be the Schurer-Stancu type quadrature formula.

Forp =0, reduces to the Stancu’s quadrature formula ([13], [14]), while
fora=0=0andp #0 is the Schurer’s quadrature formula. For o = 8 =
p=0, is the Bernstein’s quadrature formula.

Lemma 2.1. The coefficients of quadrature formula (2.5|) are expressed by

1
2.6 AP -~
( ) m+p,k m + D +1

forany k =0,m + p.
Proof. From (1.1) and follows

1 1
4580 = [ o= (") [0 o
0 0

- (m;p>B(k+1,m+p—k+1)

where B(k+ 1, m+ p — k + 1) denotes the Euler’s function of first kind (the Beta-
function). Taking into account the well-known properties of this function one

obtains (2.6). O
Next, we are dealing with the degree of exactness of (2.5). We need
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Lemma 2.2. Let e¢;(z) = 27 (j - non-negative integer) be the test monomials. The
following identities

@7 A e =

(@,8) () = D20~ P,
(2.8) Tonw (e1) St B

2(8 = p)(2m + B +p) = (m+p)(6a+1) - 60
(o, 8) -
(2.9) Ton (e2) 6(m 1 B2 ,
hold.
Proof. From (1.4) and (2.5) we get
1
(2.10) rﬁﬁ"ﬁ) f) = / flx) — S’vﬁ,f"ﬁ)f x) ¢ dx.
D= @ - (500r) @f

Next one applies Theorem 1.1. O
Remark 2.1.

(i) Ingeneral ris ’f) (e1) # 0, i.e., the degree of exactness of 1l is 0.

(ii) For 8 = 20+ p, (2.8) and (2.9) yield {2 (e1) = 0, rie 2™ (e5) #£ 0, e,
(2.5) has the degree of exactness 1.

In what follows, we are dealing with the Schurer-Stancu quadrature formula
having the degree of exactness 1, i.e., with the following quadrature formula

B m+p ]{?+Oé (a.2047)
@1 / o= Zf<m+p+2a>+r )

We shall investigate the remainder term of (2.11). First, let us prove the follow-
ing
Lemma 2.3. For 3 = 2a + pand m + p > 4a? the following identity

m-+p

(a,20+p) , 2 —
(2.12) max (S ) (x) mtptoa)

z€[0,1]
holds.
Proof. Applying Theorem 1.2 for 8 = 2a + p one obtains

~ 1
(ov,2a+p) 2|
(Sm’p (’01) (=) (m+p+2a)? {o
For m + p > 4a?, the function f : [0,1] — R
fla) = a?(1 = 22)* + (m +p)a(l - 2)

*(1-22)>+ (m+p)a(l—x)}.

m 1
attains its maximum value P (at the point x = 3 )- O

Remark 2.2. Forp =0, we geta result due to D. D. Stancu and A. Vernescu [14],

regarding the Stancu’s operators SR,
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Theorem 2.3. If

(i) f € C([0,1+p]) N C2([0, 1)),

(ii) B =2a+pand m + p > 4a?,
the remainder term of Schurer-Stancu quadrature formula can be represented un-
der the form

(2a — )m + 202 + (2a— 1)p

(a,20+p) —
(2‘13) rm,p (f) 12(m +p + 2@)2

1(€)

where 0 < £ < 1.

Proof. Taking into account the hypotheses, we can apply the Peano’s theorem [13]
and we get

Lon

5 IO Kn(e,)

where 0 < £ < 1 and K,,,(«, p) is the Peano’s kernel, i.e.,

(2 — 1)m + 202 + (2o — 1)p
6(m + p + 2a)?

ploo2etp)(fy =

m,p

Km(aap) = ,’,(a,2a+p) (62) =

m,p

O

Remark 2.3. The minimum value of the remainder term of the quadrature for-

1
mula (2.11) is obtained for o = 5 ie.,

1
214 (()/ 2()/+p) e /) )
@14 o<ain;\r}w 24(m +p+ 1) 7
Theorem 2.4. If
(i) f € C([0,1 4 p]) N C2([0,1]);
(i1) m + p > 4a?,
the optimal quadrature formula of Schurer-Stancu type is the following

oy 2% +1 1 .
15 / J(w)de = m—l—p—|—1 Z ! <2m+2p+2) + 24(m+p+1)2 7).

Proof. The quadrature formula (2.15) has the degree of exactness 1 and its remain-
der term has the minimum value possible (in the set of quadrature formulas of
Schurer-Stancu type). O
Remark 2.4.

(i) For p = 0, from (2.15) we get the Stancu’s optimal quadrature formula [4],
ie.,

1 " 2k +1 1 "
(2.16) /O f(x)d$:m+1zf(2m+2> am 12! (©):

(ii) For o = = 0 and p # 0, from (2.5) we get the Schurer quadrature formula

(2.17) / f(x)de = m+p+ —— Wi‘pf < k) + Tmp(f)-
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It is immediately that the optimal Schurer quadrature formula is the Bernstein
quadrature formula, i.e.

! 1 & k 1,
(2.18) /o f(z)dz = m,;)f (m) - ﬁf (€)-
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