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Oscillation theorems for non-linear difference equation of the second order

ABSTRACT.
We obtain some oscillation criteria for the solutions of the non-linear difference equation of the form
A (rpt (zn) f (Aﬂcn» + anp (9 (Tn+1) , rnt1 (anrl) f(Azp41)) =0, n=0,1,2,..,

where u ¢ (u,v) > 0forallu # 0,z g (z) > 0and zf (x) > Oforallz # 0, () > Oforallz € R, {rn}52 is sequence of positive real numbers
and {gn }52 is sequence of real values. The relevance of our theorems becomes clear due to a carefully selected examples.

1. INTRODUCTION

This paper concerned with oscillation of the solution to the second order nonlinear difference equation of the form
(E) A (ot () f (Azn)) + @np (9 (Fnt1) s Trg1¥) (ns1) [ (AZngr)) =0,

n = 0,1, ..., where A denotes the forward difference operator Az,, = z,,+1 —x,, for any sequence {x,, }of real numbers,

0
the function ¢ is defined and continuous on R x R with up (u,v) > 0 and M <Oforallu # 0and v € R and

© (Au, Av) = Ap (u,v), where A € (0,00), the function g : R — R satisfies xg (a:)v> Oforallz #0and g(u) — g (v) =
g1 (u,v) (u — v)‘s for w,v # 0, 6 > 0 is the ratio of odd positive integers, g1 (u,v) > 0 and g (u) > g (v) iff u > v, ¥ and
f are continuous functions on R with ¢ (x) > O forallz € Rand zf (z) > 0 for all z # 0, {r,}52, is a sequence of
positive real numbers and {g, }52, is a sequence of real valued.

A solution of (E) is a nontrivial real a sequence {xz,,} satisfying Equation (E) for n > 0. A solution {x,,} of (E) is
said to be oscillatory if it is neither eventually positive nor eventually negative, otherwise it is nonoscillatory.
Equation(E) is said to be oscillatory if all its solutions are oscillatory.

A prototype of equation (F) is the equation

(E1) A (rpt) (v,) (Al’n)v) + @ne (9 (Tnt1) s Tn 19 (Tng1) (Aanrl)’Y) =0,

n=0,1,2,.., where v > 0 is the ratio of odd positive integers.

In recent years, the asymptotic behavior of second order non linear difference equations has been the subject of
investigations by many authors, see e. g. [1-2, 4-7, 10-27].

A lot of work has been done on the following particular cases of (E)

(E2) A (ry (Azn)") + gz} =0, n=0,1,..,
where v > 0 is the ratio of odd positive integers,

(E3) A (rpAzy) + ¢ug(zne1) =0, n=0,1, ...,
and

(Ey) A (rpt (xn) Axy) + gng(@ni1) =0, n=10,1, ...

For the equation(F>) , E. Thandapani and K. Ravi [22, Lemma 2], proved that, if there exist positive integers Ny and
N, N > Ny such that

(1.1) S g>0and > ¢ >0VN > N,
i=Np i=N

2=

— (1
12 -] =

(12) > () =
and {z, } is a non-oscillatory solution of equation (E3) such that z, > 0 for all n > N, then there exists an integer
N; > N such that Az,, > 0foralln > N;.

The oscillatory behavior of the equation(E3) and particular cases of it were studied by many authors (e. g. see [13,
15,16, 19, 25, 26]).

El-Sheikh et al. [6], studied the oscillatory and nonoscillatory solutions of the equation (Ey) .

Received: 11.09.2008; In revised form: 16.02.2009; Accepted: 30.03.2009
2000 Mathematics Subject Classification. 39A11.
Key words and phrases. Second order, nonlinear, difference equations, oscillation.

61



62 E. M. Elabbasy and Sh. R. Elzeiny

We remark that qualitative properties of the differential equation (E)

(1.3) () (@ (1) F@®)] +a®) el @ 0),7 0w (@ ®) [z 1)) =0,

when r (t) = ¢ (x) = 1 and f () = g (x) = z have been considered by many authors. We mention in particular to
Bihari [3] and Kartsatos [9].

In this paper, we intend to use the Riccati transformation technique for obtaining several new oscillation criteria
for (E), which can be considered as the discrete analogues of the results in [3, 9].

2. MAIN RESULTS
In this section, we will use the Riccati technique to establish sufficient conditions for the oscillation of (E).

Theorem 2.1. Assume that there exists a constant C; € R such that

m

dv
2.4 ) = [ = > _
(2.4) (m) /30(170) > —C forevery m € R,
and
n—1
2.5 lim su i = 00.
(2.5) m sup _Zn:o q

Then every solution of equation (E) oscillates.

Proof. Suppose to the contrary that {z,} is a nonoscillatory solution of (E). Without loss of generality, we may
assume that {x,,} is an eventually positive solution of (E) such that x,, > 0, n > ny.
Define the sequence {w, } by

w,, = 7”7:,1/1 (zn) f (Axn)’n Z no.
g (wn)
Then, for all n > ngy, we have
A (rpt) (v5) f (Azy)) A (g (zn))
A n — — Tn n A n) 7N _ /. N\
w 9 @nrr) (o) AT ) )

This and (E) imply
91 (L1, Tn) (Axn>5

Awy, = =@ (L, wnt1) gn — a0 (@) f (Azy,) g (zn) g (Tnt1)

Hence, for all n > ng, we obtain

Aw, < =9 (1, Wnt1) gn,
or
o (1, wnt1) gn < —Awyp, 1> ng.
Dividing this inequality by ¢ (1, w,11) > 0, we obtain

(2.6) -z,
(,0(1,’(1)”4_1)
Summing (2.6) from ng to n — 1, we have
n—1 n—1 Aw
2.7 < — 71, where F' (w,,) = ¢ (1,w,) .
(27) DS =D F (wn) = ¢ (1,w5)

m=ng l=ng
Define 0 (t) = w; + (t — 1) Awy, t € [I,1+ 1]. Then, we have one of the following two cases:
Case (1). If Aw; > 0, then w; < 6 (t) < wi41. Thus in view of the definition of the function ¢, we get
Awy o' (¢) Awy;
< < .
Flw) = FOW®) = Flw)
Case (2). If Aw; <0, then w1 < 6 (t) < w;. So we can directly obtain 2.8). Now, by and we get

(2.8)

o " d(é (t)) ) 3(n) du
(2.9) PILLE —n/ FO@) _5</> o (L)

IN

—[® (6 (n)) = @ (6 (n0))] < CL + P (6(no)) = Cr + P (wn,) -
Taking the limit superior on both sides for (2.9), we obtain
n—1

lim sup q; < 00
mawp 3 o < 0
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which contradicts (2.5). Hence, the proof is completed. O
Theorem 2.2. Assume that f (z) > bx for all = € R and for some constant b > 0. Furthermore, assume that
(2.10) liminfp (1,w) = C > 0,
|w|—o00
(2.11) the function (?) is nonincreasing for all = # 0,
Fe
(2.12) / (W> du < oo forall € >0,
g(u)
0
n—1 1
213 li il
= w3 2 <
and
n—1 1 m—1
2.14 lim s il ] = oo
( ) 17r1n_>bol<ljp ZO (Tm (Zq)) 00
m=n i=ng

Then every solution of equation (E) oscillates.

Proof. Suppose to the contrary that {z,} is a nonoscillatory solution of (E). Without loss of generality, we may
assume that {z,,} is an eventually positive solution of (E) such that z,, > 0, n > ng. Define the sequence {w,} as in
the proof of the previous theorem.

Following the same procedure, we get

Aw,,

(215) dn S 2
4 (17 wnJrl)

n > ng.

Now, we have one of the following two cases
Case (1). If Aw,, > 0, then wy,41 > w,, > Wy,
Thus in view of the definition of the function ¢, we get
B Aw, - _ Aw, >
Flwn) = Fluwn) "=
Case (2). If Aw; <0, then wy, 11 < wy, < Wy,.
So, by the definition of the function ¢ and the condition (2.10) we can directly obtain (2.16). Now, by (2.15) and (2.16),

we get
n—1
Z Q< —

l:’n(]

(2.16)

Then, for all n > ng, we have

qu <—— Wy, — Wy, ), where F (wy,) = Cy > 0.

l?”L()

Hence, for all n > ng, we obtain

w”“ Zqz Cy — qu where Cj = Ug"
0

l=ng l=ng

Then,

ot IO g, o SR,

l=n0

Hence, for all n > ng, we obtain

b (W%)) Ar, — 22 < o5 (W”C”’) fan) -G L5,

Co g ($n) n g (xn) Tn Tn

Summing the above inequality from ng to n — 1, we have

n—1
@17) Cs (w (xl;) Awy = Cy Z *< Z (Tl > qm> , where ngcio.

xT
l=ng g( ! m=no

Define 6 (t) = z; + (t — ) Az, t € [[,1+ 1]. Then we have one of the following two cases:
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Case (1). If Az; > 0, then z; < § (t) < z;41. Thus in view of the assumption (2.8) we get
(218) < Zl > Az > )51 (t) > <¢($l+1)> Al’l
(t)) g (z141)
Case (2). If Az; <0, then 241 < 6 (t) < x;. So we can directly obtain (2.18). Now, by (2.17) and (2.18) we get

c/(?) (6(t>>d<6<t>>sozizlll—n ( Z qm).

no

Then, for all n > ng, we obtain

w (u) n—1 1 n—1 1 -1
C du < C: —— — m |,
AT 2; " ; (n ,Z: K )
(no) ="no "o 0
which implies that
é(n)
w(u)du% —00 as n — oo.
g (u)
d(no)
o(n)
Now, if 6 (n) > 6 (ng) for large n, then / 1/1((u)) du > 0, which a contradiction.
g (u
d(no)
Hence, for large n, 6 (n) < 6 (no) , so
5(no) 5(no)
UJ u) s / ¢(u)du>foo,
(u) g (u)
6(n)
which is again a contradiction. This completes the proof of Theorem 2.2. O

In the following, we state and prove some lemmas which will be needed later on.

Lemma 2.1. Assume that there exist positive integers Ny and N, N > N such that

(2.19) > ¢i=0and Y ¢>0,VN=>N,.
=Ny =N

Then there exist an integer Ny > N such that
Zn: ¢ >0, Yn>N.
i=N,
The proof of the above lemma can be found in [7, lemma 2.1].
Lemma 2.2. In addition to the conditions and assume that
(2.20) F(u)—F(v) = F1 (u,v) (u—v), foru,v#0, Fy (u,v) < Ko <0 and
F(u) > F(v) iff u<wv, where F (w) = ¢ (1,w).

Also, assume that

+e 1
P (u)\7”
(2.21) O/ (g (u)> du < oo forall € >0,
and
e22) 3 (1) ==
n=0 n

If {xy,} is a non-oscillatory solution of equation (E4) such that x,, > 0 forall n > N, then there exists an integer N1 > N such
that Ax,, > 0 for all n > Nj.

Proof. If not, assume first that Ax,, < 0 for all large n, say n > N; > N. Without loss of generality, we may assume
that (2.19) holds for n > N; and qn, > 0. Define

(2.23) Qn= Y aq forn>N; and Qy, 1 =0.
=N
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We have then,
S aF (wia) =Y Fwg) AQim1 = > [A(F (w) Q1) — Qi1 AF (w))]
l:Nl l:Nl l:Nl

= F (Wn+1) Qn — F (wn,) Qny—1 — Z Qi-1AF (w)

I=N,
= F(wnt1) Qn — Y ((F(wip1) = F (wr)) Qu-1)
=Ny
= F (wni1) Qu — Y (F1 (wis1, w) Aw Q1)
I=Ny
> = z": (Fy (wig1, wp) Aw@Qr—1) , where wzzw-
=N, g (z1)

From equation (E};), we get

A (rp i (x) (A -
Z ( lwg l)(> ) _ Z (F1 (w1, w) Aw@Qp—1) < 0.
=N, g\ Ti41 =~

Hence,

> Aw = > (Fy (wipr, w) Aw@Qpq) < 0.

=N, =N,
Thus,

n
Wnt1 — WN, — Z (Fy (wig1, wp) Aw@Qr—1) < 0.
I=N,
Then,
(224) Wnp+1 — Z (F1 (’UJH_l,U}l) Alel—l) S 0
=N,
We define
(2.25) hntt = W1 — Y Py (wigs, w) AwiQrs.
=N,
Then,
Ahpy1 = Awng1 — F1 (Wnyo, Wni1) Awny1Qn + Fi (W, 41, wN, ) Awn, Qn, —1-

Thus,
(226) Ahn-‘rl = Awn—i—l (1 - Fl (w7b+27 wn+1) Qn) .
Assume that, Ah, 1 <0 forall n> Nj. Since, (1 — Fy (wp42, Wp+1) @n) > 0foralln > Ny,
(227) AwnH S 07 n 2 Nl.

Summing (2.27)) from N; to n — 1, we obtain
Wpy1 S w41 <0, n > Ny,

Then, for all n > N, we have
<¢ (anrl)

g (Tnt1)

Summing the above inequality from N; to n — 1, we have

=
=

v Y

1 g

> A.’EnJrl S —61 ( > s where 51 = —(H)N1+1) > 0.
Tn41

=

(2.28) ”i (wmm)i NP ni (1> T s, z": 1 <1)

X r T
=N, g( l+1) =N, I+1 l=Ni1+ L

2

Define § (t) = zj41 + (t = 1) Axyyq, t € I+ 1,1+ 2]. Since Azyy; < 0, 2142 < §(t) < y41. Thus in view of the
assumption (2.11), we get

Y (2141)
g (x141)

Y (2142)
9 (T142)

> >
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Then
¥ (142) Y (6()) ¥ (2141)
2.2 A ) A .
229 g "= g0 ) S
Now, by (2.28) and (2.29), we get
/ ww(t»)idét BRI (1>
/(gw(t)) Gey<-n 2 |5
Which implies that
d(n) 1
/ (w(u))wduﬁ—oo as n — oo.
2 g (u)
Since for all large n, Az,, < 0,6 (n) < d (ng) for all large n, so
wwyt T ey
u)\ " u)\ "
_ du > — du> —
5/) () 2> / () > ==

which a contradiction.
Assume that Ah, ;1 > 0 foralln > Nj. Since, (1 — Fy (wp42,wnt1) @) > 0foralln > Ny,

AwnH Z O7 n 2 Nl.

Hence,
Ag ($n+ 1 )

> 0.
9 (Tni1) g (Tny1) —

—¢ (L wnt2) gnt1 — Tnt1? (Tnt1) (Azpgq)”

Then,
—@ (1, wWn12)gn+1 >0 forall n > Ny.
Since ¢ (1, wp42) > 0,
Gn+1 < 0 forall n > Nj.
n—1

Summing the above inequality from N; to n — 1, wehave ) g1 <O0.
I=N;

n
Thus, > ¢ <0, which contradicts (2.19).
I=N;+1
Next, assume that Az, is oscillatory for n > Ny > N; > Nj. Then there exists a subsequence {nk}zozl with
lim nj = oo and such that Az, =0,k =1,2,3,..,

k— o0

Letting

w, = T (Tn) (Azn)’y7n > Ny
g (zn)

Then, for all n > N5, we obtain

A () (2n) (Axn)’y) _ T (Tn) (vaz)7 Ag (zy)
g (anrl) g (xn) g (wnJrl) .

Aw, =

This and (E;) imply
Aw, < —o (1, wp41) @, 1 > Na.
Dividing this inequality by ¢ (1, wp41) > 0, we obtain

A
(2.30) G < ———" > N,
¥ (]-7 wnJrl)
Summing (2.30) from n, to n; — 1, we have
nEg—1 nEg—1 A’LU
231 c_ N 2w
23D 2oas- ¢ (1, wig1)

l:TLl l:n1
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By (2.8) and (2.31), we get

np—1 Nk d(ng) Wy,

Zq < /d(5(t)) < / du / du

< — < - - _ e
Z F(5(t)) ¢ (L u) ¢ (1,u)
n n1 8(n1) Wy
0
¢ (1 u)
0

which contradicts (2.19). Hence Az, > 0 for all n > Nj. O

Theorem 2.3. Suppose that (2.11)), (2.19)), (2.20)), (2.21)) and (2.22)) hold. Furthermore, assume that, there exists A > 1 such
that

(2.32) lim sup— * (m — n) g, = oo.

Then every solution of Eq. (E4) oscillates.

Proof. Suppose to the contrary that {z,} is a non oscillatory solution of (£;). Without loss of generality, we may
assume that {z, } is an eventually positive solution of (E;), such that z,, > 0 for all large n. In view of Lemma 2.2, we
see that, there is some n; > ng such that
Ty, >0, Az, >0, n>ny.
Define the sequence {w, } by
rntp (@) (Azy)7

Wy = ———————"—, N > NJ.
9(xn)
Then w,, > 0 and
Awy < —¢(1, wnt1)qn-
Dividing this inequality by ¢(1, w,41) > 0, we obtain

Aw,

n S - y I Z ni.
a @(17 wn-i-l) !
As in the proof of Theorem 2.2, we can obtain the following inequality
m—1
(233) Co D (m—n) gy < - Z ) Aew.
n=ni n=ni
But
m—1 m—1
— Z YAw, = (m — nl))‘wn1 — Z Wyt 1 [(m — n)>‘ —(m—-n-— 1)>‘] )
n=ni n=ni

By means of the well-known inequality [8]

B _yP > By —y)forallz >y >0 and > 1,

we have
m—1

(2.34) - Z (m —n) Aw, < (m — nl))‘wn1 - Z Mg 41 (m —n — 1)1
n=ni n=mni

<(m-— nl))‘wnl.

Then, by (2.33) and (2.34), we get

m—1
C’0 Z (m - n))\Qn S (m - nl)Awnla
n=ni
which implies that
1 — m-—-n A
—n
N
Hence,
m—1
lim sup— A < 00,
m—» 00 mA nz';l "

which is contrary to (2.32). The proof is complete. O
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3. EXAMPLES

In this section, we give some examples which illustrate our main results.

Example 3.1. Consider the difference equation

_n(Hzn(Azp)3

(3.35) A(n(1+|xn\)(mn)3)+16(2n+1)616%2“6 S =0, n> 1.

Here, r, = n, ¢, = 16(2n+1)e'%", ¢ (z) = 1 + |z|, f (z) = 22, g(2) = 2® and ¢ (u,v) = ue"w. All conditions of
Theorem 2.1 are satisfied, and hence, all solutions of equation (3.35) are oscillatory. In fact, z,, = (—1)" is such a
solution of equation (3.35).

Example 3.2. Consider the difference equation
(3.36) A (n?(Azy,)) +2(2n% +2n + 1)%%14-1 =0,n>1.
Here, 7, = 12, ¢, = 2(2n% 4+ 2n+1), ¢ () = 1, f(z) = 2, g(z) = 25 and ¢ (u,v) = wand [ inf ¢ (1,w) = 1]. All

|w|—o00
conditions of Theorem 2.2 are satisfied, and hence, all solutions of equation (3.36) are oscillatory. In fact, z,, = (—1)"
is such a solution of equation (3.36).
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