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Anti-periodic solutions of functional difference
equations with p-Laplacian

YUJI LIU

ABSTRACT.
The p-Laplacian functional difference equation

∆
[
σ(k)φp

(
∆x(k)

)]
= f(k, x(k), x(k + 1), x(τ1(k), · · · , x(τm(k)), k ∈ Z

is studied. Three new existence results for anti-periodic solutions of the equation are established.

1. INTRODUCTION

Discrete BVPs are fascinating and challenging fields of study. Recently, there
exist several papers concerned with the existence of solutions of boundary value
problems of functional difference equations, for example:
• in paper [9], the authors studied the existence of solutions of boundary value

problems of first order difference equations with maxima and with nonlinear
functional boundary value conditions. Such boundary conditions include, among
others, initial, periodic, antiperiodic and multi point boundary value conditions,
as particular cases.
• in [14], the authors investigated and proved the existence of positive solu-

tions of periodic boundary value problems for discrete nonlinear equations. The
criteria which leads to nonexistence of positive solutions were also obtained by
employing the index theory for the positive smooth function f and lower and
upper solutions when the function f is allowed to have nonconstant sign and to
be singular at 0.

Let T be an positive integer. If a real number sequence {x(n)} satisfies
x(n + T ) = −x(n) for all n ∈ Z, we call {x(n)} a anti-periodic sequence. It is
easy to see that {x(n)} is 2T -periodic if {x(n)} is T -anti-periodic. Hence we actu-
ally get a 2T -periodic solution of a functional difference equation if one obtains
a T -antiperiodic solution of the same equation. In applications, anti-periodic so-
lutions of differential or difference equations are useful for studies. There ex-
ist many papers concerned with the existence of solutions of the anti-periodic
boundary value problems of functional differential equations, see [5], [6], [3]-[12]
and the references therein, but we note that
• there is no paper concerned with the existence of anti-periodic solutions of

p-Laplacian functional difference equations.
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In [4], the authors presented results for the existence of solutions of n-th order
difference equations with anti-periodic boundary conditions by using the lower
and upper solution methods.

Motivated by the reasons mentioned above, we study the existence of anti-
periodic solutions of the following higher order nonlinear p-Laplacian functional
difference equation

(1.1) ∆
[
σ(k)φp (∆x(k))

]
= f(k, x(k), x(k + 1), x(τ1(k), . . . , x(τm(k)), k ∈ Z,

where
• Z is the set of all integers, [α, β] = {α, · · · , β} if α ≤ β and [α, β] = ∅ if α > β

for α, β ∈ Z;
• ∆x(k) = x(k + 1)− x(k);
• τi : Z → Z(i ∈ [1,m]).
• φp(x) = |x|p−2x for x 6= 0 and φp(0) = 0 with its inverse function φq defined

by φq(x) = |x|q−2x for x 6= 0 and φq(0) = 0, where 1/p+ 1/q = 1, p > 1, q > 1;
• f : Z× Rm+2 → R is continuous in u = (u, v, x1, · · · , xm) for each n ∈ Z;
• σ(n) is a positive sequence.
Suppose that T ≥ 1 is an integer. An anti-periodic sequence {x(k)}+∞k=−∞ is

called an anti-periodic solution of equation (1.1) if it satisfies (1.1) for all k ∈ Z.
The purpose of this paper is to use continuation theorem of coincidence de-

gree, see [5], [6], [13], to establish sufficient conditions for the existence of at least
one anti-periodic solution of equation (1.1). It is interesting that we allow f to
be sublinear, at most linear or superlinear. This paper may be the first one con-
cerned with the existence of anti-periodic solutions of the p-Laplacian functional
difference equations.

The remainder is organized as follows. In Section 2, we make preparations,
and the main results are presented at the end of this section. Two examples to
illustrate the main results will be given in Section 3.

2. MAIN RESULTS

In this section, we first give preparations. Then the main results are given at
the end.

Let X and Y be Banach spaces, and L : D(L)
⋂
X → Y and N : X → Y the

maps.

Definition 2.1. [13] The linear operator L : D(L)
⋂
X → Y is called a Fredholm

operator of index zero if ImL is closed in Y and dim KerL = codim ImL < +∞.

Definition 2.2. [13] If Ω is an open bounded subset of X , D(L) ∩ Ω 6= ∅, the
map N : X → Y will be called L-compact on Ω if QN(Ω) is bounded and
Kp(I −Q)N : Ω→ X is compact.

Lemma 2.1. [13] Let X and Y be Banach spaces. Suppose L : D(L) ⊂ X → Y is a
Fredholm operator of index zero with KerL = {0}, N : X → Y is L−compact on any
open bounded subset of X . If 0 ∈ Ω ⊂ X is an open bounded subset and Lx 6= λNx for
all x ∈ D(L)∩∂Ω and λ ∈ [0, 1], then there exist at least one x ∈ Ω such that Lx = Nx.
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Let S be the set of all T−anti-periodic sequences. Choose X = S × S. Define
the norm ‖(x, y)‖ = max{max{|xi| : i ∈ Z}, max{|xi| : i ∈ Z}}. Then X is a real
Banach space.

Let L : X → X be defined by

L

(
x(n)
y(n)

)
=
(

∆x(n)
∆y(n)

)
, (x, y) ∈ X.

Define N : X → Y by

N

(
x(n)
y(n)

)
=

(
φ−1

(
y(n)
σ(n)

)
f(n, x(n+ 1), x(τ1(n)), · · · , x(τm(n)))

)
, (x, y) ∈ X.

Lemma 2.2. The following results hold.

(i) KerL =
{

(x, y) ∈ X :
x(n) = 0, n ∈ Z,
y(n) = 0, n ∈ Z,

}
;

(ii) L is a Fredholm operator of index zero;
(iii) Let Ω ⊂ X be an open bounded subset with Ω 6= ∅, then N is L-compact on Ω;
(iv) (x, y) ∈ X is a solution of L(x, y) = N(x, y) implies that x is a solution of

equation (1.1).

Suppose the followings:
(H) there exist numbers β > 0, θ ≥ 0, nonnegative anti-periodic sequences

q0(n), pi(n), r(n)(i = 0, . . . ,m), continuous functions g(n, x, y, x1, . . . , xm),
h(n, x, y, x1, . . . , xm) such that

(2.2) f(n, x, y, x1, . . . , xm) = g(n, x, y, x1, . . . , xm) + h(n, x, y, x1, . . . , xm)

and

(2.3) g(n, x, y, x1, . . . , xm)y ≥ β|y|θ+1,

and

(2.4) |h(n, x, y, x1, . . . , xm)| ≤ q0(n)|x|θ +
m∑
s=0

pi(n)|xi|θ + r(n),

for all n ∈ [0, T − 1], (x, y, x1, . . . , xm) ∈ Rm+2;
(K) there exist numbers β > 0, θ > 0, nonnegative anti-periodic sequences

q0(n), pi(n), r(n)(i = 0, . . . ,m), continuous functions g(n, x, y, x1, . . . , xm),
h(n, x, y, x1, . . . , xm) such that

(2.5) f(n, x, y, x1, . . . , xm) = g(n, x, y, x1, . . . , xm) + h(n, x, y, x1, . . . , xm)

and

(2.6) g(n, x, y, x1, . . . , xm) ≥ β|y|θ,

and

(2.7) |h(n, x, y, x1, . . . , xm)| ≤ q0(n)|x|θ +
m∑
s=0

pi(n)|xi|θ + r(n),

for all n ∈ [0, T − 1], (x, y, x1, . . . , xm) ∈ Rm+2.
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Lemma 2.3. Suppose that (H) holds and σ(n) = σ(T + n) for all n ∈ Z. Let Ω1 =
{(x, y) : L(x, y) = λN(x, y), ((x, y), λ) ∈ D(L)

⋂
X × (0, 1)}. Then Ω1 is bounded if

(2.8) ||q0||+ ||p0||+ T
θ
θ+1

m∑
i=1

||pi|| < β.

Proof. For x ∈ Ω1, we have L(x, y) = λN(x, y), λ ∈ (0, 1), so

(2.9)

{
∆x(n) = λφq

(
y(n)
σ(n)

)
, n ∈ Z,

∆y(n) = λf(n, x(n), x(n+ 1), x(τ1(n)), . . . , x(τm(n))), n ∈ Z.

It follows that

∆ [σ(n)φp (∆x(n))]x(n+ 1)(2.10)

= λφp(λ)f(n, x(n), x(n+ 1), x(τ1(n)), . . . , x(τm(n))x(n+ 1).

Since σ(T ) = σ(0), x(T + 1) = −x(1), ∆x(T ) = −∆x(0) imply that

T−1∑
n=0

∆[σ(n)φp(∆x(n))]x(n+ 1)

=
T−1∑
n=0

[σ(n+ 1)φp(∆x(n+ 1))− σ(n)φp(∆x(n))][x(n+ 2)−∆x(n+ 1)]

=
T−1∑
n=0

[σ(n+ 1)φp(∆x(n+ 1))x(n+ 2)− σ(n)φp(∆x(n))x(n+ 1)]

−
T−1∑
n=0

σ(n+ 1)φp(∆x(n+ 1))∆x(n+ 1)

= σ(T )φp(∆x(T ))x(T + 1)− σ(0)φp(∆x(0))x(1)

−
T−1∑
n=0

σ(n+ 1)φp(∆x(n+ 1))∆x(n+ 1)

= −
T−1∑
n=0

σ(n+ 1)φp
(

∆x(n+ 1)
)

∆x(n+ 1),

and φp(x) = x|x|p, we get

T−1∑
n=0

f(n, x(n), x(n+ 1), x(τ1(n)), . . . , x(τm(n))x(n+ 1) ≤ 0.
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Together with (2.2), (2.3) and (2.4), one gets that

β

T−1∑
n=0

|x(n+ 1)|θ+1

≤
T−1∑
n=0

g(n, x(n), x(n+ 1), w(τ1(n)), . . . , x(τm(n))x(n+ 1)

≤ −
T−1∑
n=0

h(n, x(n), x(n+ 1), x(τ1(n)), . . . , x(τm(n))x(n+ 1)

≤
T−1∑
n=0

|h(n, x(n), x(n+ 1), x(τ1(n)), . . . , x(τm(n))| |x(n+ 1)|

≤
T−1∑
n=0

q0(n)|x(n)|θ|x(n+ 1)|+
T−1∑
n=0

p0(n)|x(n+ 1)|θ+1

+
m∑
i=1

T−1∑
n=0

pi(n)|x(τi(n))|θ|x(n+ 1)|+
T−1∑
n=0

r(n)|x(n+ 1)|

≤ ||q0||
T−1∑
n=0

|x(n)|θ|x(n+ 1)|+ ||p0||
T−1∑
n=0

|x(n+ 1)|θ+1

+
m∑
i=1

||pi||
T−1∑
n=0

|x(τi(n))|θ|x(n+ 1)|+ ||r||
T−1∑
n=0

|x(n+ 1)|.

For xi ≥ 0, yi ≥ 0, Holder′s inequality implies

s∑
i=1

xiyi ≤

(
s∑
i=1

xpi

)1/p( s∑
i=1

yqi

)1/q

, 1/p+ 1/q = 1, q > 0, p > 1.

It follows that

β

T−1∑
n=0

|x(n+ 1)|θ+1

≤ ||q0||

(
T−1∑
n=0

|x(n)|θ+1

)θ/(θ+1)(T−1∑
n=0

|x(n+ 1)|θ+1

)1/(θ+1)

+||p0||
T−1∑
n=0

|x(n+ 1)|θ+1 + ||r||T θ/(θ+1)

(
T−1∑
n=0

|x(n+ 1)|θ+1

)1/(θ+1)

+
m∑
i=1

||pi||

(
T−1∑
n=0

|x(τi(n))|θ+1

)θ/(θ+1)(T−1∑
n=0

|x(n+ 1)|θ+1

)1/(θ+1)
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= ||q0||
T−1∑
u=0

|x(u+ 1)|θ+1 + ||p0||
T−1∑
n=0

|x(n+ 1)|θ+1

+ ||r||T θ/(θ+1)

(
T−1∑
n=0

|x(n+ 1)|θ+1

)1/(θ+1)

+
m∑
i=1

||pi||

 ∑
u∈{τi(n)−1: n=0,...,T−1}

|x(u+1)|θ+1

θ/(θ+1)(
T−1∑
n=0

|x(n+1)|θ+1

)1/(θ+1)

≤ ||q0||
T−1∑
u=0

|x(u+ 1)|θ+1 + ||p0||
T−1∑
n=0

|x(n+ 1)|θ+1

+ ‖r‖T θ/(θ+1)

(
T−1∑
n=0

|x(n+ 1)|θ+1

)1/(θ+1)

+T θ/(θ+1)
m∑
i=1

‖pi‖
T−1∑
n=0

|x(n+1)|θ+1.

It follows that (
β − ||q0|| − ||p0|| − T

θ
θ+1

m∑
i=1

||pi||

)
T−1∑
u=0

|x(u+ 1)|θ+1

≤ ||r||T
θ
θ+1

(
T−1∑
n=0

|x(n+ 1)|θ+1

)− θ
θ+1

.

It follows from (2.8) that β − ||q0|| − ||p0|| − T
θ
θ+1
∑m
i=1 ||pi|| > 0. Then there is

M1 > 0 such that
∑T−1
u=0 |x(u + 1)|θ+1 ≤ M1. So |x(n + 1)| ≤ M

1/(θ+1)
1 for all

n ∈ Z. We get ||x|| ≤M1/(θ+1)
1 =: M .

It follows from (2.9) that

|∆y(n)| = |λf(n, x(n), x(n+ 1), x(τ1(n)), . . . , x(τm(n)))|

≤

max
n ∈ [0, T − 1]
|x| ≤M, |y| ≤M
|xi| ≤M, i ∈ [1,m]

∣∣∣ f(n, x, y, x1, . . . , xm)
∣∣∣ =: M ′.

Since y(T ) = −y(0), we get that there exist 0 ≤ ξ ≤ T such that

0− y(0)
ξ − 0

=
y(T )− y(0)

T − 0
.

Then

|y(0)| =
∣∣∣∣ ξT (y(T )− y(0))

∣∣∣∣ ≤ T−1∑
k=0

|∆y(k)| ≤ TM ′.

Hence

|y(n)| =

∣∣∣∣∣y(0) +
n−1∑
k=0

∆y(k)

∣∣∣∣∣ ≤ TM ′ +
n−1∑
k=0

|∆y(k)| ≤ 2TM ′

for all n ∈ [0, T ]. It follows that

‖y‖ ≤ 2TM ′.
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So

‖(x, y)‖ ≤ max{M, 2TM ′}.

So Ω1 is bounded. The proof of Lemma 2.3 is complete. �

Lemma 2.4. Suppose that (K) holds and σ(n + T ) = −σ(n) for all n ∈ Z. Let
Ω1 = {(x, y) : L(x, y) = λN(x, y), ((x, y), λ) ∈ D(L)

⋂
X × (0, 1)}. Then Ω1 is

bounded if

(2.11) ‖q0‖+ ‖p0‖+ T

m∑
i=1

||pi|| < β.

Proof. For x ∈ Ω1, we have L(x, y) = λN(x, y), λ ∈ (0, 1), so we have (2.9) and
(2.10). Then σ(T ) = −σ(0), x(T + 1) = −x(1), ∆x(T ) = −∆x(0) imply that

T−1∑
n=0

∆[σ(n)φp(∆x(n))] =
T−1∑
n=0

[σ(n+ 1)φp(∆x(n+ 1))− σ(n)φp(∆x(n))]

= σ(T )φp(∆x(T ))− σ(0)φp(∆x(0)) = 0.

So, we get

(2.12)
T−1∑
n=0

f(n, x(n), x(n+ 1), x(τ1(n)), · · · , x(τm(n)) = 0.

It follows from (2.5), (2.6) and (2.7) that

β

T−1∑
n=0

|x(n+ 1)|θ

≤
T−1∑
n=0

g(n, x(n), x(n+ 1), w(τ1(n)), · · · , x(τm(n))

≤ −
T−1∑
n=0

h(n, x(n), x(n+ 1), x(τ1(n)), · · · , x(τm(n))

≤
T−1∑
n=0

|h(n, x(n), x(n+ 1), x(τ1(n)), · · · , x(τm(n))|

≤
T−1∑
n=0

q0(n)|x(n)|θ+
T−1∑
n=0

p0(n)|x(n+ 1)|θ+
m∑
i=1

T−1∑
n=0

pi(n)|x(τi(n))|θ+
T−1∑
n=0

r(n)

≤ ||q0||
T−1∑
n=0

|x(n)|θ + ||p0||
T−1∑
n=0

|x(n+ 1)|θ +
m∑
i=1

||pi||
T−1∑
n=0

|x(τi(n))|θ + ||r||T.
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We get that

β

T−1∑
n=0

|x(n+ 1)|θ

≤ (‖q0‖+‖p0‖)
T−1∑
n=0

|x(n+1)|θ+
m∑
i=1

‖pi‖
∑

u=τi(n)−1:n∈[0,T−1]

|x(u+1)|θ+‖r‖T

≤ (‖q0‖+ ‖p0‖)
T−1∑
u=0

|x(u+ 1)|θ + T

m∑
i=1

‖pi‖
T−1∑
u=0

|x(u+ 1)|θ + ‖r‖T.

Since ‖q0‖+‖p0‖+T
m∑
i=1

‖pi‖ < β, we get that there exists a constant M1 > 0 such

that
T−1∑
u=0

|x(u+ 1)|θ ≤M1.

Hence |x(n+ 1)| ≤M1/(θ)
1 =: M for all n ∈ Z. It follows that ‖x‖ ≤M .

It follows from (2.9) that

|∆y(n)| =
∣∣∣ λf(n, x(n), x(n+ 1), x(τ1(n)), · · · , x(τm(n)))

∣∣∣
≤

max
n ∈ [0, T − 1]
|x| ≤M, |y| ≤M
|xi| ≤M, i ∈ [1,m]

|f(n, x, y, x1, · · · , xm)| =: M ′.

Since y(T ) = −y(0), we get that there exist 0 ≤ ξ ≤ T such that

0− y(0)
ξ − 0

=
y(T )− y(0)

T − 0
.

Then

|y(0)| =
∣∣∣∣ ξT (y(T )− y(0))

∣∣∣∣ ≤ T−1∑
k=0

|∆y(k)| ≤ TM ′.

Hence

|y(n)| =

∣∣∣∣∣y(0) +
n−1∑
k=0

∆y(k)

∣∣∣∣∣ ≤ TM ′ +
n−1∑
k=0

|∆y(k)| ≤ 2TM ′

for all n ∈ [0, T ]. It follows that ‖y‖ ≤ 2TM ′. So ‖(x, y)‖ ≤ max{M, 2TM ′}.
So Ω1 is bounded. The proof of Lemma 2.4 is complete. �

(L). There exist numbers β > 0, θ > 0, nonnegative sequences q0(n), pi(n), r(n)
(i = 0, . . . ,m), functions g(n, x, y, x1, . . . , xm), h(n, x, y, x1, . . . , xm) such that

(2.13) f(n, x, y, x1, · · · , xm) = g(n, x, y, x1, . . . , xm) + h(n, x, y, x1, . . . , xm)

and

(2.14) g(n, x, y, x1, . . . , xm) ≤ −β|y|θ,
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and

(2.15) |h(n, x, y, x1, · · · , xm)| ≤ q0(n)|x|θ +
m∑
s=0

pi(n)|xi|θ + r(n),

for all n ∈ [0, T − 1], (x, y, x1, · · · , xm) ∈ Rm+2.

Lemma 2.5. Suppose that (L) holds and σ(n+ T ) = −σ(n) for all n ∈ Z.
Let Ω1 = {(x, y) : L(x, y) = λN(x, y), ((x, y), λ) ∈ D(L)

⋂
X × (0, 1)}. Then Ω1 is

bounded if (2.11) holds.

Proof. For x ∈ Ω1, we have L(x, y) = λN(x, y), λ ∈ (0, 1), we get (2.9) and (2.10).
Then one has (2.11). Since (2.13), (2.14) and (2.15) imply that

β

T−1∑
n=0

|x(n+ 1)|θ

≤ −
T−1∑
n=0

g(n, x(n), x(n+ 1), w(τ1(n)), · · · , x(τm(n))

≤
T−1∑
n=0

h(n, x(n), x(n+ 1), x(τ1(n)), · · · , x(τm(n))

≤
T−1∑
n=0

|h(n, x(n), x(n+ 1), x(τ1(n)), · · · , x(τm(n))| .

The remainder of the proof is similar to that of Lemma 2.4 and is omitted. �

The main results of this paper are as follows:
Theorem L1. Suppose that σ(T ) = σ(0), (H) holds. Then equation (1.1) has at least
one solution if (2.8) holds.

Proof. It follows from Lemma 2.2 that L is a Fredholm operator of index zero
and N is L-compact on each nonempty open bounded subset Ω of X . To apply
Lemma 2.1, we should define an open bounded subset Ω of X centered at zero
such that assumptions of Lemma 2.1 hold.

Since σ(T ) = σ(0), (H) and (2.8) hold, Lemma 2.3 implies that Ω1, defined
in Lemma 2.3, is bounded. Let Ω be a non-empty open bounded subset of X
such that Ω ⊃ Ω1 centered at zero. It follows from Lemma 2.3 that Then Lx 6=
λNx for all x ∈ D(L) ∩ ∂Ω and λ ∈ [0, 1]. Thus Lemma 2.1 implies that L(x, y) =
N(x, y) has at least one solution in D(L) ∩ Ω. So x is a solution of equation (1.1).
The proof is complete. �

Theorem L2. Suppose that σ(T ) = −σ(0), (K) holds. Then equation (1.1) has at least
one solution if (2.11) holds.

Proof. Use Lemma 2.1, Lemma 2.2 and Lemma 2.4. The proof is similar to that of
Theorem L1 and is omitted. �

Theorem L3. Suppose that σ(T ) = −σ(0), (L) holds. Then equation (1.1) has at least
one solution if (2.11) holds.
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Proof. Use Lemma 2.1, Lemma 2.2 and Lemma 2.5. The proof is similar to that of
Theorem L1 and is omitted. �

3. TWO EXAMPLES

In this section, we present two examples to illustrate the main results in
section 2.

Example 3.1. Consider the following equation

∆
[(

5 + sin
nπ

T

)
(∆x(n))3

]
(3.16)

= β[x(n+ 1)]2k+1 +
m∑
i=1

pi(n)[x(n− i)]2k+1 + r(n), n ∈ Z,

where T ≥ 1, k ≥ 0 are integers, σ(n) = 5 + sin nπ
T , β > 0, pi(n), r(n) are T−anti-

periodic sequences.
Corresponding to equation (1.1), we get φp(x) = |x|2x, θ = 2k + 1 and

σ(T ) = σ(0),

g(n, x, y, x1, . . . , xm) = βy2k+1 +
m∑
i=1

pi(n)x2k+1
i + r(n),

g(n, x, y, x1, . . . , xm) = βy2k+1,

h(n, x, y, x1, . . . , xm) =
m∑
i=1

pi(n)x2k+1
i + r(n).

It is easy to see that (H) holds. It follows from Theorem L1 that (3.16) has at least
one solution if

T
2k+1
2k+2

m∑
i=1

||pi|| < β.

Example 3.2. Consider the following equation

∆
[(

5− 10 sin
nπ

22

)
(∆x(n))3

]
(3.17)

= β[x(n+ 1)]2k +
m∑
i=1

pi(n)[x(n− i)]2k + r(n), n ∈ Z,

where β 6= 0, m > 1, k ≥ 1 are integers, pi(n), r(n) are 11-anti-periodic sequences.
Corresponding to equation (1.1), we get φp(x) = |x|2x, T = 11, σ(n) =

5− 10 sin nπ
22 , θ = 2k and

σ(11) = −σ(0),

g(n, x, y, x1, · · · , xm) = βy2k +
m∑
i=1

pi(n)x2k
i + r(n),

g(n, x, y, x1, · · · , xm) = βy2k,

h(n, x, y, x1, · · · , xm) =
m∑
i=1

pi(n)x2k
i + r(n).
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It is easy to see that (K) holds if β > 0. It follows from Theorem L2 that (3.17) has
at least one solution if

(3.18) 11
m∑
i=1

||pi|| < β.

It is easy to see that (L) holds if β < 0. It follows from Theorem L3 that (3.17) has
at least one solution if

(3.19) 11
m∑
i=1

||pi|| < −β.
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