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Reciprocally associability of a n-group operation with
a binary operation

VASILE POP

ABSTRACT. By juxtaposition of a binary operation with a n-ary operation are obtain a (n + 1)-ary
operation. In this paper we study the conditions for the obtained operation to determine a (n + 1)-
group structure.

1. INTRODUCTION

In [1], J. Dombres determines the binary operations which are associative, as-
sociable and commutable with a quasi-group and monoid operation by using
functional equations.

In [6] we have determined the conditions in which a group operation is recip-
rocally associable with a binary operation.

In this paper we study the associability of a n-groups operation with a binary
operation and the conditions for extending a n-group to a (n + 1)-group using a
binary operation.

Let us notice that the word of extension from the title of the paper has nothing
to do with Hosszu type extensions given by Dudek and Michalski, extensions
which are made only from a (n + 1)-group to a (k · n + 1)-group.

2. MAIN RESULTS

We define the reciprocally associability of a binary operation by a n-ary opera-
tion, the operation obtained by juxtaposing a binary and an n - ary operation and
we find the condition for the obtained operation, to determine an (n + 1) - group
(Theorem 2.3).

Definition 2.1. If ”∗”: G2 −→ G is a binary operation and f : Gn+1 −→ G is a
(n + 1)-ary operation (n ≥ 2), we say that the operations ”∗” and f are reciprocal
associable if the following conditions hold:

a) x1 ∗ f(x2, x3, . . . , xn+2) = f(x1 ∗ x2, x3, . . . , xn+2);
b) f(x1, . . . , xn, xn+1) ∗ xn+2 = f(x1, . . . , xn, xn+1 ∗ xn+2),

for all xi ∈ G, i = 1, n + 2.

Theorem 2.1. If (G, f) is a (n + 1)-group and ”∗” is a binary operation on G, having
a right (or left) unit element, and operations ”∗” and f are reciprocally associable, then
(G, ∗) is a group.
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Proof. Let e be a right unit element in (G, ∗). If we consider the reduced Hosszu
group (G, ◦) = Rede(G, f), we have:

x ◦ y = f(x, e
n−2

, e, y) = f(x ∗ e, e
n−2

, e, y) = x ∗ f(e, e
n−2

, e, y) = x ∗ y.

Since (G, ◦) is a group and the operation ”∗” coincides with the operation ”◦”, it
follows that (G, ∗) is a group. �

Remark 2.1. If (G, f) is a (n+1)- group and (G, ∗) is a group with the unit element
e and the operations ”f” and ”∗” are reciprocal associable, then

(G, ∗) = Rede(G, f).

Theorem 2.2. If (G, f) is a (n+1)-group and (G, ∗) is a group, then the operations ”f”
and ”∗” are reciprocal associable if and only if (G, f) is an Hosszu type extension of the
bigroup (G, ∗).

Proof. Let (G, f) ∈ Extn+1(G, ∗). By [2] there exists α ∈ Aut(G, ∗), an automor-
phism of (G, ∗), a ∈ G such that αn(x) = a ∗ x ∗ a−1 and (G, f) = Extα,a(G, ∗).
Then

f(x1, . . . , xn+1) = x1 ∗ α(x2) · · ·αn−1(xn) ∗ a ∗ xn+1

We have:

x1 ∗ f(x2, x3, . . . , xn+2) = x1 ∗ x2 ∗ α(x3) · · ·αn−1(xn+1) ∗ a ∗ xn+2

= (x1 ∗ x2) ∗ α(x3) ∗ · · · ∗ αn−1(xn+1) ∗ a ∗ xn+2 = f(x1 ∗ x2, x3, · · · , xn+2)

and similarly

f(x1, . . . , xn, xn+1) ∗ xn+2 = f(x1, · · · , xn, xn+1 ∗ xn+2).

Thus, the operations are reciprocal associable.
If f and ”∗” are associable, from Remark 2.1 we have:

(G, ∗) = Rede(G, f)

and so
(G, f) = Extα,a(G, ∗),

where
α(x) = f(e, x, e

n−2
,
−
e) and a = f( e

n+1
).

�

Definition 2.2. If f is a (n + 1)-operation on G, reciprocal associable with the
binary operation ”∗”, then we can define the (n+2)-ary operations in G as follows

(2.1) [∗, f ](x1, x2, . . . , xn+2) = x1 ∗ f(x2, . . . , xn+2)

(2.2) [f, ∗](x1, . . . , xn+1, xn+2) = f(x1, . . . , xn+1) ∗ xn+2.

Each of the operations defined in (2.1) and (2.2) are called juxtaposition of the two
operations.

The problem which occurs in what follows is: under which conditions, the
two operations on polygroups give a (n + 2)-group operation. In the following
we give a solution to this problem.
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Definition 2.3. If (G, f) is a (n + 1)- group, (G, ∗) a bigroup the operations f and
”∗” are reciprocal associable and (G, [f, ∗]) is (n + 2)-group, then it is called the
extension of the (n + 1)-group (G, f) by the group (G, ∗).

Definition 2.4. If ”∗” is a binary operation and f a (n + 1)-ary operation on G,
we say that the operations are commutable if

f(x1, x2 . . . , xn+1) ∗ xn+2 = x1 ∗ f(x2, . . . , xn+1, xn+2)

for all xi ∈ G, i = 1, n + 2.

Remark 2.2. Two binary operations ”∗” and ”◦” on G are commutable if:

x ∗ (y ◦ z) = (x ◦ y) ∗ z; x, y, z ∈ G.

Remark 2.3. The reciprocal associable operations ”f” and ”∗” are commutable if
their juxtapositions coincide, that is:

[∗, f ] = [f, ∗].

Theorem 2.3. If (G, f) is a (n + 1)-group, (G, ∗) is a group and the operations f and
”∗” are reciprocal associable, then the following statements are equivalent:

i) Operations ”∗” and f are commutable,
ii) (G, [f, ∗]) is a (n + 2)-group.

Proof. i) =⇒ ii) Since the operations f and ”∗” are reciprocal associable, from
Theorem 2.2 follows that (G, f) ∈ Extn+1(G, ∗), so

f(x1, x2, . . . , xn, xn+1) = x1 ∗ α(x2) ∗ · · · ∗ αn−1(xn) ∗ a ∗ xn+1,

where α ∈ Aut(G, ∗), α(a) = a, αn(x) = a ∗ x ∗ a−1.
The condition of commutability gives:

x1 ∗ x2 ∗ α(x2) ∗ · · · ∗ αn−1(xn+1) ∗ a ∗ xn+2

= x1 ∗ α(x2) ∗ · · · ∗ αn−1(xn) ∗ a ∗ xn+1 ∗ xn+2,

so

(2.3) x2 ∗ α(x3) ∗ · · · ∗ αn−1(xn+1) ∗ a = α(x2) ∗ · · · ∗ αn−1(xn) ∗ a ∗ xn+1

Taking in (2.3) x3 = · · · = xn+1 = e, we obtain x2 = α(x2), whence

α(x) = x, x ∈ G.

Taking in (2.3) x2 = · · · = xn = e, we obtain xn+1 ∗ a = a ∗ xn+1, so a ∈ Z(G, ∗),
the center of the group (G, ∗). Hence

f(x1, x2, . . . , xn+1) = x1 ∗ x2 ∗ · · · ∗ xn+1 ∗ a.

Denoting by g the (n + 2)-ary operation, G = (f, ∗) we obtain:

g(x1, x2, . . . , xn+1, xn+2) = x1 ∗ x2 ∗ . . . xn+1 ∗ xn+2 ∗ a,

which is obvious a (n + 2)-particular group operation (derived group).
ii)=⇒i) First we prove that if the operations ”∗” and f are reciprocal associable,

then the operations ”∗” and g = [∗, f ] are reciprocal associable. We have:

x ∗ g(y1, . . . , yn+2) = x ∗ y1 ∗ f(y2, . . . , yn+2)

= (x ∗ y1) ∗ f(y2, . . . , yn+2) = g(x ∗ y1, y2, . . . , yn+2)
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and similarly

g(x1, . . . , xn+2) ∗ y = g(x1, . . . , xn+1, xn+2 ∗ y).

Using the Remark 2.1 for the operations ”∗” and [∗, f ] = g, we obtain

x ∗ y = g
(
x, e

n−1
,
=
e, y

)
,

where
=
e is the skew element of e in (G, g).

We have

x ∗ y = x ∗ f
(

e
n−1

,
=
e, y

)
= x ∗ f

(
e, e

n−2
,
=
e, y

)
= f

(
x ∗ e, e

n−2
,
=
e, y

)
= f

(
x, e

n−2
,
=
e, y

)
.

From x ∗ y = f
(
x, e

n−2
,
−
e, y

)
we obtain

−
e =

=
e (since the skew elements of the unit

element e, in (G, f) and (G, g) coincide).
The extension morphism from (G, ∗) to (G, g) is

β(x) = g
(
e, x, e

n−1
,
−
e
)

= e ∗ f
(
x, e

n−2
,
−
e
)

= e ∗ x = x,

so

g(x1, . . . , xn+2) = x1 ∗ · · · ∗ xn+2 ∗ a, a ∈ Z(G, ∗).

From g(x1, x2, . . . , xn+2) = x1 ∗ f(x2, . . . , xn+2) we obtain

f(x2, . . . , xn+2) = x2 ∗ · · · ∗ xn+2 ∗ a.

The operation denoted by h = [f, ∗] will be

h(x1, . . . , xn+2) = f(x1, . . . , xn+1) ∗ xn+2

= x1 ∗ · · · ∗ xn+1 ∗ a ∗ xn+2 = x1 ∗ · · · ∗ xn+1 ∗ xn+2 ∗ a,

so the operations obtained by juxtaposition g and f coincide. �

Corollary 2.1. If (G, f) is a (n + 1)- group and (G, ∗) is a group, then the operations f
and ” ∗ ” are reciprocal associable and commutable if and only if the (n+1) group (G, f)
is derived by the group (G, ∗).

Proof. From the definition of the derived (n + 1) group, it follows that if
(G, f) ∈ Dern+1(G, ∗), there exists a ∈ Z(G, ∗) such that (G, f) = Ext1G,a(G, ∗).
Thus f(x1, . . . , xn+1) = x1 ∗ · · · ∗xn+1 ∗a, relation which has been obtained in the
proof of the previous theorem. �

Remark 2.4. Every (n+2)-group obtained by the extension of a (n+1)-group by
a group is a (n + 2) derived group.
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