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Approximate solutions of boundary value problems for ODEs using Newton
interpolating series

ABSTRACT.

The paper deals with the study of approximate solutions, which are entire functions, of multipoint boundary value problems for differential
equations. The solutions are represented as Newton interpolating series.

1. INTRODUCTION

In this paper the power series used in the theory of initial value problems for differential equations are replaced
by Newton interpolating series, defined in Section 2, in order to find the solutions of multipoint boundary value
problems for differential equations.

We use Newton interpolating series to approximate solutions which are entire functions. Theorem [2.1] gives the
connection between an entire Newton interpolating series and its derivative series. In Section 3 we study entire
functions which are represented as entire Newton interpolating series (see Theorem [3.2). Two applications of the
method based on Newton interpolating series to construct approximate solutions of boundary value problems are
given in the last section.

2. NEWTON INTERPOLATING SERIES
Let S = {x1},~, be a sequence of real numbers. We construct the polynomials
i
(2.1) wi= ] (X —a), i=1,2,.,u0 =1,
k=1

and we denote also by u; = u;(x), where x is a real variable, the polynomial function defined by u;. We call an infinite
series of the form

(2.2) i ;Ui
i=0

where a; € R, a Newton interpolating series with coefficients a; at S.
For any sequence S = {x} }.>1 we define the set

(2.3) Is ={i|z; #x;forall j<i}.

We call the sequence S purely periodic if I is a finite set and there exists a positive integer m such that for each
positive integer 7 less or equal to m «; = i1 jm, j = 1,2,.... If S is purely periodic the Newton interpolating series at
S defined by is called also purely periodic. More on the properties of purely periodic Newton interpolating series
can be found in [2] and [3].

Consider a Newton interpolating series at S given by (2.2). Then for every i > 1

o ) g1

ui(r) a—ay

Since, for every i > 1 there exist the real numbers 4;;, j = 1,2, ..., i, uniquely determined such that

: 1 Al Ay A
(2.5) > =Lty = ot :

= -y Cr—z (z—x)(z—2iq) (=) (x—25-1)...(x—27)

it follows that
1

r — Tk

(2.6) u; ()
k=1

= Ai_py1iuk—1(x).
=1
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&)

o0
We suppose that, for every i > 0, the series > Aj_; rai converges and we denote by @, its sum. Then the

k=it+1
Newton interpolating series
(2.7) Zagl)ui,
i=0
where
(2.8) al) = Z Ag—i kar
k=i+1
is called the derivative series of (2.2)). If
(2.9) lim |a;|7 =0,
71— 00

the series (2.2) is called an entire Newton interpolating series. Suppose f : R — R is a function and S = {z1},>, is
a sequence of distinct real numbers. We denote by f;, ;,....;, the divided difference with respect to s distinct points

st Thus fy = ), i = 20 = Fte i,

Now we can prove the following result

-and generally f;, . =

.....

Theorem 2.1. Let S = {w}},, be a bounded sequence of distinct real numbers and let (2.2)) be an entire Newton interpolating
series at S. Then the series and its derivative series converge absolutely at every x € R. Moreover, if f = f(x) and respectively
g = g(x) are their sums, then f(x) is differentiable and g = f.

Proof. We choose a positive constant M such that |x;| < M for all 7. If z is a real number, then
(2.10) laiui(x)] < |ag|(Jx| + M)’

and by (2.9) it follows that the series (2.2) converges absolutely for all real numbers z. By (2.9) we can write for every
i la;| = 0, where §; > 0 and lim 6; = 0. Now, by |a(1)| < Z |Ak—i 1 |0F. Since the numbers z; are distinct, by

i—00 k=i+1

(2.6) and Newton interpolation formula, it follows that

k i

k
(2.11) Ai kg1 =hia, .k Z k— = Z H (x5 — x5),
s=1 H ({E _ l'j) s=1j=k+1
Jj=L,j#s

where h(z) = u;(z) >

k=1L — Tk
Or < O, Opr1 < 0k, k =1,2,..., and zli>nolo d; = 0. We choose i1 such that for all ¢ > i1 |2Md;41] < 1. Since Ap_; 1 =
it1 k

> Il (xs— ;) we obtain

is a polynomial function which depends of i. If we denote J;, = r;1>ag<{9j}, then

s=1 j=i+2
(212) |Ap—ipar] < (i41)2M)* 15
&)
and the series > Aj_; rax converges. Moreover
k=i+1
aV] < f: (i + 1)@M)—i-1gk < LT i 206,k < T DA
TS O ) Ve

(1)|

which implies that lim |a = 0. Hence the derivative series converges absolutely at every x € R. Now by 1)
i—00

n—1 00 n e n—1
and we obtain z adMux) = [ 2 Ak_,;,kak> wi(r) = Y aju(z) + <z Aj_k,juk(z)> a

=0 =0 \k=it1 i=1 j=nt1 \k=0
Hence, because |u}(z)| < i(|z| + M)"~!, by (2.10) and (2.12) it follows easily that f(z) is differentiable and g = f’. [

Remark 2.1. By the proof of Theorem 2.1]it follows that the derivative series can be obtained by termwise differenti-
ation of the series (2.2) and the series converges uniformly on every compact interval.
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3. FUNCTIONS REPRESENTED INTO NEWTON INTERPOLATING SERIES
Consider S = {z1},~, a sequence of real numbers and a function f : I — R, where I C R is an interval. We say

that f can be represented into Newton interpolating series at S if there exists a series of the form (2.2) which converges
uniformly to f on I. A function g : R — Ris called an entire function if

(313) g(x) =) _bia',
=0
where b; are real numbers such that lim |b; i=0.
1—> 00
For every non-negative integer j and s we construct the set
(3.14) Fjs={(01,...0541) € N*' 0 0) + ..+ 0,41 = j}
and the homogenous polynomials
(3.15) P (X1, .y Xo11) = > X0 X

(01,...,0s41)EF; s

Then it follows immediately that for every non-negative integers n and ¢
(3.16) P (X1, Xit1) ZPn Gim1 (X1, e XO) X7,
where P07i<X1, ceny XiJrl) =1.

S} .
Lemma 3.1. Let g = > b;a* be an entire function and S = {xy }r>1 a sequence of distinct real numbers. Then for each s
i=0

(317) 91,2,....s+1 = Z annfs,s(-rh ~-~7xs+1)-

n=s

oo . o0 .
Proof. Since g is an entire function, the series }_ bz} converges and g1 = g(z1) = Z P;o(x1), with Pjo(z1) = x].

3=0

To) — gl x l’j — £L’j oS
Then g12 = M = Z bj 2 ! = Z bij_Ll(ZL’l,ZL'Q) with P071($1,$2) = 1and fOI‘j Z 1 PjJ(iL’l,ZEQ) =

T2 — 1 j=1 T2 — 1 j=1

&) + 27 ey + ... 4 x). Generally it follows that

92,...,s+1 — U1,...s

g1,2,....s+1 =
$s+1 — 1
o Z b Pn s+1,s— 1(172; .. Is+1) Pn—s+1,s—1(x17 "'>$s)
- n
n—s—1 Ts+1 — L1
o0
= Z ann—s,s(xla ---71‘5-&-1)
and the lemma holds. O

Theorem 3.2. Suppose g : [0, 1] — R is the restriction of an entire function. If S = {x},~, is a sequence of distinct points of
[0,1], then g can be represented uniquely into an entire Newton interpolating series at S.

Proof. Suppose g(z) = io: b;z" and
i=0

(3.18) i = g1,...,i+1
for every i = 0,1,... . From Lemma [3.1|it follows that the elements a, are given by (3.17). We show that sequence
{ai}izo Verify 1’
Consider two positive constant M;, M, such that

(3.19) M, > My > sup |zj|.

J

k k
Then by (3.16) | Pr.o(z1)| = |25 < MF, | Py (21, 22)| < z |Py_jolz1)ad| < Z My~ M} < ———and by induction
=0 T M
M

(3.20) |Prj (1,0 Tjg1)| <

(1w’
(=)
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Thus by and (3.20)

321 an| < S UBPpn(T1s oo min)] < ST (b M
( ) | | ;‘JH] ,(1 +1)| (Ml—Mg) ;‘ﬂ 1
L
Since lim |b;|7 = 0, by putting |b;| = 9; as in the proof of Theoremit follows that lim ( RIZIH ) = 0and
J—o0 n— 00

j=n
(3.21) implies (2.9).
Consider f the sum of the series and

(3.22) F=> caa™,
n=0
where
(323) Cp = Qp + Z (fl)jfnaanyj(xl, ...,Zj)
j=n+1

and S, ;(X1,..., X ) is the elementary symmetric function of degree j — n in the variables X, ..., X;. We prove that
the series from (3.23) converges, f is an entire function and f(z ) g(x) for all real numbers z.
As in the proof of Theorem.we put |a,| = &3, where by 2.9) lim e, = 0.1f §, = maxe;, then lim 4, = 0 and
3>

n—oo

we choose ng such that for all n > ng

1
(3.24) O < Y
Since §,,+1 < d,, and
j j—n
(325) |Sn7j($1, ...,.I‘j)| S ( j “n ) M‘27

the series from (3.23) converges and for all n > ng
J = n+k o
SESI AN My =4 )l = —
‘ “jgn 2L ) 2( ) ean) =
Hence le len|* = 0 and f is an entire function. We choose n; = ny(z) such that for all n > ny

Then by (3.23), (3.25) and (3.26) obtain

n n n
i — a;U;| = C; — Q; — (—1)j ajSi,j(al, ceey (Jéj) X
=0 =0 =0 Jj=i+1

- n n+k\ ke
<3 Jan el +Z|an+k|( )Mz g
k=1

k=1

> n+k n+k n
3 lanl ("3 )t 4 +Z|an+k|( )t
k=1 k=1

(o]
n+k
<y oMyt 4 — Zagj’;( )Mg+k|x| -
k=1

iem zm’z( Jatp+Hial < srtagg (St
2

k=0

2| o= /n+k 22 <= /n+k

+]|\7| ( 1 )(5n+1M2) +‘]Wf|2 ( 9 )(5n+1M2)k+
2 k=0 2 p—o
oo +k
x|" n+k n n x
+|‘]\4|ZZ< n )(6n+1M2)k> <5ni%M +1Z n+ 1M2 ( l |2)

k=0

B (M + |x|>>"“.
= T b (M + J2])
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Thus by (3.26) lim (E cixt — Zazul> = 0and f(z) = g(z) for all real numbers z. But by Theorem [2.1{it follows

n— oo

the series f given by (2.2) converges for all z and g(x) = f(z) for all k. Since by (2.2) and (3.18) g(z1) = f(xy) it
follows that f(z;) = f (mk) Because the sequence S has a limit point it follows that f(z ) f(z) and then f(z) = g(z).
Now the result follows from Remark 2.1 O

4. SOLUTIONS OF DIFFERENTIAL EQUATIONS REPRESENTABLE INTO NEWTON INTERPOLATING SERIES

Consider a differential equation of the form
(4.27) y"(z) = Flz,y(x),y' (2), ... y" (@),

1
with z € [0,1] and F € C°°(R"*1). We construct the following sequence z; = 0, z2 = 1, 23 = 3 and for k > 4

25 +1

(428) T = W 5

where 2" +1 <k <2t 41, s=k—2m—2.

We present a method based on Newton interpolating series to approximate a solution, which is an entire function,
of a boundary value problem for the equation (4.27). There are conditions which implies the existence of analytic
solutions of a differential equation (see, for example, [4], Ch. IV). For some other related results, see [6], [7], [5].

For simplicity we take n = 2, V = C*°([0, 1]) and we define the operator L : V' — V such that

(4.29) Ly(z) = y"(z) — F(x,y(x),y'(2)).

Let;, i = 0,1 belinear functionals on V" of the form ~;(y) = y(¢) such that the system {~o,v1 } is linearly independent
over ker L. We want to approximate the solution of the two-point boundary value problem

(4.30) Ly =0, v(y) = ag, 11(y) = a1, ag, 1 € R.

Denote by V1 = {y € V : y(y) = ao,71(y) = a1, y entire function} and suppose that the restriction of L to V3
denoted also by L is an one-to-one mapping from V; onto L(V;) C V.
For every s > 2, consider the subset of V;

Xs—2 = {ys, ys(x Zaluz y) = ao,m(y) = ai,, a; GR},

where u; are defined by and z;, by (4.28). Then by Theorem!for every € > 0 we can find s > 2 and an element
(4.31) Z a;ui(r) € Xo_o

such that the absolute error ||y — ys|lcoc < €. Since an entire function is uniquely determined by its values at a set
having an accumulation point it follows that y; and y have the same values at zj,, k = 1, ..., s + 1 and the solutions of

system y/ (zx) — F(2k, ys(xx), v (zx)) = 0 give the values of a; from 2.2).
Example 4.1. Consider the two-point boundary value problem ([1]], p. 141)
(4.32) y" (x) —2500y(x) = 2500 cos® mx+ 272 cos 27z, x € [0,1], y(0) = y(1) = 0.

This two-point boundary value problem has a solution y € V; uniquely determined which by Theorem [3.2can be
represented into a Newton interpolating series where z;, are given by -

We approximate the solution by taking the partial sums ysz(z) = Z a;u;(x). The boundary conditions imply

i=0
apgp = ay = 0.
650(1’71) + e—50z
Table 1 lists the absolute errors in y with respect to the exact solution y*(z) = BT cos? mz. The
e O

computations were performed on a computer with a 30-hexadecimal-digit mantissa. Note that the errors in simple
shooting method ([1], p. 141) are clearly unacceptable (see the second column). The third column contains the results
by using Newton series with s = 32.
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Table 1
x | simple shooting Newton series Newton series
(Ex. 4.1) (Ex. 4.2)

0.1 19-1077 14-1077 0.965-1019
0.2 28-107° 98-.10~10 0.339-107°
0.3 41-1073 54-10712 0.548 - 10~°
0.4 61-1071 21071 0.578 - 1079
0.5 9010 22.10714 0.643 - 1077
0.6 13107 27-107 12 0.108-10°8
0.7 .20 - 10° A43-10710 0.179-10°8
0.8 29108 64-1078 0.203-10°8
0.9 44 -1010 95-107F 0.106 - 10~8
1.0 .65 - 1012 0 .0

Errors associated with Examples 4.1 and 4.2

Example 4.2. Consider the two-point boundary value problem

(4.33) y'(x) —\/1+y*(x) =0, ze[0,1], y(0)=1; y(1) = cosh(1).
This two-point boundary value problem has a solution y € V; uniquely determined which by Theorem can be
represented into a Newton interpolating series where x, are given by (4.28).
9

We approximate the solution by taking the partial sums yo(z) = Y a;u;(z). The boundary conditions imply
=0

ap =1; a; = cosh(1) — 1.
The fourth column of Table 1 lists the absolute errors in y with respect to the exact solution y*(x) = cosh(z).
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