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Differential subordinations and superordinations for analytic functions
defined by an integral operator

ABSTRACT.

By using the integral operator 1" f(z), z € U (Definition 1.2) we give in this paper some results and examples for differential subordinations and
superordinations for analytic functions and we will determine some properties on admissible functions defined with the integral operator I".

1. INTRODUCTION
Let H = H(U) denote the class of functions analytic in
U={zeC: |z| <1}
For n a positive integer and a € C, let
Hia,n]={feH: f(z)=a+anz"+...}.
We also consider the class
A={feH: f(z)=z24a2®+...}.

We denote by Q the set of functions f that are analytic and injective on U \ E(f), where

B() = {ceou: m j(z) = oo

and are such that f/(¢) # 0 for ¢ € OU \ E(f).
Since we use the terms of subordination and superordination, we review here these definitions.

Definition 1.1. Let f, ' € H. The function f is said to be subordinate to F or F' is said to be superordinate to f, if
there exists a function w analytic in U, with w(0) = 0 and |w(z)| < 1, and such that f(z) = F(w(z)).

In such a case we write f < F or f(z) < F(z). If F is univalent, then f < F' if and only if f(0) = F(0) and
f(U) C F(U). Since most of the functions considered in this paper and conditions on them are defined uniformly in
the unit disk U, we shall omit the requirement "z € U”.

Lett : C3 x U — C, let h be univalent in U and ¢ € Q. In [2] the authors considered the problem of determining
conditions on admissible function v such that

(1.1) P(p(2),2p'(2),2°p" (2); 2) < h(2)

implies p(z) < ¢(z), for all functions p € H[a,n] that satisfy the differential subordination (L.T).

Moreover, they found conditions so that the function g is the “smallest” function with this property, called the best
dominant of the subordination (1.1I).

Let: C3xU — C,leth € Hand g € H[a,n]. Recently, in [3] the authors studied the dual problem and determined
conditions on ¢ such that

(1.2) h(z) < @(p(2), 2p'(2), 2°p" (2); 2) implies q(z) < p(z),
for all functions p € @ that satisfy the above differential superordination.

Definition 1.2. Let f € A. The integral operator I™ of f is defined in [5] as:
W IFG) = f(z)
() I'f(z) = I1f(2) = / fttat;

(iii) I"f(z) = I(I"_lf(oz)), where z € U and n € N,

A holomorphic function f : U — C'is called convex if f is univalent on U and f(U) is a convex domain.
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2. PRELIMINARIES

In our present investigation we shall need the following results.
Theorem 2.1. [1] Let g be an univalent function in U and v € C* such that
zq"(z)

7(2)

If p is an analytic function in U, with p(0) = ¢(0) and
(2.3) p(2) +72p0'(2) < a(2) + 724 (2),
then p(z) < q(z) and q is the best dominant of (2.3]).

Corollary 2.1. [1] Let ¢ be convex function in U, with ¢(0) = a and v € C such that Rey > 0. If p € H[a,1] N Q and
p(2) + vzp'(2) is univalent in U, then

Re

1
+1 Zmax{07—Re}.
Y

q(2) +724'(2) < p(2) +720'(2) = a(2) < p(2)
and q is the best subordinant.
In this paper we shall use the operator I™, to obtain certain special subordinations and superordinations for ana-
lytic functions on the unit disc U.
3. MAIN RESULTS

Theorem 3.2. Let g be an univalent function in U with q(0) = 1, v € C* such that

1/ 1
Re {1—1— =4 (z)} >max{0,—Re 'y}'

q'(z)
If f e Aand
1" f(2) "I f(2) /
(3.4) e {1 - Ok } < q(z) + 724 (2),
then
In+1f(z)
(3.5) W <q(2)
and q is the best dominant of subordination (3.2).
Proof. We define the function
_ " (z)
TGy

By calculating the logarithmic derivative of p, we obtain

() _[ME) )
(5.6 o) TG ()

Taking account of the identity
(3.7) AR =1"f(2)
and replace in relation (3.6), we have

2p'(z) _ IMf(z)  I"Hf() 1 IMTHf(2)

p(z)  I"Tf(z)  IMf(z)  p(z)  IMf(2)

and

p(z) + 720/ (z) = e + v {1 _ e - M) } .

Imf(2) [ f(2)]?
The subordination becomes
p(2) +vzp'(2) < q(2) +v24 (2).
The conclusion of this theorem result from Theorem 2.1. O

We will give an application of Theorem 3.1 feeling the convex function

14+ Az
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Example 3.1. Let A, B,y € C, A # B,such that |[B| <land Revy > 0. Iffor f € A

In+1f(z) I"flf(z)~fn+1f(z) 14 Az (A—B)Z
i {1 T ePE } RN ZRR R Ay
then
I"f(z) 1+ Az
(3:8) Imti1f(z) "1+ Bz
and ¢(z) = L+A: is the best dominant of subordination (3.8).
14 Bz
Theorem 3.3. Let q be a convex function in U, with q(0) = 1 and v € Csuch that Rey > 0. If f € A,
" f(2)
——= € H[1,1]NQ,
n—+1 n—1 . Jn+1
iGN Pl OB e )
1" f(z) [ f(2)]

is univalent in U and

(3.9) 4(2) 4 2d () < ) L {1 () I (2) } |

I"f(z) [ f(2)]?
then
1" ()

3.10 =
(3.10) q(z) i)
and q is the best subordinant of superordination (3.10)).
Proof. Let

- I"“f(z)

S O

The superordination may be write:
q(2) + 724 (2) < p(2) + 2P/ ().
If we apply Corollary 2.2 we obtain the conclusion of this theorem. O
Now, we give a result of “sandwich” type.
Theorem 3.4. Let g1 and qo by convex function in the unit disk U, with ¢1(0) =q2(0)=1,v € Csuchthat Rey > 0. If f € A,

() PG [ TR I
i) © HLINQ T ”{1 I F )P }

is univalent in U and

L) fio T

" f(2) 17 f(2)]2 }*‘D(Z) +72¢5(2),

q1(2) + 7241 (2) <

then
1" f(2)

and q and qo are the best subordinant and the best dominant respectively of (3.11)).

< q2(2),

Theorem 3.5. Let g be an univalent function in the unit disk U with ¢(0) = 1, v € C* and suppose that

11
Re {1+ il (z)} >max{0,Re1}.

q'(z) v
If fe Aand
I"f(2) 1" 'f(2) 1" f(2)) /
(3.12) (1+7)z T 1) + vz T ()2 — 2vz T () < q(2) +v2¢' (%),
then
(3.13) ["J(z)

e 1
and q is the best dominant of subordination ([3.13|).
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Proof. Let

., 1"f()
P = S G

By calculating the logarithmic derivative of p, we obtain

W) L TR )

(3.14) P TG T

It follows that
I"f(z) 1" f(2) 1" f(2)]

p(2) + 20 (2) = (1 +,Y)Z[I"+1f(2)]2 + 7z [ (2)]2 — 27z [IrHLf(2)]3

The subordination (3.12) may be written

p(z) +v2p0'(2) < q(z) + 724 (2).

The conclusion of this theorem results by using Theorem 2.1.

We will give an example where we choose dominant ¢ a convex function given by

(2) = 1+ Az
4= =7 + Bz’
Example 3.2. Let A, B,y € C, A # Bsuchthat|B| <land Revy > 0.If f € Aand
I"f(2) I"'f(2) 1" f(2)]?
14—t g — Oy e
R T ERGY Ty ER T e T
- 1+ Az (A B)z
1+ Bz (1 + Bz)?’
then
I"f(z) 1+ Az
(3.15) Z[I"Hf(z)}? <7 B,
and ¢(z) = L+ Az is the best dominant of subordination (3.15).
1+ Bz
Theorem 3.6. Let q be a convex function in the unit disk U, g(0) =1, v € Csuchthat Rey > 0. If f € A,
I"f(2)
S © H[1,1]NQ,
I"f(2) I"fz) 1" f(2)]?
Ty e R Ty ER Ty e
is univalent in U and
/ I"f(2)
(3.16) q(z) +v2¢'(z2) < (1 + 7)27[[n+1f(z)}2
I"'f(2) (1" f(2)]?
TR T TR
then
(3.17) q(z) < z r'J)
(I f(2)]
and q is the best subordinant of superordination (3.17)).
Proof. We define
. I"f(»)
P = A

If we make some similar to in proof of Theorem 3.4, the superordination (3.16) becomes

q(2) +724'(2) < p(2) + 2P/ ().
The conclusion of this theorem results by applying Corollary 2.2.

We will give a theorem of “sandwich” type.
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Theorem 3.7. Let q1, g2 be convex function in U, with ¢;(0) = ¢2(0) = 1,7 € C, such that Rey > 0. If f € A,

I"f(z)
Ziﬁ"“f(z,')}? e H[L,1]NQ,
rIE L, )

[ f(2)]?
GIE o

)z @R IR

is univalent in U and

/ 1"f(2) " f(2) [ f(2))?
a1(2) +vzqi(z) < (1 + V)Z[Inﬂf(z)]z Tz I 1f(2))2 2z [(In+1f(2))?

< q2(2) +v2q5(2),
then

(3.18) a(z) < ZWIJ:J;((?)]Q < q2(2)

and ¢, and q, are the best subordinant and the best dominant respectively of (3.15).

Special ~ results  related to  differential  subordinations @~ were  obtained in  [4] by
S. S. Miller and P. T. Mocanu.
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