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ABSTRACT. The aim of this paper is to study the steady states of the mathematical models with
delays which describe pathogen-immune dynamics of many kinds of infectious diseases. In the study
of mathematical models of infectious diseases it is an important problem to predict whether the in-
fection disappears or the pathogens and the immune system persist. The delays are described by
the memory function that reflect the influence of the past density of pathogen in blood. By using
the coefficients of delays, as a bifurcation parameter, the models are found to undergo a sequence of
Hopf bifurcation. The direction and the stability criteria of bifurcation periodic solutions are obtained
by applying the normal form theory and the center manifold theorems. Some numerical simulation
examples for justifying the theoretical results are also given.

1. INTRODUCTION

The purpose of this paper is to study Hopf bifurcation of immune response

against pathogens interaction dynamics with delays. Dynamical systems with
delays have been studied for population dynamics, neural networks [4] etc. In
[8], we studied the Hopf bifurcation for two basic mathematical models with de-
lay kernels which contain the density of uninfected cells, that of infected cells and
that of pathogens.
In this paper, we add the effect of humoral immunity for the two models in [9]
and we consider immune response against pathogens. Here we take only hu-
moral immunity into account. When pathogens go into blood, the B cells are
activated and secrete antibody. Immune system removes pathogens in blood
with aid of antibody. More precisely, consider the following system of differential
functional equations:

#(t) = a1 — axx(t) — azx(t)p(t — 72)
(L.1) y(t) = —aqy(t) + azz(t)p(t — m2)
‘ 2(t) = —asz(t — 11) + agz(t — 71)p(t — 72)
p(t) = agary(t) — agp(t — 72) — agz(t)p(t — 72) — a102(t — 71 )p(t — 72),
where a;, i = 1,---,10 are positives constants and the delays 71,72 > 0 have

parameters which denotes the effect of the past memories.
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It is also assumed that the system (1.1) is supplemented with initial conditions
of the form:

(1.2) z(0) = 2", y(0) =y*, 2(s) = ¢1(s), s € [-71,0], p(s) = pa(s), s € [-72,0]
¢; are bounded and continuous on [—7;, 0].

The model contains four variables: the density of uninfected cells z, the den-
sity of infected cells y, the density of pathogens specific lymphocytes z and the
density of pathogens in blood p.

If ag = 0 the loss of pathogens by the absorption is ignored and if a3 = agy the loss
of pathogens by the absorption is considered. If ag # 0 and az # a9, the model is
more realistic because only a part of the pathogen is absorbed.

2. LOCAL STABILITY ANALYSIS AND HOPF BIFURCATION

In this section, we consider the local stability of the equilibrium solution of sys-
tem (1.1). The equilibrium solution (zo, Yo, 20, po) of (1.1) is given by the solution
of the system:

a; —azxr —asxp =0
& a0
asary — agp — agxp — ayozp = 0.
Straightforward computations lead us to the following result:
Proposition 2.1. If

as(agag + azas)
s asay > a9 + ——— |

206 ai
<
asas 1-— ai Qg

ay € (0, 1),

the system (2.3) has three solutions, given by Xo; = (%o, Yoi, 20i, Poi), © = 1,2, 3, where

aq as ai1Geg
To1 =—, Tpz=_—""—"—, Tog= ————
ao azary — ag a0 + asas
B _ay(azar — ag) — asag B aiazas
Yo1 =0, Yoz = » Yo3 =

as(azar — ag) as(azae + azas)

ag(asay — ag) — ag(asas + azas)
aio(azas + azas)

a1(asay — ag) — asag as

po1 =0, po2= , Poz = —-
asasg ae

(2.4)

201 =0, 202=0, z03=

The first solution X; represents the state where the pathogens are absent. The
second solution X, represents the state where the pathogens are present and the
lymphocytes are absent. The third solution X3 is in the interior of the first quad-
rant and represents the state where both the pathogens and the lymphocytes are
present.

Let X = (%0, Yo, 20, po) be one of the solutions given by (2.4). With respect of
transformation

(2.5)  x1(t) = x(t) — z0, w2(t) = y(t) — o, ¥3(t) = 2(t) — 20, 24(t) = p(t) — po
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the system (1.1) becomes:
(2.6) @(t)=Azx(t)+ Bzt — 1) + Cx(t — 72) + F(z(t),z(t — 1), 2(t — 72)),
where
(t) = (w1(t), x2(t), w3(t), 2a(1))T,
z(t—1) = (x1(t = 71), x2(t — ), x3(t — 1), 24 (t —71))7,
z(t — 1) = (x1(t — T2), 22t — T2), 23(t — ), x4t — 12))7

2.7)
~b;, 0 0 0 00 0 0 00 0 —bs
a_| b2 s 00 00 0 0| ,_|000 b
"l o 0o 00 00 —bg 0710 0 0 b
—bs by 0 0 00 —b; 0 00 0 —byp
F(a(t),z(t — 7). a(t — 72) = () a(t — m),a(t — m)), F2(2(t),2(t — 1),
a(t — 72)), F3(x(t), ot — 1), (t—Tz)) u(z(t), 2(t — 1), 2(t — 72)))" and

b1 = az + aspo, ba = azpo, bs = a4, by = azpo, bs = asar, bg = as — agpo,

@8) b7 = a1opo, bs = asxo, by = agzo, bio = as + agxo + a1020
and
Fi(z(t),z(t — 1), 2t — 1)) = —azx1(t)ze(t — 72)
2.9) Fy(z(t),z(t — 1), 2(t — 12)) = azz1(t)xa(t — 72)
Fi(x(t),z(t — 1), 2(t — 72)) = agzs(t — 71)x4(t — 72)

Fy(x(t),z(t—m11),z(t—712)) =(as—a10)x3(t—71)xa(t —T2) —agxy (t)x4(t —T72).
The associated characteristic equation of the linearized system of the system
(2.6) is given by:
(210) P\, 71,72) = Po(A) + PL(A)e ™t + Py(A)e 72 4 Py(A)e Nmt72) —
where
Po(A) = A+ posA® + poad®, PL(A) = pisA’ + p1aA® + pu,

2.11)
Py(A) = p22A? + p2i, P3(N) = pa2X® + psid + pao
and
Po3 = b1 + bs, po2 = b1bs, P13 = be, P12 = be(b1 + b3), p11 = b1bsbs
(2.12) P2z = —bs(bs + bs), pa1 = bro + bs(b2bs — bibs — bsba), p32 = brbg + bebio

p31 = (b1 + b3)(bsb1o + brbg) — bebs(bs + bs)
P30 = b1bz(bg + b1o) + bebg(babs — bibs — bzby).

Because of the presence of two different delays 7, and 7 in equation (2.10), the
analysis of the sign of the real parts of eigenvalues is very complicated and a
direct approach cannot be considered. We will use a method consisting of deter-
mining the stability of the equilibrium point when one delay is equal to zero and
using similar analytic arguments as in [10], [1], we will deduce conditions for the
stability of the equilibrium point when both time delays are nonzero.

Using the Routh-Hurwitz criterion, we have:



44 Larisa Buliga, Mihaela Neamtu, F. R. Horhat and D. Opris

Proposition 2.2. If ry = 0,7, = 0, then the characteristic equation (2.10) is given by
(2.13) P(X,0,0) = A* + (po3 + p13)A* + (po2 + P12 + P2z + ps2) A’

+ (P11 + P31 + p21)A + p3o = 0.
All eigenvalues of (2.13) have negative real parts if and only if

poz + P12 + P22 + P32 > 0, p11 +ps1 +p21 >0, p3o >0
(2.14) (P11 + p31 + p21)((Po2 + P12 + P22 + p32)(Po3 + p13) — (P11 + P31 + p21))
> pso(pos + p13)°.
If (2.14) holds, then the equilibrium point X is locally asymptotically stable.
When 7, = 0 and 73 increases, the stability of the equilibrium point X, can only be

lost if pure imaginary roots appear. Hence, we look for imaginary roots A = +iw,
w > 0 of the characteristic equation

(2.15)  P(\,0,72) = At + maA® + mad? + ma X 4 (n1 A% 4 npX +ngle 2 =0,
where
(2.16) ms3 = po3 + P13, M2 = Po2 + P12, M1 = P11
N2 = P22 + P32, N1 = P31 + P21, Mo = P30-
For A = iw, w > 0, from (2.15) results:

wt — maw? = (n1w? — ng) cos(wrs) — Now sin(ws)

(2.17) 3 ) )

msw”® — miw = now cos(wTy) + (n1w” — ng) sin(wz).
From (2.17) results:

Proposition 2.3. For 7o = o9 given by

(maw3y — miwso)(n1w3y — no) — (Way — Maw3y)Nawso
(W%O - m2w§o)(nlwgo —ng) + (m3w§’o — Mywap)Nawag

1
(2.18) 199 = — arctan
w20

where woy is the positive root of the equation
(2.19) 284 (m2—2my) x5+ (m3 —2myms — n?)z* +(m? — n2+2n1nez?) —n2=0
exists a Hopf bifurcation.

We return now to the study of equation (2.10) with 7y, 75 > 0. Following The-
orem 2.1 from [10], results:

Proposition 2.4. If all roots of the equation (2.15) have negative real parts for o > 0,
then there exists 71 (12) > 0 such that all the roots of equation (2.10) have negative real
parts when T < 71 (72).

Using Proposition we have the following result about the asymptotic sta-
bility of the equilibrium point Xj.

Proposition 2.5. Assume that (2.14) holds. Let 1o given by (2.18). Then for every
Ty € [0,720), there exists 7y (120) > 0 such that the equilibrium point X is locally
asymptotically stable when 1o € [0, 71 (T20))-
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When 7, = 0 and 7 increases, the stability of the equilibrium point X can only
be lost if pure imaginary roots appear. Hence we look for purely imaginary roots
A = %iw, w > 0 of the characteristic equation

(2.20) P(\,71,0) = A + 7303 + 7902 + 7\ + (530% + 5202 + 510 + 50)e A = 0,

where

T3 = Po3, T2 = Po2 + P22, 1 = P21

(2.21)
§3 = P13, S2 = P12 + P32, S1 = P11 + P31, So = D30-
For A\ = iw, w > 0, from (2.20) results:

w = row? = (s9w? — 5¢) cos(wry) + (s3w? — 51w) sin(wTy)

r3w® — rw = (s9w? — s¢) sin(wry) — (s3w% — 51W) cos(wTy).

(2.22)
From (2.21) results:

Proposition 2.6. For 7, = 119 given by

(rswiy —r1wi0) (s2wiy — $0) + (Wig —r2wiy) (s3wWip — 51w10)
(wip —12wiy) (s2wiy — o) — (r3wiy —r1wio) (s3wip — s1w10)”

1
(2.23) 1190=—arctan
w10

where wy is the positive root of the equation
(2.24) 2+ (13 —2r2) a8 + (13 — 2r17r3 — 53 — 53) 2+ 251 5325428950 — 57) 2 —s2 =0
exists a Hopf bifurcation.

Following Theorem 2.1 from [10], we obtain:

Proposition 2.7. If all the roots of the equation (2.20) have negative real parts for T,
then there exists 75 (11) > 0 such that all the roots of the equation (2.10) have negative
real parts when to < 75 (71).

Using Proposition we have the following result about the asymptotic sta-
bility of the equilibrium point Xj.

Proposition 2.8. Assume that (2.14) hold true. Let 1o given by (2.23). Then for
every 7y € [0, 710), there exists T (T10) > 0 such that the equilibrium point X is locally
asymptotically stable when 1 € [0, 75 (T10)).

3. DIRECTION AND LOCAL STABILITY OF THE HOPF BIFURCATION

In the previous section, we obtained some conditions which guarantee that the
system (1.1) have Hopf bifurcation in 70, 72¢. In this section, we study the direc-
tion, stability and the period of the bifurcating periodic solutions. The method
we use is based on the normal form theory and on the center manifold theorem

(3], [7].
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3.1. Direction and stability of the Hopf bifurcation for system (2.6), with 7; = 0.
From Section 2.1, we know that if 71 = 0 and 7 = T given by (2.18) then all the
roots of equation (2.15) other than +iws have negative real part. For notational
convenience, let 7o = o0+, it € (—¢,¢). Then € = 0is the Hopf bifurcation value
of system (2.6). In the study of the Hopf bifurcation problem, first we transform
system (2.6) with 7, = 0 into an operator equation of the form

(325) Ty = AQQ(M)LEt + Rogxt,

where
T = (xl,xg,xg,,m)T, e =x(t+0), 0¢€[-7,0]

The operators Age and R, are defined as

{ d(Zi(;)a ZAS [77—270)
(A+ B)¢(0) + Co(—72), 6=0 ’

where ¢ € C*([—72,0],C*) and A, B, C are given by (2.7) and

(3.26) Aoz(p)o(0) =

(327)  Rp9(0) = (07? 0, (;)T, 0 € [—72,0)

{ (F1(ps @), Fo(p, @), F3(p, 6), Fa )T, =0

)

Fi(p, ¢) = —az$1(0)pa(—72), Fa(p, ) = azp1(0)pa(—T2),
(3.28) F3(p, ¢)= aep3(0)pa(—72),
Fy(p, ¢) = (a6 — a10)$3(0)¢a(—72) — agd1(0)pa(—T2).

For ¢ € C*([0, 2], C*), the adjoint operator Aj, of Aoz is define as

7d;l;(5)v s € [OaTQ)
(A+ BT(0) + CyT(r2), s=ro.

For ¢ € C([—72,0],C*) and ¢ € C'([0, 2], C*) define the bilinear form

(3.29) Ada (¢(s)) =

0

(3.30) <, b >= T H(0 / / 276~ 0)Co(€)dedd.

—720 £=0

To determine the Poincare normal form of operator Ay, we need to calculate the
eigenvector ¢ of Aoz associated with eigenvalue A\; = iwgo and the eigenvector ¢*
of Aj, associated with eigenvalue Ay = A;.

Proposition 3.9. (i) The eigenvector ¢ of Age associated with eigenvalue Ay = iwyq is
given by ¢(6) = ve*?, 0 € [—7y,0], where v = (vy,v2,v3,v4)T and

bs (/\1 +b; — bg) . bg(/\l + bl)
3.31 —heeM T2 g, = ML TV ) e — _ .
(8.31) vy = —bge™'™, vy = T b , U3 N b V4 = A1 +by;
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(i1) The eigenvector ¢* of A, associated with eigenvalue Ay = Ay is given by ¢*(s) =
wer2*, s € [0, 7], where w = (wy, we, w3, wy) T and

w, = babs — ba(A2 + b3) wy = 1 ws = — b7 (A2 + b3) wy = (A2 + b3)
bs(A2 +b1)n n’ bs (A2 + be)n’ bsn
babs — ba(Aa+b3)_  _ br(A2 + b3) _ (Ao +b3) _
= +Ta — +
(3.32) e +b1) P bsQatbe) C T b5
' ApmaeM™ 1= MeM™  bobs — ba(Ag + b) b —b b7(A2 + b3)
X3 * bs(Aa+ br) * Pbs(Aa + bg)
Ao+ b
— b2 3)@4;

5
(1) With respect of (3.30) we have:
< o>=1, <P P>=<,¢">=0, <¢,5>=1.

Next, we construct the coordinates of the center of the manifold Qs ate = 0
[3], [7]. Let

z(t) =< @™, x4 >
w(t,0) =z — 2Re{z(t)p(0)}.
On the center manifold o2, w(t, 8) = w(z(t),z(t), ), where

(3.33)

2 )
(3.34) w(z,%,0) = wzo(e)% w1 (0)27 + wm(e)% T

and z and 7 are the local coordinates of the center manifold Qg, in the direction
of ¢ and ¢*, respectively.

For the solution x; € g2 of (3.25), notice that for ¢ = 0, we have:

(3.35) A(8) = Mi2(t) + (67, Roo(w(t, 0) + 2Re{2(1)$(6)})) .
Rewrite this as

(3.36) A(t) = Mz(t) + g(2,2)

with

(3.37) 9(2,%) = 3°(0) Roa(w(z,%,0) + 2Re{20(0)}).

Further expand the function g(z,z) on the center manifold o2 in powers of =z
and z:

— 22 _ z2 2’z

(3.38) 9(z.2) = G205 +gnzE+gng H g+

Proposition 3.10. For the system (3.25) we have

G20 = W1 F120 + WaFog + W3F320 + WakFyo
g11 = W1 F111 +Wa 1 + w3311 + Wakyn
go2 = W1 Fio2 + Wa Loz + W3 F302 + WaFjyoo

go1 = W1 F121 + WoFoo1 + W3 F321 + Wakyon,

(3.39)
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where
A A
Fiog = —2a3v1v4€™2™2, Foog = —Fla9, F3a0 = 2a6v3v4€2 72,
ag — aig ag
Fyo0 = ———F320 + — Fi120,
2@6 2(13
— A — A
Fi11 = —2a3Re(v104€™ ™), Fo11 = —Fi11, F311 = 2a6Re(v3T4e™17?),
ag — a10 a9
Py = ——F311 + — Fia,
2a6 2&3
(340) F _ 2 I 77 0 A2T2 2 0 A1T2
121 = —a3(201Wa11 (—T2)+ V1 Wa20 (— T2 HTVswi20(0)e +2v4w111(0)e )s
Fy91 = —Fio1,
_ _ A A
F301 =a6(2v3wa11 (—T2) + U3wWa20(—T2) +Taw320(0)e™ ™ +2v,w311(0)e™272),
ag — a10 Qag
Fyo1 = ————F331 + —Fia1,
ae as
Fio2 = F120, Fao2 = Fa20, F302 = F320, Fi02 = Fa20
and

w20(9) = (w120(9)7w220(9)7U/320(9),w420(9))T
w1 (0) = (w111(0), wa11(0), w311 (0), wa11(0))"

are given by

20 G20 —
wao(0) = 920 oMb _ 920 5 200 | By e2M?

===
(3.41) M 3h
wi1(6) = PLoet? — Wgeh? 4 By 9 [, 0],
A1 A1

where E; = (B, Eia, Eiz, Eis)T,i = 1,2 are the solutions of the systems
(A+ B+ e*M ™00 — 2\ 1)E; = —(Fi20, Fa20, F320, Fi20) "

(3.42) -
(A+ B+ C)Ey = —(Fu11, Farr, Fa11, Fun)™

Therefore, we can compute the following parameters:

i 1
c20(0) = ﬂ(gzogu —2|g11]* - §|902|2) + g;
_ Re(c20(0))
H20 = — 55—
(3.43) Re (N (720))

P20 = 2Re (c20(0))
B Im (c20(0)) + paolm (N (720))

Ty = )
w20
where
N(rao) = 2| s
(17_2 2 20, 1

= (}\1 (nl)\f + 77,2)\1 + 77,0))/((4)\% + 3m3)\% + 2m2)\1 + ml)e)‘”z“

— TL1T20)\% + (2’111 — nngo))\l “+ ng — 7107'20).
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Proposition 3.11. In formulas (3.43), oo determines the direction of the Hopf bifurca-
tion: if pa0 > 0(< 0) the Hopf bifurcation is supercritical (subcritical) and the bifurcat-
ing periodic solutions exist for o > o0 (< Tao); P20 determines the stability of the bifur-
cation periodic solutions: the solutions are orbitally stable (unstable) if S29 < 0(> 0). T
determines the period of the bifurcating periodic solutions: the period increases (decreases)
if T, > 0(< 0).

3.2. Direction and stability of the Hopf bifurcation for system (2.6), with 7, = 0.
From section 2, we know that if » = 0 and 7 = 719 given by (2.23), then all the
roots of the equation (2.20) other than +iw;( have negative real part. For nota-
tional convenience, let 7 = 719 + i, 1t € (—¢,¢). Then € = 0 is the Hopf bifurca-
tion value of the system (2.6). In the study of the Hopf bifurcation problem, first
we transform system (2.6) with 7, = 0 into an operator equation of the form

(3.44) ¢y = Aro(p)xs + Riows,
where
= (x1,29,23,24)", x,=2(t+0), 0¢c[-71,0
The operators A;o and R are define as
de(0)
ea A ={ (4 )+ pom) 92h
where ¢ € C*([—71,0],C*) and A, B, C are given by (14) and

(O,O,O,O)T7 NS [_7'170)
)

(3.46)  Ri0k(0) :{ (F1 (1 0), Fo s, 0), F3(n, ), Fa(p, )", 0=0

Fi(p, @) = —as1(0)94(0), Fo(p, ¢) = asp1(0)d4(0),
(3.47) F3(p, ) = asdz(—71)¢4(0),

Fy(p, ¢) = (as — a10)$3(—71)$a(0) — agg1(0)¢4(0).
For ¢ € C*([0, ], C*), the adjoint operator A}, of A, is defined as

(A"‘C)?/JT(O)“FB?/JT(Tl), S =T1.
For ¢ € C*([~71,0],C*) and ¥ € C1([0, 7], C*) define the bilinear form

—dy(s)
6.4 ’fows):{ i el

0 0
(3.49) < 6, >= T (0)6(0) / / 37 (€ — 0)Bo(€)deds.
—T710 £=0

Similarly to section 3.1, we obtain:

Proposition 3.12. (i) The eigenvector ¢ of A1 associated with eigenvalue Ay = iwng is
given by ¢(0) = ve*?, 0 € [—7,0], where v = (vy,v2,v3,v4)T and
bs(A1 + b1 — ba) e — bo(A1 + b1)

3.50 =-b =
( ) U1 8, V2 )\1 + bl ) )\1 + bﬁe/\QTl

, V4 = A1+ by
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(i1) The eigenvector ¢* of A%, associated with eigenvalue Ay = Ay is given by ¢*(s) =
wers, s € [0, 7], where w = (wy, we, w3, wy) T and

(3.51)
b Oath) 1 b0l (uthy)
bs(Ae+b1)n n’ bs (A2 +-bger ™)y’ bsn
:Mm+%+[—b7e*”l()\z—b3)( Cbs(IF A et et
b5(/\2+b1) b5()\2+b68)‘1ﬁ) /\?
2Ty A2T1
(/\2+b3)b7(1+)>\\1%7'1€ —e )]63+)\2;;b364;

(231) With respect of (3.48) we have:
<o p>=1, <9 9>=<¢,6>=0, <¢ ,p>=1
Proposition 3.13. For the system (2.6) with 7o = 0, 71 = Ty result:

G20 = W1 Fl20 + Wa Faog + W3 F320 + W4 Fya0

g11 = W1 F11 + WaFo11 +W3kF311 + Waly1

3.52 _ _ _ _
(3:52) go2 = W1 F1o2 + Walso2 + W3F302 + WalFyo2
921 = W1 F121 + WaFoe1 + W3 F301 + Waky21
where
Fia0 = —2a3v104, Faog = —Fia0, F320 = 2a6v3v4e™2™,
ag — a a
Fyo9 = %Fwo + —2 Fiag, Fip1 = —2a3Re(v104), Fo11 = —Fi11,
ag 2a3
ag — a a
F311 = 2&6R€(53U46>\2T1), Fy1 = %F?,ll + 79F111>
Qg 2a3
(353) fizn= —a3(2v1w411(0) + V1wa20(0) + Taw120(0) + 2v4w111(0)),
Fyo1 = —Fo1,
F301 = a6(2v3w411(0) + T3wa20(0) + Tawszeo(—71) + 20sw3z11(—71)),
ag — a a
Fig = =— Py + 2 Fy,
ae as
Fioa = Fli20, Faoa = Fasg, F302 = F320, Fao2 = Faog
and

wao(0) = (w120(0), wa20(6), w320(6), waz0(0))"
w1 (0) = (w111(0), wa11(0), w311 (0), wa11(0))"

are given by

U}QO(Q) = g)\ilo’()e)\le — g%@e’\ze + Elez)‘le

wll(e) = %veMQ a ngllﬁeAﬁ + E27 aS [_Tlvo]a

(3.54)
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where E; = (E;1, Eia, Ei3, Ei4)T i = 1,2 are the solutions of the systems
(3.55) (A4 C +e*M™0B — 2\ 1)Ey = —(Fi20, Faso, F320, Fazo)”
‘ (A4 B+ C)E> = —(Fi11, For1, Fain, Fan)™.

Therefore, we can compute the following parameters:

c10(0) = leo(gzogu —2[gn|* - %|902|2) + %1
_ Reci0(0)
(3.56) 10 = " Re N (m10)
B10 = 2Re ¢10(0)
T ~ Imcio(0) + prolm N (110)
10 = 1o ;
where
! dA 3 2
N(10) = Tﬁ|71:710,A:A1 = (M1(83A] + 821 4+ 51A1 + 50))
(3.57) J(4X3 + 3r3A2 4 2raAp + 1y )eiTo

— 7“37’10/\:15 + (383 — 7’1082))\% + (282 — 817'10))\1 — 807’10).

In formulas (3.56), p10 determines the direction of the Hopf bifurcation, ;¢ de-
termines the stability of the bifurcating periodic solutions and 7', determines the
period of the bifurcating periodic solutions.

4. NUMERICAL EXAMPLES

For the numerical simulations we use Maple 9.5. and the following data: a; =
0.5, as = 0.00833, a3 = 0.1, a4 = 0.5, a5 = 5,a¢ = 0.2, a7 = 8, ag = 0.02, ag = 0.5,
aip = 0.1. For this data we obtain the equilibrium point: zg3 = 0.1993358131,
yo3 = 0.9966790654, z93 = 0.9960148784, po3 = 25. We consider two cases: 7, = 0
and 75 = 0.

For 71 = 0 we obtain: weg = 2.202844776, 7 = 0.4280270376, 5> = —0.02266361,
po = 0.007144287767, T, = —0.01127085186. Then the Hopf bifurcation is super-
critical and the bifurcating periodic solutions exist for 7; > m; the solutions are
orbitally stable and the period of the solution is decreasing.

In the second case, 5 = 0, we obtain: wig = 1.628434095, 7o = 0.7350389977,
B2 = 0.3262802166, py = —0.1738884119, T = 0.04059104967. Then the Hopf bi-
furcation is supercritical and the bifurcating periodic solutions exist for 7 > 71;
the solutions are orbitally unstable and the period of the solution is increasing.

5. CONCLUSION

In this paper, we introduce a model which describes infections diseases and
malaria infection with delays. We consider two cases: 71 = 0, 72 > 0 and 71 > 0,
T2 = 0. By using the time delay as a parameter, it has been proved that the Hopf
bifurcation occurs when this parameter passes through a critical value. The case
71 > 0, 72 > 0 we will analyze in a future paper.
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