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On the global attractivity of difference equation of
higher order

E. M. ELABBASY and E. M. ELSAYED

ABSTRACT.

In this paper we investigate the global convergence result and boundedness of solutions of the recur-
sive sequence

p
axlroz +b H Tn—r
r=1
Tn4l = ————H — » M= 0,1,...
fol +d H Tn—r
r=1

where the parameters a,b,c and d are positive real numbers and the initial values z_p,z_p41,
...,x_1 and zg are arbitrary positive numbers.

1. INTRODUCTION

Our goal in this paper is to investigate the global stability character and bound-
edness of solutions of the recursive sequence

p
az? +b [[ xp—r
=1
(1.1) $n+1 = %,
cxh +d ] xn_r
r=1
where a,b,c and d € (0, c0) with the initial values z_,, z_pt1,...,2—1 and zo €
(0, 00), where p is a positive integer.
Here, we recall some notations and results which will be useful in our investi-

gation.
Let I be some interval of real numbers and let

F:I51 o1

be a continuously differentiable function. Then for every set of initial values
Tk, T—k+1, -, To € I, the difference equation

(12) Tn41 :F(xnvxnfla“'amnfk)a n=0,1,...,

has a unique solution {z, }2° _, [11].
A point 7 € I is called an equilibrium point of if

T = F(Z,T,..,T).
That is, z,, = T for n > 0, is a solution of (1.2), or equivalently, 7 is a fixed point
of F.
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Definition 1.1. The difference equation is said to be persistent if there exist
numbers m and M with 0 < m < M < oo such that for any initial conditions
Tk, Tkt To1,Z0 € (0,00) there exists a positive integer N which depends
on the initial conditions such that

m<xz, <M forall n> N.

Definition 1.2. (Stability) Let / be some interval of real numbers.
(i) The equilibrium point T of (1.2) is locally stable if for every € > 0, there exists
0 > Osuchthatforall z_x,z_k11,...,2_1, xg € [ with

|e—p —F| + g1 — T + ... + |20 — | <4,
we have
|z, —Z| <e forall n>—k.

(i) The equilibrium point Z of is locally asymptotically stable if T is locally
stable solution of and there exists v > 0, such that forall x _,z_x11,...,2_1,
xo € I with

|z =T+ [T g1 =T+ + |zo — | <,
we have

lim z, =7.
n—oo

(iif) The equilibrium point T of (1.2) is a global attractor if forall x_,, 244, ..., z—1,
ro € I, we have

lim =z, =T.
n—oo

(iv) The equilibrium point 7 of is globally asymptotically stable if T is locally
stable, and 7 is also a global attractor of (T.2).

(v) The equilibrium point T of is unstable if T is not locally stable.

The linearized equation of about the equilibrium 7 is the linear difference
equation

OF (z,z,...,T)
1.3 il = —_— " Yn_.
(1.3) Yn+1 ; Oz Y
Theorem A. [10] Assume that p,q € Rand k € {0,1,2,...}. Then
lp[ + gl <1

is a sufficient condition for the asymptotic stability of the difference equation
Tpt1 + DTy +qTp—, =0, n=0,1,...

Remark 1.1. Theorem A can be easily extended to a general linear equation of
the form

(1.4) Tntk + P1Tntk—1+ -+ P62 =0, n=0,1,..

where p1,ps,...,pr € Rand k € {1,2,...}. Then (1.4) is asymptotically stable
provided that

k
> il < 1.
i=1
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Recently there has been a lot of interest in studying the global attractivity,
boundedness character and the periodic nature of nonlinear difference equations.
For some results in this area, see for example [10-15].

Many researchers have investigated the behavior of the solution of difference
equations for example: Camouzis et al. [1] investigated the behavior of solutions
of the rational recursive sequence

2
Ba?

Tp41 = H—T
n—1

In [2] Elabbasy et al. investigated the global stability character, boundedness
and the periodicity of solutions of the difference equation

axy + BTp_1 +YTp_2
Az, + Bzp_1 +Cxpo

Tp+1 =

Elabbasy et al. [4] investigated the global stability, boundedness, periodicity
character and gave the solution of some special cases of the difference equation

QALp—k
ey T
ﬁ + Y Hi:o Tn—i

Elabbasy et al. [5] investigated the global stability, periodicity character and
gave the solution of some special cases of the difference equation

o e

dxn—lxn—k
Tpp1 = —— +a.
el CLy—s— b +
Grove, Kulenovic and Ladas [8] presented a summary of a recent work and
a large of open problems and conjectures on the third order rational recursive
sequence of the form

a+ BTy, +yTp_1 + 0Tp_2
A+ Bz, +Cxp_1 +Dzps’

Tn41 =

Kalabusic and Kulenovic [9] investigated the global character of solutions of
the nonlinear, third order, rational difference equation

VLn—-1 + 5$n72

Tpnyl1 = 57—
nr an—l + Dxn—Q

In [14] Kulenovic, G. Ladas and W. Sizer studied the global stability character
and the periodic nature of the recursive sequence

z ATy + 5xn71
ntl=—"——"F -
VT + 0Tp—1

Kulenovic and Ladas [15] studied the second-order rational difference equation

a+ BTy +yTn-1
A+ Bz, +Czxp_y

Tn41 =

Other related results on rational difference equations can be found in refs. [3],
[6-7].



48 E. M. Elabbasy and E. M. Elsayed
2. LOCAL STABILITY OF THE EQUILIBRIUM POINT
In this section we study the local stability character of the solutions of (L.T).
Equation has a unique positive equilibrium point and is given by
a+b
c+d

T =

Let f : (0,00)P™! — (0, o0) be a continuous function defined by

p
aug + bujus...uy

2.5 = .
( ) f(u07u17u27 7up) Cug T dU1U2...Up
We have
Of (uo, u, ug, ..., up) pub ™ (urusy . . . uy) (ad — be)
dug (cul + duyusy . .. uyp)
Of (uo, ur, ug, .. up) uf(ugus . .. up)(be — ad)
Ouq (cub + dujus . . . up)2

Of (ug, ur, Uz, ..., up)  up(urus...up)(be — ad)

Oug (cub + dU1U2...up)2

Of (ug, ur, ug, ..., up)  uf(uguz...up—1)(be — ad)

Oy (cub + du1u2...Up)2

Then we see that
of(z,z,7,...,7) _ px? 'z’ (ad—bc) plad—bc)  p(ad— be)

dug (czP + dzP)* (c+d’z (c+d)(a+Db)
of(@,z,7,...7) zT '(bc—ad)  (bc— ad)

Ay  (c+ay’zr  (c+d)(a+D)
of(z,z,%,....7) TPz’ (bc — ad) (bc — ad)

dus T et aPz (et d)(a+b)
of(z,z,z,...7) _zT '(bc—ad)  (bc— ad)

Ouy T (e+d)’z  (ct+d)(a+d)’

and therefore the linearized equation of (1.I) about T is

P
(2.6) Ynt+1 + Z diyn—i =0,
i=0
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where d; = —f,,,(Z,Z,...,T) fori = 0,1, ..., p, whose characteristic equation is
p
(2.7) XL " d N = 0.
i=0

Theorem 2.1. Assume that
2plad — be| < (c+d) (a +D).
Then the positive equilibrium point of (L.1)) is locally asymptotically stable.

Proof. It follows from Remark 1.1 that is asymptotically stable if all roots of
lie in the open disc |\| < 1 that is if

p (ad — be) ‘ (bc — ad) ’ (bc — ad) ’ (bc — ad) ‘<1
(c+d)(a+0b) (c+d)(a+b) (c+d)(a+0b) (c+d)(a+b)
plad — be] p|be — ad|
crd @ty T erdary ~ "
or
2p lad — be]
Ccrd(atd) -

This completes the proof. O

3. BOUNDEDNESS OF SOLUTIONS
Here we study the permanence of (T.1).
Theorem 3.2. Every solution of is bounded and persists.
Proof. Let {x,}72 _, be a solution of (L.1). It follows from that

p p
P b n—r b n—r
az? + T];le 0 T];le
Tn+1 = D = D + D
ceh +d ] xn_r cah+d ][] oo cxh+d]] Tnr
r=1 r=1 r=1
) p
azx? ,.1;[1 In—r
S Cxip + D
"d]] zpr
r=1
Then
a b
(3.8) xngf—i—E:M forall n>1.
c

Now we wish to show that there exists m > 0 such that
z, >m forall n>1.
The transformation

Tp = —,
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will reduce equation (1.1) to the equivalent form

a b
7 A b
IIyn—r all yn—r +byh
1 _ r=1 _ r=1
T ¢ d T ’
Ynt1 yip + R c Yn—r + dyﬁ
" H Yn—r r=1
r=1

or

dyt +c 11 11

yn + c yn*T & ynfr
_ r=1 _ dyﬁ r=1
Yn+1 = ? = » + > .
byn+all yn—r byn+all yn—r byh+all yn-r
r=1 r=1 r=1
It follows that
d ¢ bec + ad

yn+1§5+5: o =H forall n>1.

Thus we get
1 1 b

(3.9) oy = — > @ _m forall n>1.

YUn H ~ betad
From (3.8) and we see that
m<x, <M forall n>1.

Therefore every solution of (1.1) is bounded and persists. O

4. GLOBAL STABILITY

In this section we investigate the global asymptotic stability of (1.1).

b ) ) L
Lemma 4.1. (a) If &> 2 then the function f(uo,u1, us, ..., up) is non-decreasing in
c
the first variable wy and non-increasing in all others variables.
b . . . o )
(b) If 2 < 2 then the function f(ug,u1,us, ..., up) is non-increasing in the first

variable ug and non-decreasing in all others variables.

Proof. The proof follows from the calculations after formula 2.5). O

Theorem 4.3. The equilibrium point T is a global attractor of (1.1)) if one of the following
statements holds

2p—1
(4.10) (1) ad>bc and 2pc+d > (2p —1)c [Z} )
c

2p—1
4.11) (2) ad <bc and 2pd+c > (2p—1)d m] .
a
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Proof. Let {z,,};2 _, be asolution of (1.1) and again let f be a function defined by
2.5).

We will prove the theorem when Case (1) is true and since the proof of Case
(2) is similar it is left to the reader.

Assume that (3.9) is true, then using Lemma 4.1, part (a); we obtain

p
az? +b [ p-r

. Fe1 az? +b(0) a
n+1 = ? < D = —.
cx? +d [T on_s crn +d0) ¢
r=1
Then
(4.12) an <L =H forall n>1.
c
p p
azxl +b [] xn—r  a(0)+b [ xn—r
(4.13) 44 = - > o =-—=~h forall n>1.
cxh +d [] xn—r c(0)+d [] zn_r
r=1 r=1
Then from (4.12) and (4.13), we see that
b
O<h:g§xn§g:H forall n > 1.
¢
Let {z,}52 o solution of (1.1) with
I:= lim infz, and S:= lim supzx,.

It suffices to show that I = S.
Now it follows from that

I>f(I,8,8,..,9),

or

al? 4 bSP
= cIP +dSr’
and so
alP +bSP — cIPT1 < dSPI,
or
(4.14) al??=1 4 bSPIP=L — cI?P < dSPIP.

Similarly, we see from Eq.(1) that
S < f(S,1,1,...,1),

or,
aS? + bIP
= ¢SP4 dIr’
and so
aSP + bIP — cSPTL > dSIP,
or

(4.15) aS?P~t 4 pIPSP=L — ¢S?P > 4SPIP.
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Therefore it follows from and that
aS*P7 4 IPSPTE — ¢S > dSPIP > al*P T 4 bSPIPT! — TP
o(I?? — S%P) 4 bSPIP~HT — S) — a(I?P~! — S?P71) >0,
which is equivalent to
(I—S)(I*P~! 4 [PP728 4 [?P7382 ¢ | 4 S?P72[ 4§27~ 1) 4 5Pt P~ (- G)
—a(I = S)(I*72 + [*738 4 ..+ SP73[ + §?P72) >,
which holds if and only if

(- 5) c(I%P=1 4 [728 . 4 SW2[ 4 1) 0
FbSPIPL (122 4 [PP738 L 4 SR 822y | T
and so
I>58 if

c(I?P71 4 [PP72S 4 SR 4 G 0
+bSPLPTL — q([2P=2 4 [2P738 L 4 SB[ 4 5272
Now, we know by (4.10) that

a 2p—1
2pc+d > (2p—1)c {bc}
b 2p—1 b 2p—1 2p—1
Z Z > _ Z
2pc [d} +d [d} (2p—1)c [ }
b 2p—1 b 2p—2 2p—2
2pc [d} +b [d} > (2p—1)a {f}

2p—1 b 2p—2
c(IPP 141?728 L ST ST 1 pSPTPT > 2pe M +b M

> (2p—1)a Erp_Q

>a(I* 241738 ... 4 SP3[ 4 5272
c(IPP~1 4 [P728 4 ST 4 8%y o pgp il
—a(IP72 4 I?P738 ..+ S8 4 5%P72) > 0,
and so it follows that
Therefore
I=5.
This completes the proof. O

b
Remark 4.2. It follows from 1i when a_ p that z,,41 = A foralln > —p and
c

for some constant \.
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