CARPATHIAN ]J. MATH.
23 (2007), No. 1-2,192-195

Dedicated to Professor Ioan A. RUS on the occasion of his 70" anniversary

Data dependence of the solutions for set differential
equations

IoANA TISE

ABSTRACT. Let R™ be the real n-dimensional Euclidian space and Pp co(R™) the family of all
nonempty compact, convex subsets of R” endowed with the Pompeiu-Hausdorff metric H.
Let I = [a,b] and X : I — Pcp co(R™) be an operator. Hukuhara derivative of X might be
introduced in the following way:
X+ h)—X(@) i X)) —X(@t—h)
7 27 = im —
h h—0+ h
We consider the Cauchy problem of the type
DX = F(t, X)
X(0) = Xo

DX(t) = lim
h—07+

where F' : I X Pep,co(R™) — Pep o (R™).
The main purpose of the note is to study the data dependence of the solutions of the above prob-
lem.

1. INTRODUCTION

Let R™ be the real n-dimensional Euclidian space and P, ., (R™) the family of
all nonempty compact, convex subset of R™ endowed with the Pompeiu-Hausdorff
metric H.

Let X : I — P, . (R"), I = [a,b] be an operator. Hukuhara derivative of X is
defined in the following way [4]:

We consider the following Cauchy problem:

DX =F(tX)
(P”{ X(a) =X

where F' : I X Pep oo (R™") — Pep o (R™).

The purpose of the note is to study the data dependence of the solutions of the
above problem.

The paper is organized as follows. Next section, Preliminaries, contains some
basic notations and notions used through the paper. Then, the third section
presents a data dependence result for the solution of the previous problem.
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2. PRELIMINARIES

The aim of this section is to present some notions and symbols used in the
paper.

Let us define the following generalized functionals:

(1) D: P(R") x P(R") — Ry, D(A,B) =inf{d(a,b) |a € A, b€ B}.
D is called the gap functional between A and B. In particular, if o € X then
D(zg, B) := D({zo}, B).

(2) p: P(R") x P(R") = Ry U{+o0}, p(A,B) =sup{D(a,B) |a € A}.
p is called the (generalized) excess functional.

(3) H: P(R") x P(R") — Ry U {+o0}, H(A, B) = max{p(A, B), p(B, 4)}.
H is the (generalized) Pompeiu-Hausdorff functional. It is known that
(Pep,co(R™), H) is a complete metric space ([1]).
Lemma 2.1. ([3]) Let X be a Banach space. Then H(A+ C,B + D) < H(A,B) +
H(C,D), for A,B,C,D € P(X).

Proof. Lete > 0. From the definition of H it follows that there exists (a+c) € A+C
such that D(a+¢,B+ D) > H(A+ C,B+ D) — ¢ or exists (b + d) € B + D such
that Db+ d,A+C)> H(A+C,B+ D) —e.

Let us consider the first case. For a,c we getb € B,d € D such that |ja — b|| <
H(A,B)+5, |lc—d|| < H(C,D)+5. Then HA+C,B+D)—e < D(a+c,B+D) <
(a4 c)— (b+d)|| we obtain that H(A+C,B+ D) —e < H(A,B)+ H(C,D) +¢,
proving the desired inequality. O

Through the paper the operator F' : I x P(R") — P(R") (where I = [a, ], for
each a,b € R with a < b), will be assumed to be continuous.

Definition 2.1. The operator X : I — P(R") is said to be a solution of (PC) if it is
continuously differentiable and satisfies (PC') everywhere on I.

We associate with the problem (PC) the following;:
t
(I) X(t) =X —|—/ F(s,X(s))ds, t€ [a,b],
where the integral which appears is the Hukuhara integral (see [4]).

Lemma 2.2. ([2]) Let X : I — P(R"™) be a continuously differentiable operator. We
have:

X(t) :Xo—l—/tDX(s)ds, t € la,b.

Proof. The Hukuhara integral may be identified with the Bochner integral in cone
of a Banach space B. Denoteby { : I — B

&) =&+ /té(s)ds7 for each ¢ € [a, b].

where £(a) corresponds to X (a), € is the strong derivative of ¢ and the integral is
a Bochner integral. O

Lemma 2.3. ([2]) The problem (PC) and the equation (I) are equivalent.
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3. MAIN RESULTS

The following result appeared in A. J. Brandao, F. S. De Blasi (see[2]). For the
convenience of the reader we recall it here.
On C(I, P,y (X)) we consider the metric H.(X,Y) := max H(X(¢),Y(t)).

t€la,b]
The pair (C(1, Pep,co(X)), H) is a Banach space.

Theorem 3.1. Let F': I x Py, o,(R™) — Pep co (R™) be an operator. Suppose that:

i) Fis continuous on I x Py ,(R™);

1) F(t,-) is Lipschitzian, for every t € I , ie., there exists k > 0 such that
H(F(t,X),F(t,Y)) <kH(X,Y), forall X,Y € P.p, .,(R") and all t € I.

Then the problem (PC') has exactly one solution.

Proof. Consider the map I' which associates to each continuous function X : I —
P,y cv(R™) the continuous functionI' : I — P, ., (R™) defined for each ¢t € I by

FX(t) =X, + /t F(s,X(s))ds.

a

Condition ii) and the Bielecki norm technique allow us to apply the Banach con-
traction principle. O

A data dependence result is:

Theorem 3.2. Let F,G : I X Pep cpy(R™) — Pep.co(R™), be continuous. Consider the
following problems

DX =F(t, X)
(PCI){ X(a) _ XO
DX =G(t, X)
(PCQ){ X(a) =Y.
Suppose:

i) HF(t,X),F(t,Y)) < kiH(X,Y), for all XY € P, ,(R™), forall t € I,
where ki > 0. Denote by X . the unique solution of the problem (PC);
i1) There exists n; > 0, i = 1,2 such that

H(F(t,X),G(t, X)) <m, forall (t,X) € I X Pepco(R™)

and H(Xo,Yo) < m2;
i47) There exists X}, a solution of the problem (PCS5).
Then

* * 72 + m (b - a)
H (X5, X5 <2t 2=
( F G) 1 _ kl(b _ a)
Proof. Consider the following integral equations

(3.1) I X(t) = X, + /t F(s, X(s))ds.

(3.2) ToX(t) =Y, + /t G(s, X (s))ds.
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Then from Lemma 2.3, (3.1) is equivalent with (PC4), while (3.2) is equivalent
with (PC3). We have:

H(XE(t), X5 (1) = H(T1 Xk (1), T2 X6 (1))
< H(IXE(@), T X (1) + H(T1XG(1), T2 X (1))

— H(X, + / ' F(s, Xp(5))ds, X, + / ' F(s, X5()ds)
FHG 4 [ Xas Yot [ 66 X))
< H(Xo. o)+ (| " F(s, X3 ()ds, / F(s, Xe(s)ds)
+H(Xo,Yo) + (| ' F(s, Xes))ds, / G5, Xp(5))ds)

< H(Xy,Yo) —|—/ H(F(S,X}(s)),F(s,Xé(s)))ds+/ mds
<m+m(b—a)+ki(b—a)H(Xp(t), X:(1)).

Then we have:

max H(Xk(t), X5(1)) < Jen[ifé}(m +m(b—a)+ki(b—a)H(XE(t), X&(1)))

t€la,b]
<n2+m(b—a)+ki(b— a)tren[%]H(X}(t), X&(1)),

N2 +m(b—a)
H(X X, -
Jnax, (XE(), X&) < L= In(b—a)
* * 772+771(b_ )
H, (X5, X gi.
( F G) 17]431(()7(1)
O
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