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Fixed points for multivalued operators with respect to
a w-distance on metric spaces

LILIANA GURAN

ABSTRACT. In this paper we first recall the concept of w-distance on a metric space. Then, we
pap P P
prove a fixed point theorem for contractive type multi-valued operators in terms of a w-distance.

1. INTRODUCTION

In 1996 O. Kada, T. Suzuki and W. Takahashi introduced the concept of w-
distance. They gave some examples of w-distance, as well as, some general-
izations of Caristi’s fixed point theorem, Ekeland’s variational principle and the
Takahashi’s nonconvex minimization theorem, see [1]]. Also, some fixed point
theorems for multi-valued operators on a complete metric space endowed with a
w-distance were established in T. Suzuki, W. Takahashi [3]].

Let (X, d) be a complete metric space. Let 7' : X — P(X) be a multi-valued
operator. Define the function f : X — Ras f(z) = D(z,T(x)). For a positive
constant b € (0,1) define the set I C X as:

Iy ={y € T(x) | bd(z,y) < D(x, T(z))}.
In 2006 Y. Feng and S. Liu proved the following theorem, see [2].
Theorem 1.1. Let (X, d) be a complete metric space T : X — P, (X) be a multi-valued
operator. If there exists a constant ¢ € (0,1) such that for any x € X thereis y € Iy

satisfying D(y, T (y)) < cd(x,y). Then T has a fixed point in X provided ¢ < b and f is
lower semicontinuous on X.

The purpose of this paper is to extend the above fixed point result for multi-
valued operators from [2] in terms of a w-distance on a complete metric space.

2. NOTATION AND BASIC NOTATIONS

Let (X, d) be a complete metric space. We will use the following notations:
P(X) - the set of all nonempty subsets of X;

P,(X) - the set of all nonempty closed subsets of X;

Py 1(X) - the set of all nonempty bounded and closed, subsets of X;
D:P(X)x P(X)— Ry,

D(Z,)Y)=inf{d(z,y):z € Z,yeY}, ZCX
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the gap between two nonempty sets.
The concept of w-distance was introduced by O. Kada, T. Suzuki and W. Taka-
hashi (see[1]) as follows:

Definition 2.1. Let (X,d) be a metric space, p : X x X — [0,00) is called w-
distance on X if the following axioms are satisfied :
(1) p(z,2) < p(x,y) + p(y, 2), for any z,y,z € X;
(2) forany z € X : p(z,-) : X — [0, 00) is lower semicontinuous;
(3) for any € > 0, exists § > 0 such that p(z,z) < ¢ and p(z,y) < J implies
d(z,y) <4.

Let us give some examples of w-distance (see [1]).

Example 2.1. Let (X, d) be a metric space. Then the metric d is a w-distance on
X.

Example 2.2. Let X be a normed linear space with norm || - ||. Then the function
p: X xX — [0,00) defined by p(z,y) = ||z|| + ||y|| for every z,y € X is a
w-distance.

Example 2.3. Let (X, d) be a metric space and let g : X — X a continuous opera-
tor. Then the function p : X x Y — [0, c0) defined by

p(z,y) = maz{d(g(z),y), d(g(x), 9(y))}
for every z,y € X is a w-distance.

For the proof of the main results we need the following lemma (see [3]).

Lemma 2.1. Let X be a metric space with metric d, p be a w-distance in X, {x,}, {yn}
be two sequences in X, {a, },{0n} be sequence in [0, co) converging to 0 and z,y € X.
Then the following hold:

(1) ifp(an,y) < apand p(zn, z) < By foranyn € N, then y = z;

(17) i p(@n, yn) < oy, and p(x,, z) < B, forany n € N, then {y,, } converges to z;

(113) if p(Tp,Tm) < oy for any m,n € N with m > n, then {x,} is a Cauchy
sequence;

() if p(y, zn) < ay, forany n € N, then {x,,} is a Cauchy sequence.

3. MAIN RESULT

Definition 3.2. Let T : X — P(X) be a multi-valued operator, p : X x X — [0, 00)
be a w-distance on X. Define function f : X — R as f(z) = D,(z,T(z)), where

Dy (@, T(x)) = inf{p(z,y) :y € T(2)}.
For a positive constant b € (0, 1) define the set I C X as follows:
Iy ={y € T(z) [ bp(z,y) < Dp(x, T(x))}.

We will present now a fixed point theorem for multi-valued operators on a
complete metric space endowed with a w-distance.

Theorem 3.2. Let (X, d) be a complete metric space, T : X — P, (X) a multi-valued
operator, p : X x X — [0, 00) be a w-distance on X and b € (0,1).
Suppose that:
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(i) there exists ¢ € (0,1), with ¢ < b, such that for any x € X there is y € I
satisfying
Dy(x, T(x)) < cp(w,y);
(1) f: X =R, f(x) = Dp(z, T(x)) is lower semicontinuous.
Then T has a fixed point in X.

Proof. Since T'(z) C Py (X) then, for any z € X, I is nonempty for any constant
b € (0,1). For any initial point 2y € X, thereis z; € I;° such that D, (x,T(x1)) <
cp(zo,21). For any z1 € X thereis 2o € I;' such that Dy(z2, T (22)) < ep(z1, 22).
We obtain an iterative sequence {z,, }°2, where z,, .1 € I} and D (2n41, T (Tpn+1))

< ep(xn, Tnt1), forn = 0,1,2,.... We will verify that {z,}°2 is a Cauchy se-
quence. Therefore
(3.1) Dy(nt1, T(xn+1)) < ep(zp, Tpt1), n=0,1,2,...
On the other hand x,,1 € I;™ implies:
(3.2) bp(zy, Tny1) < Dp(an, T(x,)), n=0,1,2,...
By it follows p(zy, Tp+1) < Dp(xp, T(xy)), n =0,1,2,....
Using we obtain
(3.3) Dy(xn41, T(Xny1)) < C%Dp(:vn, T(x,)),n=0,1,2,...
By we have

Dy(xn, T(zn))
Dp(xn-i-lv T(xn+1))

We replace in (3.3) and we obtain

ep(Tp—1,2,), n=0,1,2,...

VARV

Cp($n7$n+1), n= 07 172a s

ep(Tn, Tnt1) < gcp(mn,l,xn), n=20,1,2,...
If we divide by ¢ we obtain
P(Tp, Tpy1) < gp(xn,l,xn), n=20,1,2,...
then

c
(3.4) D(Trg1s Tnya) < Bp(;vm ZTpt1),n=0,1,2,...

We must prove that
C'ﬂ
p(xnax’H"rl) < b?p($07x1)7 n= 07 17 2a s

n

c
D, (xn, T (x,)) < b—nDp(xo,T(:zzo)), n=20,1,2,...
We know that p(2,,, 2n41) < §p(Tn-1,25), n = 0,1,2,.... Hence, we get that

p(x’ruxn-‘rl) < %:p(x07xl)/ n= Oa 17 27 te
Since Dy (xn, T(x,)) < §Dp(xn—1,T(xn-1)),n =0,1,2,... we obtain

c
Dy(xn—1,T(xn-1)) < gDp(acn,g,T(aL'n,g))7 n=20,1,2 ...
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We replace and obtain
DP(xTHT(x’ﬂ)) S g%Dp(xn—QaT(xn—Q))7 n = 07 17 27 e

Therefore
2
Dy, T(wn) < 55

c
Dy(2n—2,T(xn-2)) < BDp(xn,g,T(xn,g)), n=20,1,2,...

Dy(2n—2,T(xn-2)), n=0,1,2,...

Then we have
3

Dy(xn, T(xy)) < =Dp(xn-3,T(Tn-3)), n=0,1,2,...

c
b3
We obtain that D (z,, T(z,)) < %:Dp(:vo, T(x0)),n=0,1,2,...
Then, for m,n € N, m > nand a = § we have

p(ﬁﬂm, xn) < p(xma xm—l) +p($m—17 xm—2) + - +p(xn+17 xn)
< a" p(wo, 1) + @™ Pp(xo, x1) + -+ + a”plxo, 1)

n

a
< — .
=71_ ap(x07x1)

Using Lemma 2.1 it follows that the sequence {z,}72, is a Cauchy sequence.
X is a complete space, then there is a z € X such that {z,,}22, converge to z. We
assert that z is a fixed point of T'. The sequence { f(z,)}22 o = {Dp(xn, T(x)) }o2,
is decreasing and from the above construction it converge to 0. Since f is lower
semicontinuous we have

0< f(a) < lim f(e,) =0,

Since f(z) = 0. From T'(x) € P, (X) we have that x € T'(x). Then T has a fixed
pointin X. g
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