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The degree of approximation by certain linear positive operators

ABSTRACT.

We consider certain linear positive operators By, in polynomial weighted spaces and study approximation properties of these operators, including
theorems on the degree of approximation.

1. INTRODUCTION

In the paper [19] we studied approximation problems for functions f € C, and Szasz-Mirakyan type operators

N —(nzt)T = (nx+1)7" k
(11) Alfiri) =0 2 T e )

x € Ry :=[0,400), r € Ry := [2,400),n € N := {1,2,... },where C, with some fixed p € Ny := {0,1,2,...}isa
polynomial weighted space generated by the weight function

(1.2) wo(z) =1, wy(z):= (1+2P) !, if p>1,

ie., Cp is the set of all real-valued functions f, continuous on R, and such that w, f is uniformly continuous and
bounded on Ry. The norm in C), is defined by the formula

(1.3) LA llo = 1L O Mlp == sup wp(z) [f(2)]-
zERo
In [19] there were proved theorems on the degree of approximation of f € C), by the operators A,, defined by (1.1).

Theorem 1.1. Let p € Ny and r € Ry be fixed numbers. Then there exists My = M (p,r) such that for every f € C, and
n € N we have

1
14 I4n(F57:) = £y < i (15 1)
where w is the modulus of continuity defined by the formula
(15) i (f; Cpit) = sup [ Anf(llps te R,
0<h<t

where Ay, f(z) == f(x + h) — f(z), for z,h € Ry.
The operators (1.1) are related to the well-known Szasz-Mirakyan operators

16) Sutria) = e 3o 02y (1))

n
k=0

x € Ro, n € N.In [2] it was proved that if f € C),, p € Ny, then for the Szasz-Mirakyan operators 5,, one has the
following inequality

x
wpD[5(752) — 1) < M (£ /2], z€Ro, me N
where My = const. > 0 and w, is the modulus of smoothness defined by the formula
WQ(f;Cp;t) ‘= sup ||A}21f()H;D7 te R07
0<h<t

where A? f(z) := f(z) — 2f(x + h) + f(z + 2h).

Theorem 1.1 shows that the operators A,, give a better degree of approximation of functions f € C, than the
Szasz-Mirakyan operators S,,. We can observe that the degree of approximation of f by A, is independenton r € Rs.

In [15-16, 18, 20] were examined similar approximation problems for certain modified Szasz-Mirakyan operators
Sh.
The degree of approximation given in Theorem 1.1 and in [15-16, 18, 20, 21] can be improved by a certain modifi-
cation of formula (1.1).

In this paper we introduce certain linear positive operators and study their approximation properties.
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The degree of approximation by certain linear positive operators 1

Recently in many papers various modifications of S,, were introduced and examined. We refer the readers to A.
Ciupa [3-5], P. Gupta and V. Gupta [7], V. Gupta [8], N. Ispir and C. Atakut [1], [13], V. Gupta, V. Vasishtha and M. K.
Gupta [11], S. Guo, C. Li, Y. Sun, G. Yand, S. Yue [12]. Their results improve other related results in the literature.

In this paper we shall denote by M («, 8), k = 1,2, ..., the suitable positive constants or functions depending only
on indicated parameters «, 8. To this end, let C), be the space given above and let f € Cg ={feC,: f,f"eC,},
where f/, f” are the derivatives of f.

2. APPROXIMATION OF FUNCTIONS OF ONE VARIABLE

We introduce the following

Definition 2.1. Let p € Ny be a fixed number. For functions f € C}, we define the operators

3 & 3k
@7) Buifie) = e S s (S ) FE R e

k=0

Similarly to A,, the operator B, is linear and positive. We shall prove that B,, is an operator from the space C,
into C), for every fixed p € Ny. From (2.7) we derive the following formulas

2.9) Bu(liz) = 1,
3
xT

B, (t;x) = )

( Sﬂ) I2+’I’L_3

. 23
Bn(tQ;x) = (z2 + n73)72 {xﬁ + 3] ,

3 3
Bn(t%x) = (22 +n3)73 [ + i +2 ]
foralln € N and z € Ry.
From formulas (2.7), (2.8) and B,,(t*;x), 1 < k < 3, given above we obtain

Lemma 2.1. Forall x € Ry and n € N we have
xr
B,(t—z2) = ———5——,
23 +n322
n3 (22 +n-3)2’
23 — 3zt —n 3z
n(z2 + n-3)3

By ((t —x)*x) =

B((t - a)a) = -

Next we shall prove

Lemma 2.2. Let s € N be a fixed number. Then there exist coefficients o ;, depending only on s, j such that

(2.9) B, (t%;x) = (2* +n"3)"* Z
1

foralln € N and x € Ry. Moreover, s 1 = a5 s =1forj=1,2... s

Proof. We shall use mathematical induction for s. The formula (2.9) for 1 < s < 3 is given above. Let (2.9) hold for
f(z) =27,1 < j < s, with fixed s € N. We shall prove (2.9) for f(z) = 2*'. From (2.7) and (2.8) it follows that

s+1 —(nx)? > nr Bk k "
B (t"tz) = e (") Z( kl) (n((nx)2+n1)> -

k=0
3 o= (n)® i (nax)3k k —|— 1
x2 +n3 = k! n( -1
3 o0 3k _$
. T —3s(,..2 nm 3 )
: IJ/=

Consequently

B,(t*Thx) = x2+n_3 Z( > 3= S) (22 +n"3P 5B, (t"; x).
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By our assumption we get

3 S 1% .37
s+1, _ T —3s(,.2 —5 S (p— s) —3\—s Ay 5T
Bn(t ,$) 2 +n-3 n (Z‘ +n- + <u> 'r +n ) Z n3(n—17)
pn=1 j=1
a 30U+
_ 2 —3y—(s+1) ~3s,.3 S\, 3(u—s Ay,
) sy <H> >
=1 =
(2 —3y—(s+1) 5353 ¢ Qp,j & 3+
= (2" +n"") + 2 Z ( ) e
j=1p=j
s+1 S
= (@2 408 O ey S ()
n3(5+1 ) ) HITt
p=j—1
s+1 Oos1 i 35
_ (2 3\ —(s+1) Q51,4277
o (I o Z n3(s+1-7)
where as11,1 = @s41,541 = 1, which proves (2.9) for f(z) = a:S‘H. O

Lemma 2.3. Let p € Ny be a fixed number. Then there exists a positive constant Ms = Ms(p), depending only on the parameter
p such that

(2.10) |Ba(1/w,(8): ), < Ms,  neN.
Moreover, for every f € C,, we have
(2.11) 1Bn(fi)llp < Ms|[fll, — neN.

The formula (2.7) and inequality (2.11) show that B,, n € N, is a positive linear operator from the space C), into C,,, for
every p € No.

Proof. From (2.7) we get

(2.12) B,.(f;0)= f(0) for n € N.
The inequality (2.10) is obvious for p = 0 by (1.2), (1.3) and (2.8). Let p € N. By (1.2) and (2.7)-(2.9) we have
1
wy(2) By (1/wp(t); 2) = wp(z) {1 + Bu(tP;2)} = 1+ xp+

1 - ay, ;7
+(1 + aP) (2?2 + n=3)P ; n3(P=3)"
Let z € [1, +00). We remark that

wy (@) B (Lfwy (1)) < 1+

Ap,j
(1_|_xp pzn:’,( < Ms(p)-

Jj=1

For z € (0,1) we have

2 J
X
1 - apjxj - a”( *4n- 3) - Qp,j -

E: <> <D D S 20
(22 +n-3)p n3®—17) (22 + n=3)P=in3(P—J) =3\p—in3(—j) — PJ
Jj= J:1 J:1 Jj=1

Therefore the proof of inequality (2.10) is completed.
The formulas (2.7)-(2.8) and (1.2) imply

1Bu(£(0):)llp < I fllpll Br(L/wp(8); )l neN,
for every f € C,. Applying (2.10), we obtain (2.11). O

Lemma 2.4. Let p € Ny be fixed number. Then there exists a positive function My (p, x) which does not depend on n such that

Ry
(t —2) ;x) < M for all
wp(t) n?

neN, z>0.

(2.13) wy(x) By (
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Proof. The formulas given in Lemma 2.1 and (1.2), (1.3) imply (2.13) for p = 0.
By (1.2) and (2.10) we have

B, ((t— )2 Jw,(1); z) =B, ((t- z)%; z) + B, (tP(t - x)z;x) ,
for p,n € N. If p = 1, then by the equality we get
By, ((t = 2)*/wi(t);x) = By ((t — )% 2) + By (4t — 2)% 2) =

=B, ((t—2)*2)+ (1+2)B, ((t—2)*2),
which by (1.2), (1.3) and Lemma 2.1 yields (2.13) for p = 1.
Let p > 2. Applying Lemma 2.2, we get

wy(z)By, (tP(t — 2)?2) = wy(z) { B, (PT2;2) — 22B,, ("5 2) + 2°B, (t";2)} =
() = Opr2 7 ~ >p+1a+1 i
_ 2 —3y—(p+2 p+2,j 2 +1 p+1,
=wp(z) (& +n"7)""W Zm—%:(a: +n7°)"WP Zn?’(?"“ =
j=1
20,2 IPNINRS ap, o
+a? (2 +n70) Py T B
j=1
23P+2 ) 3 iy o 37
_ —-3\—(p+2) p+2,5
= wp(®) { nb(x? 4+ n=3)p+2 + (" +n7) Jz::l n3@+2—7)
a 23 P, 2%
_233(1’.2 +n ~(+1) Z IH’:»JI j) (372 + n—3)—p Z ng(ifj) ;
j=1
which by (1.2) implies
M,
wy(z)B, (P(t — z)?%;2) < %, n € N.
Thus the proof is completed. O

Now we shall give approximation theorems for 5,,.

Theorem 2.2. Let p € Ny be a fixed number. Then there exists a positive function Ms(p, x) which does not depend on n such
that for every f € C2 we have

/ 1
14) wp(@)|Bu(Fr2) — f(a)] < My(p o) LI W e ey s
Proof. For afixed 2 > 0 and f € C} we have
t s
£ = 1@)+ @)=+ [ [ Fduds, 1 Ro,
which yields

t

() = F(2) + F@)(t— ) + / (t - u)f"(u)du, t€ Ro.

x

From this and by (2.7) we deduce that
@.15) B(f0):0) = £(0) + £(@) B0~ i)+ B [
forn € N. By (1.2) and (1.3) we can write

1 1

t
t—)f" (u)du| < ||f” (—i—) t— )%
J = wrwa <17 (o + ) -0
Applying the above inequality and Lemma 2.1 and (2.12), we derive from (2.15)

wp(x) [Bn(fi2) = f@) < [1f1lp

t

(t —u) f" (u)du; x)

R —
n3(z2 +n-3)

1571 { (o) 5, ((’;‘(t))) By (- )%a) b <

)Ilf’||p+ 11l
n3

< Ms(p,x forn € N.

Thus the proof of (2.14) is completed. O
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Theorem 2.3. Let p € Ny be a fixed number. Then there exists a positive function Mg (p, x) which does not depend on n such
that for every f € C, and n € N we have

1 1 1
(2.16) wp(x)|Bu(f;2) — f(2)] < Me(p, @) {ng/Qfﬂl <f§ % Tlg/g) + w2 (f; &% ng/Q> } .
Proof. Let z > 0. Similarly as in [2] we apply the Stieklov function of f € Cp:

(2.17) fr(z) = %/05 /Oé[f(m-i—s—i-t) — f(z+2(s +1t))]dsdt

forx € Ry, h > 0. From (2.17) we get

h

i) = 7z [ 88wt (at 5) ~ 28, + 25)ds.

" 1 2 2

V) = =5 [88 pf(@) - ALF(@)] .
Consequently
(2.18) ||fh_f||p§w2 (fﬂcp;h7)v

/ - . wp(x)

(2.19) 14, < 5h~ ws (f, Cps h) wp + 1)
(2.20) Il < 9h2ws (f,Cpih),

for h > 0. We see that f; € C’g if f € Cp. Hence, for z > 0 and n € IV, we can write
wp() | Bu(f;2) — f(2)| < wp(2) {|Bn (f = fu;2)[+
+ B (frniz) = fu(@)[ + [fu(z) = F(2)]} = A1 + Az + As.
By (2.11) and (2.18) we have
A1 < Ms(p) |f = full, < Ms(p)ws (f,Cpih), Az <ws (f,Cpih).
Applying Theorem 2.2 and (2.19) and (2.20), we get

!/ 1
to < Moy Vi I
n
5 wy(x) 9
< st { 2o (1,Cyi) 8 4 in . m ).
Combining these and setting h = —, for fixed n € N, we obtain (2.16) for 2 > 0. O

From Theorem 2.2 and Theorem 2.3 we derive the following two corollaries:
Corollary 2.1. For f € Cp, p € Ny, we have
lim B,(f;z) = f(z).

n—oo

This convergence is uniform on every interval [z1, z2], 1 > 0.
Corollary 2.2. If f € C2, p € Ny, then
|Bu(f32) = f(2)] = Ox(1/n?)
In a similar manner (see [21]), the Voronovskaya type theorem for B,, can be verified.

Theorem 2.4. Let f € C7. Then

(2.21) lim n3 (B, (f;z) — f(z)} = —f(z)+1/2f"(x)

n—oo xT

for every x > 0.



The degree of approximation by certain linear positive operators 5

3. APPROXIMATION OF FUNCTIONS OF TWO VARIABLES
Next, for given p, ¢ € Ny, we define the weighted function
(3.22) Wp.q(2,y) = wp(z)wy(y), (z,y) € R% := Ry x Ry,

and the weighted space C,, , of all real-valued functions f continuous on R} for which w,, , f is uniformly continuous
and bounded on R3 and the norm is defined by the formula

(3.23) 1 fllpg = 1f ¢ lpg = sup wpq(z,y) [f(2,y)]

(z,y)€RZ

The modulus of continuity of f € C,, ; we define as usual by the formula

(324) Wl(f? Cp,q;tvs) = sup ||Ah,5f('7')||p,qa t,s > 07
0<h<t,0<6<s

where Ay 5 f(x,y) == f(x + h,y +0) — f(x,y) and (z + h,y + &) € Rj. Moreover let C, , be the set of all functions
f € Cp,q whose first partial derivatives belong also to C}, ;. From (3.24) it follows that

lim wi(f,Cpq;t,s) =0

t,s—0+

forevery f € Cp 4, p,q € No. We introduce the following
Definition 3.2. For functions f € C,, 4, p,q € Ny, we define operators
(3.25) Bron(f,y) i= e~ ()" +(w)")
S5 (M) (ny)* j k
D v A o o ey B (o e

=0 k=0

for (z,y) € R3, m,n € N.

We deduce that B, ,(f) are well-defined in every space Cp 4, p, ¢ € No. Moreover we have

(3.26) Bmn(Liz,y) =1 for (x,y) € R:, m,n € N,
andif f € Cp 4 and f(z,y) = fi(x) f2(y) for all (z,y) € R, then
(3.27) Bm,n(f; m,y) = Bm(fl;x)Bn(f% y)

for all (z,y) € R3 and m,n € N.

Lemma 3.5. For fixed p,q € Ny there exists a positive constant My = Mz (p, q) such that

(3.28) B (1/wp,q(t, 2) ), , < Mz for m,n€N.
Moreover for every f € C,, , we have
(3.29) 1B (fi2 ), < M1 fl,,, for mimeN.

The formula (3.25) and the inequality (3.29) show that B,, ., m,n € N, are linear positive operators from the space C,, 4 into
Chp.q-

Proof. The inequality (3.28) follows immediately from (3.22), (3.27) and (2.10).
From (3.22) and (3.25) we get for f € C, ,

1B (F)llq < Nl g 1Bmn(L/wpg)ll, o m,neN,
which by (3.28) implies (3.29). ]
Now we shall give two theorems on the degree of approximation of functions by B,, ,, defined by (3.25).
Theorem 3.5. Suppose that f € C;’q with fixed p,q € No. Then there exists a positive function Ms(p, q, x,y) which does not
depend on m, n such that for all m,n € N, (z,y) € R2 := (0, +00) x (0, +00)
(3:30) p3:2) B (2:0) = )] < Ma(pr0:20) {52 + 50l |-

Proof. Let (z,y) € R be a fixed point. Then for f € C} ,
t z
f6.2) = o) = [ fwadus [ o, (62 € B
@ y

Thus by (3.25)
(331) Bm,n(f(taz);xay) - f(x,y)

t z
= Bm,,n (/ f;(U,Z)dU,z,y> + Bm,n </ f{,(x,v)dv;x,y) .
v Yy



6 Zbigniew Walczak

By (3.22)-(3.23) we have
/t du
e Wpq(U,2)

1 1

S fqlﬁ s ( + ) t—u )
” ||P q wp,q(t, Z) wp7q(x, Z) | |
which by (3.22), (3.27) and (2.7)-(2.8) implies

t
Wpale,9) \Bm,n ( / f;<u,z>du;x,y)\

JR 1)

t— [t — x|
<|f; B (20 B | ——=1%,
< Wallo wp?q(x’y){ o <wp,q(t>z)7z,y>  Smin (wp,q(3372) ! y)}
/ 1 |t * ‘T|
< ”fx”p,q wq(y)Bn )33/ wp(x)Bm ;2 ) + By ([t —xf;2) ¢

wq(2 wp(t)
Applying the Holder inequality and Lemma 2.1 and (2.12), we get

< N fellp.g

/1 P () du

< wp,q(«'v; y)Bm,n (

B (It = al:2) < { B ((t — 2)%2)Bu(L;2)}* < M§5319/72$>7
i ()< () i ()
T

for € Ry and m € N. Consequently

t
Mll(p7qax)
Bm;ﬂ </ f;(u,z)du,x,yﬂ S WHJCQIJHPJZ? m € N.

Wp.q(T,y)

Analogously we obtain

? Mz (p, g,y
’lUp,q(il?,y) ’Bm,n (/ fll)(.’L',’U)d’U;.T7y>‘ S 127’L(37/2)||f{/”p’q7 n € N.
y

Combining these, we derive from (3.31)

1 1
Wp.q(2,Y) | Bmn(fi2,y) — f(2,9)| < Mo(p, ¢, 7, y) {mmllféllp,q + 3 lfylba } 7
for all m,n € N, where Mg = My(p, q¢) = const. > 0. Thus the proof of (3.30) is completed. O

Theorem 3.6. Suppose that f € C,, 4, p,q € No. Then there exists a positive function Mi3(p, g, x,y) which does not depend
on m,n such that

1 1
(332) Wp,a(,Y) [Bmn(f32,y) = f(@,9)] < Miz(p, ¢, 2, y) o (ﬂ Crai 57 W) . (w,y) € B3,
forallm,n € N.
Proof. We apply the Stieklov function f, s for f € Cp, 4
(3.33) sz, y) = %/ du/ f(x+u,y+v)do, (x,y)€ R, h,d>0.
0 0

From (3.33) it follows that
1 h 5
fh,é(xay) *f(l’,y) = 7/ du/ Au,vf(xay)dva
hé Jo 0

1 5
(fh,5)fr(x7y) = %/O (Ah,vf(mvy) — Ao f(z,y)) dv,

1 h
(ralyta) = 75 | (Bushe.s) = Auof (@) du

Thus
(3.34) 1fns = fll,, 4 < wi (fCpgih,d),
(3.35) | (Frs)lll . < 2h7 wi (f, Cpgi b, 0),

p,.q —
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(3.36) ‘(fh,é); < 267wy (f, Cpygi by 6),

for all 2, > 0, which show that f;, ;5 € C;yq if feCpqandh,é > 0.
Now, for B,, , defined by (3.25), we can write
Wpq(2,Y) |Bmn(fi2,9) — f2,9)]
< Wy, (,y) {|Bmn (f(t,2) = frs(t, 2);2,9)| +
+ B (o6t 2);2,9) — fas(@, )
+fns(@,y) = fla,y)|} =T1 +To + Ts.

p,q

By (3.23), (3.29) and (3.34),
Ty < | Bun (f = frss ), g < Ma(p, @) |f = frsll,
< M3(p,q) w1 (f, Cp,gs h,9),
T3 < wi (f, Chp.q; b, d).
Applying Theorem 3.5 and (3.35) and (3.36), we get

1
Ty < Mis(p,q,z,y) {mg/g ||(fh,6);|| 3/2 H(fh 5)

)

_ 1 4 1
<2M14(p7Qa$ y)W1 (f7 pq7 75) {h' 3/2 +5 3/2}
Consequently there exists M5 = M;5(p, ¢, z,y) such that
w})’q(l’, y) |Bm,n(fa 3372/) - f($>y)‘

1 1
-1 -1
(3.37) < Mis(p, g, 2, y)w (f, Cpgs b ){1+h 5 0 n3/2}’

form,n € N and h,6 > 0. Now, for m,n € N setting h = —= and § = — to (3.37), we obtain (3.32). O
From Theorem 3.6 follows

Corollary 3.3. Let f € C,, 4, p,q € No. Then

(3.38) lim By, (f;z,y) = f(z,y).

m,n—oQ

Moreover (3.38) holds uniformly on every rectangle 0 < = < x4, 0 < y < yo.

Theorem 3.6 in our paper shows that operators B,, »,, m,n € N, give a better degree of approximation of functions
f € C, 4 than the classical Szasz-Mirakyan operator S, ,, (considered in [17] for continuous and bounded functions)
and some other known operators (for example, see [16, 20]).

Acknowledgments. The author is thankful to the reviewer for making valuable suggestions leading to a better
presentation of the paper.
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