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On the stability roughness of discrete dynamical systems in
infinite-dimensional spaces

ABSTRACT.

The aim of this paper is to provide new methods concerning the study of stability radius of discrete dynamical systems in infinite-dimensional
spaces. We study the stability roughness of a discrete dynamical system subjected to general structured perturbations. We determine a lower
bound for the stability radius in terms of the norm of the input-output operators acting between two Banach sequence spaces which are invariant
under translations.

1. INTRODUCTION

Exponential stability is one of the most important properties of evolution equations which became in recent years
an intensively studied subject (see [2]-[8]], [14]-[18], [23]). A significant class of evolution equations with various
applications in chaos, population dynamics, economics and biology is represented by the discrete dynamical systems
(see [5]-[8] and the references therein).

In the last few years many research studies were focused on the asymptotic properties of discrete-time systems
and to their applications in control theory (see [2]-[23]). In this context, the roughness of asymptotic properties had
a central role. Roughly speaking the radius related with an asymptotic behavior estimates the size of the smallest
perturbation in the presence of which the system “loses” the initial qualitative property (see [2]-[4], [14], [16], [17],
[21]], [23])). It is well known that the concept of stability radius was introduced by Hinrichsen, Ilchman and Pritchard
in their works (see [2]-[4]) and led to various studies of exponential stability of linear systems in the presence of
multi-structured feedback type perturbations (see [2]-[4], [14], [16], [17], [23]). The concept of dichotomy radius was
recently studied in [19] and [21]].

The aim of this paper is to present a new study concerning the roughness of the exponential stability of discrete
dynamical systems. We continue the line of the study begun in [17], but we propose a distinct and more general
perspective on the stability radius of discrete dynamical systems. We consider as main tool in our theory the use of
input-output operators acting on Banach sequence spaces which are invariant under translations and contain at least
a characteristic function of a singleton.

First, we deduce a characterization for uniform exponential stability of discrete dynamical systems in terms of
Banach sequence spaces in terms of the solution of an input-output control system. After that, we associate with a
discrete dynamical system (A) the perturbed system (A + BPC') corresponding to a general feedback-type pertur-
bation and introduce the stability radius rs..,(A, B, C). We point out some new situations and we obtain various
and very general lower bounds for 74.,(A4, B, C) in terms of the norm of the input-output operators between Ba-
nach sequence spaces which belong to a certain class. The main results generalize the previous estimations from the
literature and also extend the applicability area to any discrete dynamical system in infinite-dimensional spaces.

2. BANACH SEQUENCE SPACES

In this section, for the sake of clarity, we will recall some basic definitions and properties of Banach sequences
spaces. These spaces are often used in interpolation theory (see [1] and the references therein).

Let Z denote the set of the integers, let N denote the set of all non negative integers, let R denote the set of all real
numbers and let S(N, R) be the linear space of all sequences s : N — R. Let N* = N\ {0}. For every set A C N we
denote by x4 the characteristic function of the set A. For every s € S(N,R) we consider the sequence s; : N — R
defined by s4(0) = 0 and s4(n) = s(n — 1), for all n € N*,

Definition 2.1. A linear space B C S(N, R) is called normed sequence space if there is a mapping | - |z : B — R such
that:

(i) |s|p = 0if and only if s = 0;

(i) |as|p = |al |s|B, forall (a, s) € R x B;

(i) |s+ vl <|s|p + |v|B, forall s,y € B;

(iv) if |s(4)] < |v(j)|, forall j € Nand v € B, then s € Band |s|g < |v|5.

If, moreover, (B, | - |g) is complete, then B is called Banach sequence space.
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Definition 2.2. A Banach sequence space (B, | - |g) is called invariant under translations if for every s € B the sequence
sy € Band |s4|g = |s|B.
In what follows we denote by Q(N) the class of all Banach sequence spaces B which are invariant under translations
and X{o} € B.
Example 2.1. (Orlicz sequence spaces) Let ¢ : Ry — [0, 00] be a nondecreasing left continuous function which is not
identically 0 or co on (0, oo) The Young function associated with ¢ is Y, ( fo ) ds, for all t > 0. For every
s € S(N,R), let M,(s) := ZY(| (k)|). Then £,(N,R) :{SESN,R):Hc>OsuChthatM¥,(cs)<oo}1saBar1aCh

space with respect to the norm |s|, :=inf{c > 0: M,(s/c) < 1}. The space £,(N, R) is called the Orlicz sequence space
associated to ¢. It is easy to see that O, € Q(N).
Let p € [1,00). Immediate examples of Orlicz sequence spaces are the ¢?(N, R)-spaces with respect to the norm

l1sllp = (3252, |1s(%)[[?)"/?, which are obtained for o(t) = pt*—".

Example 2.2. The linear space /*°(N,R) = {s € S(N,R) : 5up |s(n)| < oo} is a Banach space with respect to the norm
[|5]]oo = itelg|s(n)| and (*(N,R) € Q(N). If ¢o(N,R) = {s 6 S(N R) : lgr;o s(n) = 0}, then ¢o(N,R) is a closed linear
subspace of /°(N, R).

Remark 2.1. If B € Q(N), then the following properties hold:

(i) forevery ACN, x4 € B;
(ii) for every s € B and every j € N the sequence

. . _ S(?’l - .7) , N > ]

s; : N =R, sj(n)—{ 0 <
belongs to B and |s;|p = |s|B;

(iii) ¢*(N,R) C B C (N, R) (see e.g. [17], Lemma 2.1).

Lemma 2.1. Let B € Q(N) and let v > 0. Then, for every s € B, the sequence

n

g :N= Ry, qo(n) =) e " Fs(k)
k=0

belongs to B.
Proof. Let s € B. Using the notations from Remark 2.1 (ii) we have that

lgs(n)] < Ze_”(”_k)|s(k)| = Ze‘”j\sj(n)I < Ze_”j|5j(n)|, Vn € N.
k=0 =0 =0

This implies that ¢, € B and |¢s|g < [1/(1 —e¥)] |s]|B. O

Notation Let (X, || - ||) be a real or complex Banach space. For every Banach sequence space B € Q(N) we denote
by B(N, X) the space of all sequences s : N — X with the property that the mapplng Ny : N = Ry, Ny(m) = [|s(m)]]|
belongs to B. B(N, X) is a Banach space with respect to the norm |[s|| g, x) := |NVs|B-

3. PRELIMINARY RESULTS

Let X be a real or complex Banach space and let £(X) be the Banach algebra of all bounded linear operators on
X. Throughout this paper, the norm on X and on £(X) will be denoted by || - ||. The linear space of all sequences
s : N — X will be denoted by §(N, X).

Let (A(n))nen C L(X). We consider the discrete dynamical system

(A) z(n+1)=AMn)z(n), neN

where z € $(N, X).
Denoting by A = {(m,n) € Nx N : m > n > 0} we have that the evolution operator ® = {®(m,n)}m nyca
associated with the system (A) has the expression

@(m,n):{ Am—1)...A(n), m>n

14, m=n
where I; denotes the identity operator on X.
Remark 3.2. ®(m, k)®(k,n) = ®(m,n), forall (m, k), (k,n) € A.
Definition 3.3. The system (A) is said to be uniformly exponentially stable if there are K, v > 0 such that
[|[®(m,n)|| < Ke ™™ VY(m,n) e A.
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In what follows, we associate to the system (A) the input-output control system
(Sa) { z(n+1)=AMn)z(n) +s(n+1), neN

z(0) = s(0)
where s,z € S(N, X).
Remark 3.3. For every s € §(N, X)) the corresponding solution of the system (S4) is given by

zo(n) = ®(n,k)s(k), VneN.
k=0

Definition 3.4. Let U,V € Q(N). We say that the system (S,4) is (U(N, X), V(N, X))-stable if for every s € U(N, X)
the corresponding solution z; belongs to V (N, X).

Theorem 3.1. Let V' € Q(N). Then, the system (A) is uniformly exponentially stable if and only if the system (Sj4) is
(V(N, X), V(N, X))-stable.

Proof. Necessity. Let K, > 0 be given by Definition 3.3. Let s € V(N, X). Then, from Lemma 2.1 we have that the
sequence

o NS Ry, ay(n) = 30 e P |s(h)|
k=0

belongs to V. Observing that ||xs(n)|| < Kas(n), foralln € N; we obtain that z, € V(N, X).

Sufficiency. If V = ¢! (N, R) then from Theorem 2.2 in [17], we obtain that the system (A4) is uniformly exponentially
stable. If /! (N, R) & V, then according to Theorem 2.4 in [I7], we have that the system (A) is uniformly exponentially
stable. O

4. STABILITY RADIUS OF DISCRETE DYNAMICAL SYSTEMS

In this section we obtain a very general lower bound for the stability radius of a discrete dynamical system in
terms of the norm of certain input-output operators acting on Banach sequence spaces.

If Z is a Banach space, then we denote by S$(N, Z) the linear space of all sequences s : N — Z. If Z, W are
Banach spaces we denote by £(Z, W) the Banach space of all bounded linear operators H : Z — W and we set
L(Z,Z)=:L(Z).

We consider the linear space (> (N, L(Z,W)) .= {T : N — L(Z,W) : sup||T(n)|| < oo}, which is a Banach space

neN

with respect to the norm
[|T|o := sup || T'(n)]l-
neN

Let X be a Banach space and let A € ¢>°(N, £(X)). We consider the discrete dynamical system
(A) z(n+1)=AMn)z(n), neN
where z € S(N, X).

For every D € ¢*°(N, L(X)) we consider the perturbed system
(A+ D) z(n+1) =[A(n) + D(n)]z(n), neN
where z € §(N, X).

Remark 4.4. The evolution operator associated with the system (A + D) has the expression

Op(m,n) = ®(m,n) + Z o(m,k)D(k—1)®p(k—1,n)
k=n-+1
for every m,n € N with m > n.

In what follows we suppose that the system (A) is uniformly exponentially stable. The main question is how large
may be the norm of the perturbation D € ¢*(N, £(X)) such that the perturbed system (A + D) remains uniformly
exponentially stable.

In this context, it makes sense to introduce:

Definition 4.5. The number
Tstab(A) :=sup{r > 0:VD € {*(N, L(X)) with ||D||cc <7 = (A+ D) is
uniformly exponentially stable}
is called the stability radius of the system (A).

In what follows, we analyze a more complex situation: when the system (A) is subjected to a very general pertur-
bation structure.
Let U,Y be two Banach spaces. Let B € ¢>*°(N, L(U, X)) and C € ¢~ (N, L(X,Y)).
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Definition 4.6. The number

Tstav(A; B, C) :==sup{r > 0: VP € {*°(N, L(Y,U)) with ||P||cc <7 = (A+ BPC)is
uniformly exponentially stable }
is called the stability radius of the system (A) subjected to the perturbation structure (B, C).
Remark 4.5. In the particular case U =Y = X and B(n) = C(n) = Iy, for all n € N, then
Tstab(A; B, C) = rstan(A)

In this context, in what follows our purpose is to obtain a very general lower bound for s, (A4; B, C').
We consider the class V(N) of all Banach sequence spaces B € Q(N) with the property that if s € §(N, X) and

sup |s X{o,...,n}|B < 00
neN

then s € B.
Remark 4.6. The class of Orlicz sequence spaces is a subclass of V(N).

As in the previous section, we associate with the system (A4) the input-output control system
(Sa) zn+1)=AMn)z(n)+s(n+1), neN

! 2(0) = 5(0)
where s,z € §(N, X).

Let V € V(N). Since (A) is uniformly exponentially stable, according to Theorem 3.1 we have that the system (S4)
is (V(N, X), V(N, X))-stable.

For every u € V(N,U) we consider the sequence

Sy :N—= X s,(n) = B(n)u(n).
From
[lsu(m)[] < [[B()[] [lu(m)]] < |IBlle [fu(n)ll, ¥n €N

since u € V(N,U) we obtain that s, € V(N, X). Using the invariance to translations of V (N, X) we have that the
sequence

B(n—1u(n—1), neN*
oy N— X, wu(n):{ ( 2)( ) n—0

belongs to V(N, X). Then, from the (V(N, X), V(N, X))-stability of the system (S4), we obtain that

n ® Blk_1 . .
20 N5 X, z4(n) = kgl (n,k)B(k —Nu(k—1), neN
07 n=>0

belongs to V(N, X).
We consider the system

z(n+1) = A(n)x(n) + B(n)u(n), neN
(5% =0
y(n) = C(n)x(n), neN
withu € V(N, U).
According to (4.1) we have that for every u € V(N, U) the solution z,, € V(N, X ). From

lyu ()| < [[Cllos [lzu(n)]|, VneN
we deduce that i, € V(N,Y). So, for every input u € V (N, U) the corresponding solution ¥, of the system (55)
has the property that y, € V(N,Y"). Then, it makes sense to consider the input-output operator
I'y :VINU) - V(NY), Ty(u) =y,

It is easy to observe that I'y is a closed linear operator, so it is bounded.
In what follows we suppose that there is ¢ > 0 such that

IC)yll = cllyll, V(n,y) e NxY. (4.2)
Theorem 4.2. If ||P||s < (1/]|T'v||), then for every (n,x) € N x X, the sequence
_ [ ®ppc(k,n)z, k>n
Spw N —= X, snm(k)—{ 0, k< n

belongs to V/(N, X).



232 B. Sasu

Proof. Let K,v > 0be such that ||®(m,n)|| < Ke~*(™~"), forall (m,n) € A. Let (n,z) € N x X. For every h € N, we
consider the sequences

v N — Xa P)/(k) = X{O,...,n+h} (k)c(k)sn,z(k)
u:N—=U, uk)=P(k)y(k).
Since u has finite support, we have that u € V(N, U). Using Remark 4.4, for every k € {n+1,...,n+ h} we have that

k
v(k) = C(k)®(k,n)z + C(k) Y @(k,j)(BPC)(j — 1)®ppc(j— 1, k) =
j=n-+1

= C(K)®(k,n)x + C(k) Y ®(k, j)B(j — Du(j — 1) =

j=1
= C(k)®(k,n)z + (Tvu)(k)
which implies that
()| < 1IC][os Ke™** = |jz]| + [|(Tyu) (k)] (4.3)

forallk € {n+1,...,n+ h}. Observing that v(n) = C(n)z, we deduce that (4.3) also holds for k = n.
We consider the sequence

—v(k—n) k>
e , k>n
e :N—o Ry, e,,(k:):{ 0 ken -

We have that e, € /}(N,R), so, from Remark 2.1 we obtain that e, € V. Since v(k) = 0, for k < n and for k > n + h,
from (4.3) we have that

YR < K[Clloo [|2]| ev (k) +[[(Tvu)(R)]l, Yk €N
which implies that
Mlvay) < K IClleo (2] evlv + IITvullvary. (4.4)

Let m = K ||C]| ||x||. Since 'y is a bounded linear operator, we have that

ITvaullyagyy < TvI]Hullv e (4.5)
From ||u(n)|| < ||P(n)|| ||y(n)]|, for all n € N, we have that

ullvavey < HPloo [Vl [v vy (4.6)
From relations (4.4)—(4.6) we deduce that
m|ey|v
vy € —=—1 55— (4.7)
= TPl
Using (4.2) we have that
clIxqo,..n+n} (B)sna(R)| < [Iy(R)Il,  VkeN
which implies that
1
IX{0,.ntnysnallvanx) < = [llvary)- (4.8)
From relations (4.7) and (4.8) it follows that
m |ey|v
l1x10,..., nthdSnozl v x) < . (4.9)
(Ot En VIR0 = ¢ — eIy T TTPlo
Since h € N was arbitrary, from (4.9) we deduce that
m ley|v
sup {|X{o,...,p} Sn,z x) < . 4.10
peb Ito.mysnallven < Cogm T (110
Using the fact that V' € V(N) from (4.10) we conclude that s,, , € V(N, X), for all (n,z) € N x X. O

Theorem 4.3. The following estimation holds:

Tstab(A; B7 O) Z

[Ty ||
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Proof. Let P € (N, L(Y,U)) with ||P||oc < (1/|[T'v||). We consider the input-output control system

z(n+1) =[A(n) + (BPC)(n)]z(n) + s(n+1), neN
(Spre) L0

with s € V(N, X). For every s € V(N, X) the corresponding solution is
n) = Z‘I’BPC(nvj)S(j)a Vn e N.

In what follows, we prove that the system (Sgpc) is (V(N, X), V(N, X))-stable.
Let s € V(N, X). For every p € N* let

Denoting by

from Theorem 4.2 we have that the sequence
. _ (bBPC(nap)h;Dv n Zp
Spa, ' N—= X, spq,(n)= { 0, n<p
belongs to V(N, X). Observing that z,,(n) = sp,4,(n), for all n > p and setting M := max{||z(0)||,
we deduce that
||z, ()] < M Xqo,...p-13(7) + [I8p2,(n)][, Vn €N.
From (4.12) it follows that z,, € V(N, X). Let
7:N=Y, 7y(n)=C(n)z,(n).

From ||y(n)|| < [|C||s ||2s,(n)]|, for all n € N, we have that v € V(N,Y).
For every n € N*, using Remark 4.4 we successively deduce that
¥(n) =C(n) > @ppc(n, k)sy(k) =

k=0

= C(n)sy(n) + Cln) S B, k) sy (k) +
k=0

k=0 j=k

S 3 @(n,j + 1)(BPC)()®sre (i, k)spw)] _

n—1

iZcp (n,j + 1)(BPC)(5)®prc(j, k)sp(k:)] =

=0 k=0
n

2":(1) (n,k)sp(k
k=0

=C(n) )y @(n,k)sy(k)+

=
Il
o

ni:@(n j+1)B() ( Z(DBPC J. k)sp k))] =

n

=C(n)Y_ ®(n,k)sy(k) +C(n) > @(n,j)B(j — 1)P(j — )y(j — 1).
k=0 j=1
Let

n
zs, :N— X, xsp Zfbnksp
k=0

and
¢:N=U, o(n)=Pn)yn).
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(4.11)

S llzs(e = DI}

(4.12)

(4.13)

Since (A) is uniformly exponentially stable we have that z, € V(N, X). From [|o(n)|| < [|P|| ||v(n)]|, for all n € N,

we have that ¢ € V(N,U) and
llellvauy < 1Pl [Vlvany)-
Then, from (4.13) it follows that
y(n) = C(n)xs,(n) + (Tvep)(n), VneN*

(4.14)
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which implies that
Iyl < [ICn)zs, (n)|| + [[(Tve)(n)]], ¥n e N
Since 7(0) = C(0)s(0) = C(0)z,,(0) we deduce that
Iy < [|Cllso [Jzs, ()| + [[Tve) ()], ¥n eN. (4.15)
From (4.14) and (4.15) we have that

Ilvay) < ICllss s, [lvax) + ITVIHTPloo [Vl @v,y)- (4.16)
From (4.2) we have that
cllzs, ()| < |lv(n)l], VneN
which implies that
cllzs, llvanxy < [llvany)- (4.17)
From relations (4.16) and (4.17) we deduce that

1Cloo |25, v v, x)

|25, v v, x) < : (4.18)
0= I =T TPl
We observe that =, (n) = z5(n), forn € {0,...,p} and z,,(n) = ®(n, p)z(p), for n > p. Then, denoting by
—v(n—p) >
. _J e , nZ2p
e, : N>R, ey(n)—{ 0, n<p
we obtain that
[lzs, ()| < [lzs(n)]] + e (n) |lzs(p)l], ¥ € N.
This shows that
s, llv v x) < lsllvonx) + levlv [lzs (@)l (4.19)
From
|z ()| xgpy (F) <llzs(R)ll, Yk €N
using the invariance to translations of the space V we deduce that
s xgpylv = llzs@)] xgoplv < Masllvnx)- (4.20)
Setting A := 1+ (ley|v /|x{0y|v ), from relations (4.19) and (4.20) it follows that
s, llvevx) < Mlzsllvanx)- (4.21)

Observing that
z5,(n) = z5(n), Yne{0,...,p}
from relations (4.18) and (4.21) we obtain that

[E2% vy x) < A€o [lzsllvevx)
s 0,..., ’ -
0. IVOLX) = I TP ]

which implies that
sup ||zs X{07...,p}||V(N,X) < 00.
peN

Since V' € V(N) we deduce that z; € V(N, X).

In conclusion, we have that (Sgpc) is (V(N, X), V(N, X))-stable. By applying Theorem 3.1 we obtain the conclu-
sion. g

As a consequence of the above results we deduce

Theorem 4.4. The following estimation holds:

1
Tstab(A; B,C) > sup ————.
VeV(N) ||FVH

Corollary 4.1. For every p € [1, 00|, let '), := T'gp(w r). The following estimation holds:

1
rstab(A; B,C) > sup ——.
pelt,o0] [Tpll
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