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From Maia fixed point theorem to the fixed point
theory in a set with two metrics

ANTON S. MUREŞAN

ABSTRACT. In this paper we give some results about Maia’s fixed point theorem and we show
how can be used these results to some types of applications in the sets with two metrics.

1. INTRODUCTION

In 1968, M. G. Maia [5] generalized Banach’s fixed point theorem for a set X

endowed with two metrics. Then there were obtained a serie of similar results
and generalizations of this theorem in many papers [1] - [4], [6] - [16], [18].

In 1977, Ioan A. Rus [15] stated and proved an interesting fixed point theorem
of Maia type by replacing one of the conditions in Maia’s theorem.

B. Rzepecki using the idea from [15] proved in the papers [18], [19] some other
fixed point theorem of Maia type.

Many papers deal with fixed point theorems of Maia type and with applica-
tions of these theorems in sets with two or three metrics [8], [9], [17].

Let (X, d) be a metric space and T : X → X an operator. We denote by O (x) =
{x, T (x) , T (T (x)) , ...} the orbit of T at the point x ∈ X. An element x ∈ X is
called regular for T if O (x) is bounded.

The operator T is a weakly Picard operator (WPO) if the sequence of succes-
sive approximation, (Tn (x))n∈N

converges for all x ∈ X and the limit (which
may depend on x) is a fixed point of T.

If T is a WPO and FT = {x∗}, then, by definition , T is a Picard operator (PO),
where FT = {x |x ∈ X,T (x) = x} .

The operator T is O-continuous if, for every subsequence (xmi
)i∈N

of sequence
(xm)m∈N

, defined by xm = T (xm−1), convergent to u, we have that the sequence
(T (xmi

))
i∈N

converge to T (u) , i.e.,

lim
i→∞

xmi
= u ⇒ lim

i→∞

T (xmi
) = T (u) .

The metric space (X, d) is O-complete if every Cauchy sequence (xn)n∈N
in

O (x) is convergent to a point of X .
For A ⊂ X we denote δd (A) = sup {d (a, b) |a, b ∈ A} and

Ib,d (T ) = {A |A ⊂ X,A 6= ∅, f (A) ⊂ A, δd (A) < +∞} .
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A mapping ϕ : R+ → R+ is called a comparison function if the following condi-
tions are satisfied:

(i) ϕ is upper semicontinuons from the right;
(ii) ϕ is increasing;
(iii) ϕ (t) < t for t > 0.

The mapping T : X → X is a (δ, ϕ)-contraction if there exists a comparison
function ϕ such that δd (T (A)) ≤ ϕ (δd (A)) , for all A ∈ Ib,d (T ) .

2. SOME KNOWN RESULTS

Let X be a nonempty set endowed with two metrics d, ρ and T : X → X a
mapping. We have the following well know theorems.

Theorem 2.1. (M. G. Maia [5]) If the metric space (X, d) is complete and
(i) d (x, y) ≤ ρ (x, y) for all x, y ∈ X ;
(ii) ρ (T (x) , T (y)) ≤ aρ (x, y) for all x, y ∈ X,with 0 < a < 1;
(iii) T is continuous in (X, d) ,

then T : (X, d) → (X, d) is a PO.

Theorem 2.2. (I. A. Rus [14]) If the metric space (X, d) is complete and
(i) there exists c > 0 such that d (T (x) , T (y)) ≤ cρ (x, y) for all x, y ∈ X ;
(ii) ρ (T (x) , T (y)) ≤ aρ (x, y) for all x, y ∈ X, with 0 < a < 1;
(iii) T is continuous in (X, d) ,

then T is a PO.

Theorem 2.3. ([17]). If the metric space (X, d) is complete and
(i) there exists c > 0 such that d (T (x) , T (y)) ≤ cρ (x, y) for all x, y ∈ X ;
(ii) ρ

(

T 2 (x) , T (x)
)

≤ aρ (x, T (x)) , for all x ∈ X ;
(iii) T is closed in (X, d),

then T : (X, d) → (X, d) is a WPO.

Theorem 2.4. ([17]) If the metric space (X, d) is complete and
(i) there exists c > 0 such that d (T (x) , T (y)) ≤ cρ (x, y) for all x, y ∈ X ;
(ii) there exists ϕ : X → R+ such that ρ (x, T (x)) ≤ ϕ (x) − ϕ (T (x)) for all

x ∈ X ;
(iii) T is closed in (X, d),

then T : (X, d) → (X, d) is a WPO.

We can generalize the above theorems in the case of the generalized metrics.
For example in the case when d (x, y) , ρ (x, y) ∈ R

m
+ we obtain.

Theorem 2.5. (V. Mureşan [10]) If the generalized metric space (X, d) is complete and
(i) there exists a matrix C ∈ Mm (R+) such that

d (T (x) , T (y)) ≤ C ρ (x, y) for all x, y ∈ X;

(ii) there exists a matrix convergent towards 0, A ∈ Mm (R+) such that

ρ (T (x) , T (y)) ≤ Aρ (x, y) for all x, y ∈ X;

(iii) T is continuous in (X, d);
(iv) there exists c1 > 0 such that ρ (x, y) ≤ c1d (x, y) for all x, y ∈ X ,

then T : (X, d) → (X, d) and T p : (X, d) → (X, d) are PO, for any p ∈ N
∗.
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Theorem 2.6. ([17]) If the generalized metric space (X, d) is complete and
(i) there exists a matrix C ∈ Mm (R+) such that

d (T (x) , T (y)) ≤ C ρ (x, y) for all x, y ∈ X;

(ii) there exists a matrix A ∈ Mm (R+) convergent towards O, such that

ρ
(

T 2 (x) , T (x)
)

≤ Aρ (x, T (x)) , for all x,∈ X;

(iii) T is closed in (X, d);
then T : (X, d) → (X, d) is a WPO.

Theorem 2.7. ([17]) If the generalized metric space (X, d) is complete and
(i) there exists a matrix C ∈ Mm (R+) such that

d (T (x) , T (y)) ≤ C ρ (x, y) , for all x, y ∈ X;

(ii) there exists ϕ : X → R+ such that

ρ (x, T (x)) ≤ ϕ (x) − ϕ (T (x)) , for all x ∈ X;

(iii) T is closed in (X, d),
then T : (X, d) → (X, d) is a WPO.

Theorem 2.8. ([9]) If the generalized metric space (X, d) is o - complete and
(i) d(x, y) ≤ ρ (x, y) for all x, y ∈ X ;

(ii) there exists a matrices Ai ∈ Mm (R+), i = 1, 5, such that (Im−A3−A4)
−1 ≥ 0,

the matrix A = (Im − A3 − A4)
−1

(A1 + A3 + A5) converge towards 0 and

ρ (T (x) , T (y)) ≤ A1ρ (x, y) + A2ρ (x, T (y)) + A3ρ (y, T (x))

+ A4ρ (x, T (x)) + A5ρ (y, T (y)) , for all x, y ∈ X;

(iii) T is O-continuous in (X, d) ,

then T : (X, d) → (X, d) is a WPO.

In the case when T is a (δ, ϕ) - contraction we have the following theorem.

Theorem 2.9. (A. S. Muresan [6]) If the metric space (X, d) is complete and
(i) there exists c > 0 such that

d (T (x) , T (y)) ≤ cρ (x, y) for all x, y ∈ X;

(ii) T : (X, ρ) → (X, ρ) in a (δρ, ϕ) - contraction;
(iii) T is continuous in (X, d);
(iv) every x ∈ X, is a regular element for T : (X, ρ) → (X, ρ),

then T : (X, d) → (X, d) is a PO.

Remark 2.1. If the condition (iv) in Theorem 2.9 is replaced by the condition (iv’)
(X, d) is a bounded complete metric space, then the conclusion is the same.
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3. MAIN RESULTS

The purpose of this section is to give some fixed point theorems for expansion
mappings on metric space endowed with two metrics.

Let X be a nonempty set endowed with two metrics d and ρ.

Let T : X → X a mapping . We suppose that
(1) there exists a constant C > 0 such that

d (T (x) , T (y)) ≤ cρ (x, y) for all x, y ∈ X,

(2) (X, d) is a complete metric space.
We have

Theorem 3.10. We suppose that the conditions (1) and (2) holds. If
(3) f is surjective;
(4) there exists a, b, c ∈ R+, a < 1, a + b + c > 1 such that

ρ2 (T (x) , T (y)) ≥ aρ2 (x, T (x)) + bρ2 (y, T (y)) + cρ2 (x, y)

for all x, y ∈ X , x 6= y;
(5) there exists c1 > 0 such that ρ (x, y) ≤ c1d (x, y) for all x, y ∈ X,

then T : (X, d) → (X, d) is a WPO.
Moreover, if c > 1 then T : (X, d) → (X, d) is a PO.

Proof. Let x0 ∈ X. From (3) there exists x1 ∈ X such that T (x1) = x0.

We consider the sequence (xn)n∈N
such that T (xn+1) = xn, for any n ∈ N. We

prove that this sequence is a Cauchy sequence in the metric space (X, ρ) . Without
loss of generality, we can suppose that xn−1 6= xn for any n ∈ N

∗. From (4), we
have

ρ2 (xn−1, xn) = ρ2 (T (xn) , T (xn+1)) ≥ aρ2 (xn, T (xn))

+ bρ2 (xn+1, T (xn+1)) + cρ2 (xn, xn+1)

= aρ2 (xn, xn−1) + (b + c) ρ2 (xn, xn+1) ,

therefore
(1 − a) ρ2 (xn−1, xn) ≥ (b + c) ρ2 (xn, xn+1) ,

that is,

ρ (xn, xn+1) ≤
√

1 − a

b + c
ρ (xn−1, xn) .

As 1−a
b+c < 1 we find that the sequence (xn)n∈N

is a Cauchy sequence in the

metric space (X, ρ) . From (1) the sequence (xn)n∈N
is a Cauchy sequence in the

complete metric space (X, d), too. Hence the sequence (xn)n∈N
is convergent in

the metric space (X, d) .

Let x∗ = lim
n→∞

xn. Then d (xn, x∗) → 0 for n → ∞.

Let y ∈ X such that T (y) = x∗. We have

ρ2 (xn, x∗) = ρ2 (T (xy+1) , T (y))

≥ aρ2 (xn+1, T (xn+1)) + bρ2 (y, T (y)) + cρ2 (xn+1, y) .

Letting n → ∞ we get 0 ≥ bρ2 (y, T (y)) + cρ2 (x∗, y), that is, x∗ = y. Thus
x∗ ∈ FT , therefore T is a weakly Picard operator.
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Now let c > 1. We show that FT = {x∗}. We suppose that the fixed point is
not unique. Let x∗∗ be another fixed point for T . We have

ρ2 (x∗∗, x∗) = ρ2 (T (x∗∗) , T (x∗))

≥ aρ2 (x∗∗, T (x∗∗)) + bρ2 (x∗, T (x∗)) + cρ2 (x∗∗, x∗) ,

that is, 1 ≥ c. This contradicts c > 1.

So FT = {x∗}, and therefore T is a Picard operator. �

Theorem 3.11. We suppose that conditions (1) − (3) and (5) in Theorem 3.10 hold. If
there exists k ∈

[

2
3 , 1

]

such that

(6) ρ (T (x) , T (y)) ≥ k
ρ2 (x, T (x)) + ρ (x, T (x)) ρ (y, T (y)) + ρ2 (y, T (y))

ρ (x, T (x)) + ρ (y, T (y))
,

for any x, y ∈ X, x 6= y, for which ρ (x, T (x)) + ρ (y, T (y)) 6= 0, then T : (X, d) →
(X, d) is a WPO.

Proof. We consider the sequence (xn)n∈N
, xn−1 = T (xn) for n ∈ N

∗ with x0 ∈ X .
This sequence is convergent in the metric space (X, ρ) . We prove that T (x∗) = x∗,
where x∗ = lim

n→∞

xn in the complete metric space (X, d), hence in the metric space

(X, ρ) from (5). We suppose that T (y) = x∗ and y 6= x∗. Then

ρ (xn, x∗) = ρ (T (xn+1) , T (y))

≥ k
ρ2 (xn+1, T (xn+1)) + ρ (xn+1, T (xn+1)) ρ (y, T (y)) + ρ2 (y, T (y))

ρ (xn+1, T (xn+1)) + ρ (y, T (y))

= k
ρ2 (xn+1, xn) + ρ (xn+1, xn) ρ (y, T (y)) + ρ2 (y, T (y))

ρ (xn+1, T (xn+1)) + ρ (y, T (y))
.

Letting n → ∞, we obtain 0 ≥ kρ (y, T (y)) therefore y = T (y) = x∗. So x∗ ∈ FT

and T is a weakly Picard operator. �

Theorem 3.12. We suppose that the conditions (1) − (3) hold. If T : (X, d) → (X, d)
is continuous and there exists a constant k > 1 such that

(7) ρ2 (T (x) , T (y))
≥ k min

{

ρ2x, T (x) , ρ2 (y, T (y)) , ρ (x, T (x)) ρ (x, y) , ρ (y, T (y)) ρ (x, y)
}

,
for all x, y ∈ X, then T : (X, d) → (X, d) is a WPO.

Proof. Let x0 ∈ X. We consider the sequence (xn)n∈N
, xn−1 = T (xn), for which

xn−1 6= xn, n ∈ N
∗. From (7) we find that

ρ (xn, xn+1) ≤
1√
k

ρ (xn, xn+1) ,

that is, the sequence (xn)n∈N
is a Cauchy sequence in the metric space (X, ρ) .

From the condition (1), (xn)n∈N
is a Cauchy sequence in the metric space (X, d)

therefore it is convergent. Let x∗ = lim
n→∞

xn. From the continuity of mapping T it

follows that

x∗ = lim
n→∞

xn = lim
n→∞

T (xn+1) = T
(

lim
n→∞

xn+1

)

= T (x∗) ,

i.e., x∗ ∈ FT . Thus T is a weakly Picard operator. �
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Remark 3.2. The conclusions of Theorems 3.10 - 3.12 are valid when the metric
spaces (X, d) , (X, ρ) are generalized metric spaces with the metrics d and ρ taking
values in R

m
+ .

4. APPLICATIONS

Let Ω ⊂ R
m be a bounded domain. We consider the following functional -

integral equation

(*) x (t) = h (t, x |∂Ω ) +

∫

Ω

K (t, s, x (s)) ds, t ∈ Ω.

We suppose that

(8) K (t, s, x, u) = 0, for all t ∈ ∂Ω, s ∈ Ω, u ∈ R;
(9) h (·, x |∂Ω ) ∈ C

(

Ω
)

, for all x ∈ C
(

Ω
)

;
(10) h (t, x |∂Ω ) = x (t) for all t ∈ ∂Ω;
(11) K ∈ C

(

Ω × Ω × R
)

;

(12) there exists L ∈ C
(

Ω × Ω
)

such that

|K (t, s, u) − K (t, s, v)| ≤ L (t, s) |u, v| , for all t, s ∈ Ω and u, v ∈ R;

(13)
∫

Ω×Ω

(L (t, s))
2
dt ds < 1.

Let T : C
(

Ω
)

→ C
(

Ω
)

be the operator defined by

A (x) (t) = h (t, x |∂Ω ) +

∫

Ω

K (t, s, x (s)) ds.

We consider on C
(

Ω
)

the following metrics d and ρ defined by

d (x, y) = ‖x − y‖C(Ω) and ρ (x, y) = ‖x − y‖L2(Ω) .

It is clear that (see Theorem 2.2),

c = sup
t∈Ω





∫

Ω

(L (t, s))
2

ds





1/2

,

and

a =





∫

Ω×Ω

(L (t, s))
2
dt ds





1/2

.

We are in the conditions of Theorem 2.2 and so we have

Theorem 4.13. We suppose that the conditions (8)− (13) hold. Let ST ⊂ C
(

Ω
)

be the
solution set of the equation (∗) .

Then ST 6= ∅.

Remark 4.3. In the conditions of Theorem 4.13, moreover we have Card ST =
Card C (∂Ω) (see Theorem 3.10 [17]).
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Using Theorem 2.5 we can study existence and uniqueness for the solution of
the of the system of Fredholm integral equations of the type:

x (t) =

∫

Ω

K (t, s, x (s)) ds + f (t) , t ∈ Ω. (∗∗)

Here Ω ⊂ R
m is a bounded domain, f ∈ C

(

Ω, Rm
)

and K ∈ C
(

Ω × Ω × R
m, Rm

)

.

Consider the operator T : C
(

Ω, Rm
)

→ C
(

Ω, Rm
)

defined by

A (x) (t) =

∫

Ω

K (t, s, x (s)) ds + f (t) .

The space X = C
(

Ω, Rm
)

is a generalized metric space relative to the metrics

d (x, y) = ‖x − y‖C(Ω,Rm) =
(

‖x1 − y1‖C(Ω) , ..., ‖xm − ym‖C(Ω)

)

,

ρ (x, y) = ‖x − y‖L2(Ω,Rm) =
(

‖x1 − y1‖L2(Ω) , ..., ‖xm − ym‖L2(Ω)

)

,

where ‖ui‖C(Ω) = max
t∈Ω

|ui (t)|, ‖ui‖L2(Ω) =

(

∫

Ω

ui (t)
∣

∣
2dt

)1/2

.

We have

Theorem 4.14. If the following conditions are fulfilled

(14) there exists L : Ω × Ω → Mm (R+) , with sup
t∈Ω

(

∫

Ω

|Lij (t, s)|2 ds

)1/2

< ∞

for all i, j = 1,m such that |K (t, s, u) − K (t, s, v)| ≤ L (t, s) |u − v|, for all t, s ∈ Ω,
u, v ∈ R

m and |K (t, s, 0)| ≤ r (t, s) where r ∈ C
(

Ω × Ω × R
m
+

)

;
(15) there exists a matrix A ∈ Mm (R) , convergent towards 0, such that











∫

Ω×Ω

|Lij (t, s)|2 dt ds











1/2

≤ A,

then the system of equations (∗∗) has in C
(

Ω, Rm
)

a unique solution x∗, which can be

obtained by the successive approximation method starting from any element of C
(

Ω, Rm
)

.

REFERENCES

[1] Albu, M., A fixed point theorem of Maia-Perov type, Studia Univ. ”Babeş-Bolyai”, Mathematica, 23
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