
CARPATHIAN J. MATH.
25 (2009), No. 2, 197 - 202

Online version available at http://carpathian.ubm.ro
Print Edition: ISSN 1584 - 2851 Online Edition: ISSN 1843 - 4401

Advances on affine vector fields

ARIANA PITEA and M. POSTOLACHE

ABSTRACT.
Section 1 is introductory in nature [7], [8], while Section 2 contains our results. Section 1 presents certain results on affine mappings [7] and some
notions about jet bundles [10]. All of these results are necessary to develop our theory in Section 2. Here we define the energy of a d-tensor field on
the first order jet bundle and we prove that this energy is positively homogeneous of degree m− p with respect to the partial velocities. Then the
total derivative is used to introduce affine vector fields. We prove that these fields are tangent to the spherical bundle. Our main result (Theorem
2.3) joins a symmetric tensor field, its associated energy and the affine vector fields into an original hyperbolic PDE.

1. INTRODUCTION

Let (M, g) and (Rp, h) be Riemannian manifolds of dimensions n and p. The local coordinates onM and Rp will be
written x = (xi), i = 1, n, and t = (tα), α = 1, p, and the Christoffel symbols will be denoted byGijk, Hα

βγ respectively.
To state our results, we need some background from [7], [9]:

Definition 1.1. A mapping γ : Rp →M is called affine if it moves the geodesics of the manifold (Rp, h) into geodesics
of the manifold (M, g).

Let tα = tα(s), s ∈ I ⊆ R, 0 ∈ I , tα(0) = 0, α = 1, p, be a geodesic of Rp, that is a solution of the differential system

d2tα

ds2
+Hα

βν

dtβ

ds

dtν

ds
= 0, α = 1, p.

From xi(s) = xi(tα(s)), it follows
dxi

ds
=
∂xi

∂tα
dtα

ds
, i = 1, n. Differentiating once again, we obtain

d2xi

ds2
=

∂2xi

∂tα∂tβ
dtα

ds

dtβ

ds
+
∂xi

∂tα
d2tα

ds2
=

(
∂2xi

∂tβ∂tν
−Hα

βνx
i
α

)
dtβ

ds

dtν

ds
, i = 1, n.

Then
d2xi

ds2
+Gijk

dxj

ds

dxk

ds
=

(
∂2xi

∂tβ∂tν
−Hα

βνx
i
α +Gijkx

j
βx

k
ν

)
dtβ

ds

dtν

ds
, i = 1, n.

Since xi = xi(s), i = 1, n, is a geodesic of M , we obtain

d2xi

ds2
+Gijk

dxj

ds

dxk

ds
= 0, i = 1, n,

hence we proved the following result.

Proposition 1.1. If the mapping γ : Rp → M , γ(t) = (x1(t), . . . , xn(t)) is affine, then it is solution of the hyperbolic PDEs
system

∂2xi

∂tα∂tβ
−Hν

αβx
i
ν +Gijkx

j
αx

k
β = 0, α, β = 1, p, i = 1, n.

Theorem 1.1. Suppose that the hyperbolic PDEs system

∂2xi

∂tα∂tβ
−Hν

αβx
i
ν +Gijkx

j
αx

k
β = 0, α, β = 1, n, i = 1, n,

has solutions of C3-class, where Hν
βαλ and Gikj` are the Riemann tensors of the manifolds (Rp, h), (M, g) respectively. Then the

complete integrability conditions are equivalent to

Hν
βαλx

i
ν = Gikj`x

`
λx

j
αx

k
β , α, β, λ = 1, p, i = 1, n.

For a proof, see [4], [5].

To end these preliminaries, let us point out some notions about jet bundles, [3], [10]. Let us consider the bundle
(Rp ×M,π1,Rp), where π1 is the projection π1 : Rp ×M → Rp.

Definition 1.2. A mapping φ : I ⊂ Rp → Rp × M is called local section of (Rp ×M,π1,Rp) if it satisfies the
condition π1 ◦ φ = idI . If t ∈ Rp, then the set of all local sections of π1, whose domains contain the point t, will be
denoted Γt(π1).
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If φ ∈ Γt(π1) and (tα, xi) are coordinate functions around φ(t) ∈ Rp ×M , then xi(φ(t)) = φi(t).

Definition 1.3. Two local sections φ, ψ ∈ Γt(π1) are called 1-equivalent at the point t if

φ(t) = ψ(t),

∂φi

∂tα
(t) =

∂ψi

∂tα
(t), i = 1, n, α = 1, p.

The equivalence class containing φ is called the 1-jet of φ at the point t and is denoted by j1
t φ.

Definition 1.4. The set J1(Rp,M) =
{
j1
t φ | t ∈ Rp, φ ∈ Γt(π1)

}
is called first order jet bundle.

Definition 1.5. Let (U, (tα, xi)) be an adapted coordinate system on Rp ×M . The induced coordinate system (U1, u1)
on J1(Rp,M) is defined by

U1 = {j1
t φ |φ(t) ∈ U}, u1 = (tα, xi, xiα),

where
tα(j1

t φ) = tα(t),

xi(j1
t φ) = xi(φ(t)),

xiα(j1
t φ) =

∂φi

∂tα
(t).

xiα : U1 → R are called derivative coordinates on U1.

Now we pass to the subject of our paper, formulating original results.

2. MAIN RESULTS

Here, we use an affine mapping

γx,ξµ : Ω→M, Ω=

p∏
α=1

[τα−(x, ξµ), τα+(x, ξµ)],

of C∞-class, determined by the initial conditions γx,ξµ(0) = x, (γx,ξµ)iα(0) = ξiα, α = 1, p, whose image is fixed by a
closed border σ of dimension p− 1 included into ∂M .

Let (x; ξ1, . . . , ξp), x ∈M , ξα ∈ RpxM , ξα 6= 0, α = 1, p. In a neighborhood U ⊂M of the point x ∈M we consider a

local coordinate system (x1, . . . , xn). Then ξα = ξiα
∂

∂xi
(x), α = 1, p.

Suppose ∂M is foliated by submanifolds of type σ.

Definition 2.6. The pair of metrics (h, g) is called simple if for any closed border σ of dimension p− 1 included into
∂M , there is an unique affine mapping

x : Ω ∪ ∂Ω→M ∪ ∂M, x(Ω ∪ ∂Ω) ∩ ∂M = σ,

Ω hyperparallelepiped in Rp, x(Ω\∂Ω)⊂M , such that x depends smoothly on σ.

Suppose that (h, g) is a pair of simple metrics.
A tensor field Fα1...αm

i1...im
is called symmetric if it does not change under the permutation of any two indices of the

same type [2].

Definition 2.7. Let Fα1...αm
i1...im

be a symmetric tensor field of C∞-class and γ = γx(t),xµ(t) be the affine mapping of
C∞-class given above.

Let τ−(x, xµ) = (τ1
−(x, xµ), . . . , τp−(x, xµ)) and 0 = (0, . . . , 0). If Ωτ−(x,xµ),0 is the hyperparallelepiped with the

diagonal opposite points τ−(x, xµ) and 0, the function

u(t, x, xµ) =

∫
Ωτ−(x,xµ),0

Fα1...αm
i1...im

(γx,xµ(s))(γx,xµ)i1α1
(s) · · · (γx,xµ)imαm(s)ds1 . . . dsp

is called the energy of the tensor field F along the affine mapping γ.

Proposition 2.2. Let Fα1...αm
i1...im

be a symmetric tensor field of C∞-class. Then the function u is positively homogeneous of degree
m− p with respect to partial velocities xjµ, that is

u(t, x, λxµ) = λm−pu(tα, xi, xµ), λ > 0.
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Proof. We change the variable, by denoting s = s̃λ−1.
The Jacobian of this transformation is J = λ−p, while the conditions τα−(x, λxµ) ≤ sα ≤ 0, α = 1, p, become
τα−(x, xµ) ≤ s̃α ≤ 0, α = 1, p, that is s̃ ∈ Ωτ−(x,xµ),0.

Therefore, we obtain

u(t, x, λxµ)=

∫
Ωτ−(x,λxµ),0

Fα1...αm
i1...im

(γx,λxµ(s))(γx,λxµ)
i1
α1

(s) · · · (γx,λxµ)
im
αm(s)ds1 . . . dsp,

or
u(t, x, λxµ)=

∫
Ωτ−(x,xµ),0

Fα1...αm
i1...im

(γx,xµ(s̃))λ(γx,xµ)
i1
α1

(s̃) · · ·λ(γx,xµ)
im
αm(s̃)λ−pds̃1 . . . ds̃p,

that is
u(t, x, λxµ) = λm−pu(tα, xi, xµ).

�

The affine structure of the first order jet bundle involves the affine vector fields, the energy of tensor fields on affine
mappings and an hyperbolic PDE. To introduce those tools, we start with the total derivative of the function u with
respect to tβ , β = 1, p, that is

Dβu =
∂u

∂tβ
+
∂u

∂xi
xiβ +

∂u

∂xiα

∂2xi

∂tα∂tβ
=

∂u

∂tβ
+
∂u

∂xi
xiβ

+(Hν
αβx

i
ν −Gijkxjαxkβ)

∂u

∂xiα
, β = 1, p.

Thus we obtain the vector fields

Hβ =
∂

∂tβ
+ xiβ

∂

∂xi
+ (Hν

αβx
i
ν −Gijkxjαxkβ)

∂

∂xiα
, β = 1, p,

which are called affine vector fields.

Theorem 2.2. The affine vector fields Hβ , β = 1, p, are tangent to the spherical bundle

SM : hαβgijx
i
αx

j
β = 1.

Proof. The field NSM , normal to SM , is

NSM =
∂hαβ

∂tν
gijx

i
αx

j
β dt

ν + hαβ
∂gij
∂xk

xiαx
j
βdx

k + 2hνβg`jx
j
βx

`
ν .

It is to notice the orthogonality

< NSM , Hλ > =
∂hαβ

∂tν
gijx

i
αx

j
βδ
ν
λ + hαβ

∂gij
∂xk

xiαx
j
βx

k
λ + 2hνβgjkx

j
βx

k
εH

ε
νλ

−2hνβgjkx
j
βx

`
νx

q
λG

k
`q =

(
∂hαβ

∂tλ
+ 2hνβHα

νλ

)
gijx

i
αx

j
β

+hαβ
(
∂gij
∂xk

− 2g`jG
`
ik

)
xiαx

j
βx

k
λ = 0,

due to the equalities

G`ik =
1

2
g`j
(
∂gkj
∂xi

+
∂gij
∂xk

− ∂gik
∂xj

)
,

∂hαβ

∂tλ
= −hανHβ

λν − h
νβHα

λν .

�

Theorem 2.3. The symmetric tensor field Fα1...αm
i1...im

, the energy u and the differential operators Hβ , β = 1, p, are connected by
the hyperbolic PDE

(H1 ◦H2 ◦ · · · ◦Hp)(u) = Fα1...αm
i1...im

(x)xi1α1
· · ·ximαm .

Proof. Let γ = γx(t),xµ(t) be an affine mapping, determined by its initial conditions, as above. Because of the equality
γx(t+t0),xµ(t+t0)(s) = γ(s+ t0), the following relation holds

u(t+ t0, x(t+ t0), xµ(t+ t0)) =

∫
Ωτ−(x,xµ),t0

Fα1...αm
i1...im

(γx,xµ(s))(γx,xµ)i1α1
(s) · · ·

· · · (γx,xµ)imαm(s)ds1 . . . dsp,
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where Ωτ−(x,xµ),t0 is the hyperparallelepiped with the opposite diagonal points τ−(x, xµ) and t0 = (t10, . . . , t
p
0).

Differentiating the previous equality with respect to tp0 and then considering tp0 = 0, we obtain

Dp

∣∣
tp0=0

u =

t10∫
τ1
−(x,xµ)

. . .

tp−1
0∫

τp−1
− (x,xµ)

Fα1...αm
i1...im

(γx,xµ(s1, . . . , sp−1, 0))

(γx,xµ)i1α1
(s1, . . . , sp−1, 0) · · · (γx,xµ)imαm(s1, . . . , sp−1, 0)ds1 . . . dsp−1.

This relation is differentiated with respect to tp−1
0 and then tp−1

0 is considered equal to 0, and so on, obtaining

D1

∣∣
t10=0

(
D2

∣∣
t20=0

. . .
(
Dp

∣∣
tp0=0

u
))

=Fα1...αm
i1...im

(γx,xµ(0))(γx,xµ)i1α1
(0) · · · (γx,xµ)imαm(0).

Therefore, we may conclude that

(H1 ◦H2 ◦ · · · ◦Hp)(u) = Fα1...αm
i1...im

(x)xi1α1
. . . ximαm (∗)

�

The relation (∗) is called the hyperbolic PDE on the first order jet bundle.

We remark that Theorem 2.3 extends a work of Prof. Sharafutdinov, [6].
Regarding related research works, we address the reader to [1], [11].
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