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Generalized pseudo-metrics and fixed points in
probabilistic metric spaces

DOREL MIHET and VIOREL RADU

ABSTRACT. We illustrate the generalized (pseudo-)metric method, revealed by Cain and Kasriel,
to demonstrate fixed point theorems in probabilistic metric spaces. Our fundamental tool is the fixed
point alternative.

1. THE EXTENDED FUNCTIONALS pg

Let AT (D%) denote the set of all distribution functions of nonnegative ex-
tended (real) random variables, which are nondecreasing and left-continuous
on (0,00) (and have limit 1 at o). Suppose we are given a probabilistic metric
F : S xS — DT. As usual, the values F(p, q) are denoted by Fq, F,(0) = 0
and, for the sake of convenience, one sets F,,(c0) = 1. Let G be the family of all
nondecreasing functions G : [0, o0] — [0, 1] with G(0) = 0 and G(c0) = 1. For any
G € G, we consider the mapping p : S x S — [0, 00}, given by

(1.1) pc(p,q) =inf{a|a € (0,00] and Fpq(az) > G(z) , Yz > 0}.
Notice that is equivalent to the following Minkowski-type formula:
(1.2) pc(p,q) =inf{a|a € (0,00] and F,; > a o G},

where

aoG(x) ::G(S),VI>O,¢1>O.

Obviously, the elements of DT C AT are the only left-continuous functions
G € G'. The following theorem shows that it is useful and always possible
to suppose G left-continuous on (0,00), that is, in A™. Recall that (= H(t) :=
sup,{H(s)} fort € [0, 00),.

Theorem 1.1. Let G be a fixed element in A™.
() If pc(p, q) € (0,00), then
Foolpc(p,q)z) > G(z), Y > 0.
(i) IfH € G"and ¢~ H = G, then py = pg.

Proof. Suppose that a = pa(p, q) € (0,00). Then, for every x,¢ > 0, we have

Fyylaz) = Fyy ((a + s)a‘f€> > G (a“fE) .
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Hence, by the left-continuity of G, Fy,,(az) > G(z) and (i) holds.
In order to prove (ii), observe that (G is automatically left continuous at any finite
point and) G < H, hence pg < pg. Now for a = pg(p,q) € [0,00) and any € > 0,

we have:
e\ ate a+e
= [ 5520 (225
€
(x + 2a+5x) - (a:)
Therefore py (p, ¢) < a, so that we always have the equality pg = pg-. O

2. SOME FUNDAMENTAL PROPERTIES OF pg

Theorem 2.2. For every G, H € G*, we have:
(i) pg is an extended semipseudometric on S;
(if) If G < H then
pc(p,q) < pu(p,q), Vp,q € S;
(iii) If (S, F, T) is a Menger space and G < T(H, H), then

pa(p,q) < pria,my (0, q) < pa(p,r) + pu(r.q), Vp,q,r € S;

@iv) If (S, F,T) is a Menger space and T (G, G) = G, then pg is an extended pseu-
dometric. In particular, this is true for every Menger space (S, F, Min).

If, in addition, G € DT, then

(V) pg is an extended semimetric on S;

(vi) The pg—topology is stronger than the F—topology;

(vii) (S, pe) is complete for each complete Menger space (S, F,T') with

gini T(a,b) = a,Ya € [0,1];
(viii) If (S, F,T') is a Menger space and T (G, G) = G, then p¢ is an extended metric.

Proof. (vi) Suppose that {p,, } is pg-convergent to p and lete > 0and A € (0,1) be
given. Since G € DT, then there exists z( such that G(z) > 1 — \. Fora < =, we
choose ng such that pg(p,, p) < a for all n > ng. Therefore

Fp,.p(€) > Fp plaxg) > G(zo) > 1— A, Yn > ny

and we see that {p, } is F—convergent to p.

(vii) Suppose that {p,} is pc—Cauchy and (S, F) is complete. As above, we
obtain that {p,} is F-Cauchy and then there exists p € S such that {p,} is F-
convergent to p. Leta, § > 0be given. Then there exists ng such that F, ., (ax) >
G(z) for all n > ng, all m > 1 and each z. Let n > ng and z > 0 be fixed. Since

Fp,p((a+0)r) > T(Fpnpn+1,L (az), Fpn+mp(5$))
2 T(G(‘r)7 Fpn+mp(6x))7

then, by letting m — oo, F),, ,((a+0)z) > T(G(x),1) = G(x). Therefore pg (pn, p) <
a+ 9,¥n > ng and we can see that {p, } is pg-convergent. g
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Remark 2.1. It is easy to see that
<
6 =aw={ § 5]

1, z>1
Although p¢ is an extended metric, it need not be nontrivial: Every metric space
(S, d) is seen to be a Menger space under Ty; = Min if we set F,,(x) = TG

Vz > 0. Clearly, pa(p,q) < oo < p = ¢q. On the other hand, (S, d) can as well be

= pa(p,q) = inf{z| Fpy(x) = 1}.

regarded as a Menger space under Ty with F(z) = gq(p,q)(2) = G (%), for
d(p,q) # 0 and it is easily seen that pc(p, ¢) = d(p, ¢) in this case. Notice that the

x

situation is reversed for G(z) = ;77,Vz > 0.

The following result shows that the condition tlim G(t) = 1 is essential for
the conclusions (vi)-(vii) in Theorem 2.2l At the same time it gives a very useful
family of distance-type functionals (compare with [26], § 8.2).

<
Proposition 2.1. Let A € (0,1) and G(t) = (1)’_ A\ i N }

©)  pa(p,a) = pa(p,q) = inf{t | Fpe(t) 2 1 = AL
(i) {patre(o,1) is a family of semipseudometrics and generates the F — uniformity:

. Then

pa(p,q) <e= Fpyle) >1—Xand Fpy(e) > 1 — X = pa(p,q) <&
(iii) If (S, F,T) is a Menger space and T'(1 — p,1 — ) > 1 — A, then

PA(P, @) < pu(p,7) + pu(r, @), Vp,q,m € S;
(V) IfT(1 — A1 —X) = 1— A then py is a pseudometric for every Menger space
(S, 7, T).
Proof. (i) Lete > 0be given and recall that F},, is nondecreasing. Then F,,(px(p, )+
€)>1—Xdand
Fpg((pa(p,g) +€)t) 21— A, Vi > 1.
This implies
pA(p:q) +€ = pa(p,q), Ve >0,

so that px(p, q) > pc(p, q).
On the other hand, we have

Fpq(pc(p,q) +2¢)=Fpy ((pc(p, q) +6)pG(p’ @)+ 25) >G <pG(p’ a) + 2€> =1-A\

pc(p.q) +¢ pc(p.q) +¢
Therefore
pc(p:q) +2¢ > pa(p.q), Ve >0,
whence pc(p, q) > pa(p, q)-
The assertions (ii)-(iv) are easily verified. O

Example 2.1. Let (S5, d) be a metric space and, for any additive generator g of the
continuous and Archimedean t-norm T = T, set

Fpq(z) = gtv (d(p, 9

>,Vx>07p,q65.
x
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Then:
() (S,F,T)is a nonArchimedean Menger space for which T is the best t-norm;

(#9) (S, F,Thr) is a Menger space and p(p, q) = % for each .

Lemma 2.1. ( [14], [16]) Let (bn)n>1 C (0, 1) be a strictly increasing sequence such
that lim,,_, oo b, = 1.
(i) For every G € D, the function G* defined by

0 iff  G<h
(2.3) G” (t) = { b iff G(t) € (bn7bn+1]
1 iff Gl =1

is also in DT. Moreover, G* < G.
(ii) Let (S, F,T) be a (complete) Menger space and F*(p,q) = (Fpq)*. If

(24) T(by,by) = by and a,b > b, = T(a,b) > b,, Yn > 1,
then (S, F*,Tnr) is a (complete) Menger space with the same (e, A)-topology.

Proposition 2.2. Suppose that the sequence (b,,)n>1 C (0, 1) is strictly increasing to 1
and that (S, F,T) is a Menger space under a t— norm T with T'(by,, b,) = by, for all n.
(i) Ifwe define

Tn(pv Q) = an{t | qu(t) Z bn} = Pl—by,>

then {ry, }n>1, is a family of pseudometrics generating the F—uniformity.
(ii) The same conclusion holds for the Nishiura family {5, }n>1, given by

On(p,q) = inf{t | Fpe(t) > bn},
provided that the condition is verified.
Remark 2.2. Notice that the two-place functions
PA(p,q) = inf{t | Fp(t) = 1= A},
generated by F*, verify the equality
Px="n, YAE[l —bp, 1 —bp_1)

and, in fact, 6,, = 7.

3. REMARKS ON SOME FIXED POINT THEOREMS

Recall that a Sehgal-contraction, or a B—contraction, on a probabilistic metric
space (S, F) is a self-mapping A of S such that

(BCp) Fapaq(Lz) > Fpy(z), Yp,q €S

for some L € (0,1) and every . The proof of the following result is straightfor-
ward:

Lemma 3.2. (i) Every Sehgal-contraction on (S, F) is a Banach-contraction on (S, pc),
for every G. Namely, if A : S — S verifies the condition (BC',), then

pa(Ap, Aq) < Lpg(p,q),Vp,q € S.
(if) A B-contraction on a PM space has at most one fixed point.
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Let pg € S. As usual, the sequence of iterates of py under A is the sequence {p, }
defined inductively via p,, = Ap,_; for every positive integer n and the function
Gp, is defined via

Gpo (z) = inf{F,,p,, (x) : mis a positive integer }

for each real = where {p,, } is the sequence of iterates of py under A.

3.1. A method of type Maia for Sherwood’s alternative. The following new
proof of the Sherwood alternative (cf. [28], Theorem 3.1) is given by remark-
ing the fact that the probabilistic metric is “dominated” by a suitable semimetric
and is showing off the full meaning of Sherwood’s result.

Theorem 3.3. Let (S, F,T) be a complete Menger space with T left-continuous. Let A
be a B-contraction on S. Then, either

(i) A has a unique fixed point
or

(ii) For every pg € S, sup{Gyp,(z) : x is real} < 1.

Proof. Suppose there exists py € S such that sup{Gp,(z) : z isreal} = 1. Then
G = (~G,, € D, by hypothesis. Let us consider the set Q = {q € S, pc(po,q) <

1}. For ¢, € Q and ¢, 7 q, thatis, F, ,(t) — 1, ¥t > 0, we can write:
Fpoq(x) > T(FPOQn (z—t), F‘an(t) > T(G(x—t), Fqnq(t)) — T(G(z-1),1) = G(z—1)

for all t € (0,z). Therefore, by the left-continuity of G, F,,,(z) > G(x), Yz > 0,
showing that pc(po,¢) < 1 and so g € Q. Thus (Q,F,T) is a complete Menger
space. By Theorem 2.2 we have that (Q, p¢) is a bounded complete semimetric
space. Since, by construction, p,, € @ for all m, then the strict p¢—contraction A
has a (unique) fixed point in () and the theorem follows. O

Remark 3.3. In fact, F}, p,.. .. () > Fyop, (¢/L") > G(x/L™) and pg(pn, Prtm) <
L™ <1.

3.2. The case of HadZi¢-type triangular norms. By using the alternative of fixed
point, we can prove the following result (compare with [3]], [10] and [4]- Chapter
3):

Theorem 3.4. Let A be a Sehgal-contraction on the complete Menger space (S, F,T)
and suppose that T has a sequence of idempotents, strictly increasing to 1. Then A has a
unique fixed point p* and, for eachp € S, p* = lim A"p in the (e, \)—topology.

Proof. Let p € S and G := (Fpa,)*(see Lemma 2.1](i)). Since T(G(z),G(z)) =
G(z) for all z, then (S, pg) is a complete generalized metric space ( by Theorem
and A is strictly pg-contractive (by Lemma . As pa(p, Ap) < 1 < oo, we
can apply the fixed point alternative (see [8], [20]): the sequence A" (p) converges
to a fixed point p* of A, in the metric p, and so in the (e, A\) —topology. Clearly p*
is uniquely determined and globally attractive. O
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4. COMMENTS

It is worth noting that, in [1], G. L. Cain & R. Kasriel proved the Sehgal’s result
(for T' = Min) by using the Nishiura pseudo-metrics dy, where

dr(p,q) = inf{t]| Fpq(t) >1 =2} (pg €85, 0<A <)
In fact, the family {d}¢(0,1) generates the (¢, \) —topology on S and
dx(Ap, Aq) < Ldx(p,q), Vp,q € S.

for every X € (0, 1). Hence one can apply the Banach contraction principle in the
uniform space (S, {dx}re(0,1))- As it was pointed out in [16], the above method
can be used in the case of triangular norms of type HadZi¢ and Budincevi¢, by
using the pseudometrics §,, (see Proposition [2.2(ii)). Instead, by using the pseu-
dometrics 7, in the setting of complete probabilistic (b, )-structures, we have been
able (see [10]) to prove a very general fixed point result (including Theorem 3.4).

Remark 4.4. For if dy(p, ¢) < r then F,,(r) > 1 — X and the contraction condition
(BCyp) implies Fapaq(Lr) > 1 — X, which shows that dy(Ap, Aq) < Lr.

Remark 4.5. Let (S, F, Min) be a complete Menger space and suppose that, for
some G € D7, the p;-topology and the (g, A\)—topology are identical. Then, for
every Sehgal-contraction A on S, we have:

(i) For every p € S, A™p is convergent to the unique fixed point of 4;

(ii) For each p € S there exists n > 0 such that Fiyn,sn+1,(2) > G(z), V .
Indeed, the first assertion follows from Theorem[3.4l The second assertion follows
from the fixed point alternative, since (i) is always true. In fact, these assertions
indicate to a certain extent the behavior of the values of F, as in the following

0, r<1

1L p>q - It is easy to see that
-4,

Example 4.2. For 8 > 0, let G(z) = {

pc(p,q) = sup a%da (p, q). If pe induces the (e, \)-topology on S, then for each
p € S there exists m > 0 such that Fynpgn+1,(z) >1— 25, Vo >1, Vn>m.

REFERENCES

[1] Cain, G. L. and Kasriel, R. H., Fixed and periodic points of local contraction mappings on PM-spaces,
Math. Syst. Theory, 9 (1976), 289-297

[2] Constantin, Gh. and Istratescu, 1., Elements of Probabilistic Analysis with Applications, Ed. Acad.,
Bucuresti, Romania, Kluwer Academic Pub., Dordrecht, Boston, London, 1989

[3] Hadzi¢, O. and Budinéevi¢, M., A fixed-point theorem in P M-spaces, Coll. Math. Soc. Janos Bolyai
23 (1978), Topology, Budapest, 579-584

[4] Hadzi¢, O. and Pap, E., Fixed Point Theory in PM-Spaces, Kluwer Acad. Pub., 2001

[5] Hadzi¢, O., Pap, E. and Radu, V., Generalized contraction mapping principles in probabilistic metric
spaces, Acta Math. Hungar., 101 (2003), 131-148

[6] Jachymski, J. R., Fixed point theorems in metric and uniform spaces via the Knaster-Tarski principle,
Nonlinear Anal. 32 (1998), 225-233

[7] Maia, M., Un’osservazione sulle contrazioni metriche, Rend. Sem. Mat. Univ. Padova 40 (1968),
139-143

[8] Margolis, K., On some fixed points theorems in generalized complete metric spaces, Bull. AMS 74 (1968),
275-282

[9] Mihet, D., Inegalitatea triunghiului si puncte fixe in P M-spatii, PhD Thesis, West Univ. Timisoara,
1997



132 Dorel Mihet and Viorel Radu

[10] Mihet, D. and Radu, V., A fixed point theorem for mappings with contractive iterate in P M-spaces, An.
Stiint. Univ. Al I. Cuza lasi, Ser. Noua, Mat. 42(2) (1996), 311-314

[11] Monna, A. E, Sur un théoreme de M. Luxemburg concernant les points fixes d'une classe d’applications
d’un espace métrique dans lui-méme, Nederl. Akad. Wet., Proc., Ser. A 64 (1961), 89-96

[12] Nishiura, E., Constructive methods in PM-spaces, Fundam. Math. 67 (1970), 115-124

[13] Petrusel, A. and Rus, I. A., Fixed point theorems in ordered L-spaces, Proceedings Amer. Math. Soc.
134 (2005), 411-418

[14] Radu, V., A remark on contractions in Menger spaces, STPA, West Univ. Timisoara 64 (1982)

[15] Radu, V., On the t-norms of HadZi¢-type and fixed points in P M-spaces, Review of Research, Faculty
of Science, Univ. of Novi Sad 13 (1983), 81-85

[16] Radu, V., On a theorem of HadZi¢ and Budincevi¢, STPA, West Univ. Timicsoara 104 (1992)

[17] Radu, V., Lectures on Probabilistic Analysis, University of Timisoara, Surveys Lectures Notes and
Monographs Series on Probability Statistics and Applied Mathematics, 2 (1994)

[18] Radu, V., Equicontinuous iterates of t—norms and applications to random normed and fuzzy Menger
spaces, ITERATION THEORY (ECIT ’02) J. Sousa Ramos, D. Gronau, C. Mira, L. Reich, A.N.
Sharkovsky (Eds.) Grazer Math. Ber., Bericht Nr. 346 (2004), 323-350

[19] Radu, V., Some suitable metrics on fuzzy metric spaces, Fixed Point Theory 5(2) (2004), 323-347

[20] Rus, I. A., Principii si Aplicatii ale Teoriei Punctului Fix, Ed. Dacia, Cluj-Napoca, 1979

[21] Rus, I. A., Generalized Contractions and Applications, Cluj University Press, Cluj-Napoca, 2001

[22] Rus, I. A., Petrugel, A. and Petrusel, G., Fixed point theory 1950-2000: Romanian contributions,
House of the Book of Science, Cluj-Napoca, 2002

[23] Rus, I. A., Picard operators and applications, Scientia Math. Japonicae, 58(2003), 191-219

[24] Rus, I. A, Fixed point structure theory, Cluj University Press, Cluj-Napoca, 2006

[25] Schweizer, B. and Sklar, A., Statistical metric spaces, Pacific J. Math. 10 (1960), 133-334

[26] Schweizer, B. and Sklar, A., Probabilistic Metric Spaces, Dover, N. Y., 2005

[27] Sehgal, V. M. and Bharucha-Reid, A. T., Fixed points of contraction mappings on PM-spaces, Math.
Syst. Theory 6 (1972), 97-100

[28] Sherwood, H., Complete probabilistic metric spaces, Z. Wahr. verw. Geb. 20 (1971), 117-128

WEST UNIVERSITY OF TIMISOARA

FACULTY OF MATHEMATICS AND COMPUTER SCIENCE
DEPARTMENT OF MATHEMATICS

VASILE PARVAN 4, 300223, TIMISOARA, ROMANIA
E-mail address: mihet@math.uvt.ro

E-mail address: radu@math.uvt.ro



	1. The extended functionals G
	2. Some fundamental properties of G
	3. Remarks on some fixed point theorems
	3.1. A method of type Maia for Sherwood's alternative
	3.2. The case of Hadzic-type triangular norms

	4. Comments
	References

