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A remark on a theorem of Browder

ABSTRACT.

This work deals with a Browder type theorem, and some of its consequences.We consider (X,Y’) a dual pair
of real normed spaces, C' a weakly closed convex subset of X containing Ox, and L a function from C into Y’
which is monotone, weakly continuous on the line segments in C, and coercive.

In the article ,, Nonlinear monotone operators and convex sets in Banach spaces”, Bull. Amer. Math. Soc., 71 (1965), F.
E. Browder proved the existence of solutions for variational inequalities with such an operator L provided that
X = Eis areflexive Banach space, and Y = E’ is its dual space.

It is the object of this note to remark that a similar result is valid when Y = E is a Banach space (not necessary
reflexive) and X = E’ (for example in the case of the Lebesgue spaces E = L!(T), and E’ = L°(T)). Moreover
we shall show that the Browder’s theorem is a consequence of this result, and we shall also prove a Stampacchia
type theorem.

1. PRELIMINARIES

In this part of the work we present the general setting of our problem, and we sketch
the principal steps of the Minty-Browder technique (in conformity with [1]], and [3]).

Remark 1.1. (i). We denote by (X,Y’) a real dual system, and by (, )y : X x Y — R the
corresponding pairing.

(ii). Unless otherwise explicitly stated we shall consider on X (respectively V) the weak
topology denoted by o(X,Y) (respectively o(Y, X)).

(iii). We assume that I' is a closed, and convex subset of ¥ containing Oy-.

(iv). Let X be a class of functions from I" into X which is closed under translations of X
(i.e. forallz € X,and T' € ¥ the mapping (v — Ty + z) : I' = X is also contained in ¥).

Definition 1.1. For T'a map from I' into X, and z( a point of X we consider the following
systems of inequations:

(1.1) {(T¢— 20,6 —7)x <0} p
(1.2) {(Th, 0 —7)x <0} p
(1.3) {(Ty — 20,7 —d)x 20} v
(1.4) {Ty,y=¢)x > O}VGF

where it is obvious that ¢ is the unknown term.
(i). By Sol(T'; xo) we denote the set of the solutions of the system (1.1)), i.e.

Sol(Ty o) :={p el : (T —x0,¢ —7) <0, forally € '}
In particularly Sol(T;0x) =: Sol(T).
Received: 30.10.2011; In revised form: 05.12.2012; Accepted: 12.12.2012

2010 Mathematics Subject Classification. 47HO05, 47]20, 47H99.
Key words and phrases. Monotone operators, nonlinear inequations, coercive nonlinear operator.

119



120 Corneliu Udrea

(ii). Similarly g’\o/l(T ; ¢o) denotes the set of the solutions in I" of the system , ie.
/S\C)JZ(T;xo) ={pel: (Ty—x0,7y—¢)x >0, forally € I'},
and Sol(T) = Sol(T;0x).

Lemma 1.1. The following assertions are equivalent.
(i). Foreach xy € X, and T € X the set Sol(T'; zy) (respectively Sol(T'; x¢)) is non-empty.

(ii). For each T' € ¥ the set Sol(T') (respectively Sol(T)) is non-empty.
Definition 1.2. (i). If M is a non-empty subset of X x Y such that

(1 — 22,51 —¥y2)x =0
for all (z1,y1), and (x2,y2) of M, then M is called monotone. Moreover if M is maximal
with respect to the inclusion relation, then we say that M is maximal monotone.
(ii). Let T be a function from I into X such that the set G := {(T7,v) : v € T'} is
monotone. Then T is called a monotone operator.
(iii). If T': ' — X is such that
(t—= (T((1 =ty +t72),y)x) : [0,1] = R

is continuous for all v;,v, € I'and y € Y, then we shall say that 7" is (weakly) continuous
on the line segments in T

Remark 1.2. (i). The following classes of functions from I" into X are closed under trans-
lations of X:

{T : T is monotone }, and {7 : T is weakly continuous on the line segments}.

(if). We also remark that if 7" is monotone (respectively weakly continuous on the line
segments) and vy € I, then
T’Yo I = Yo — XaT’Yo(’y) = T(’Y +70)a V7 el'— Yo

is monotone (respectively weakly continuous on the line segments).

Proposition 1.1. (i). For a monotone operator T from I" into X, and a point zo in X, it holds
Sol(T;xg) C Sol(T; xo).
(ii). If T is monotone and weakly continuous on the line segments in I' then
Sol(T; xg) = E'\O/Z(T; Zo)
for every zp € X.

Proposition 1.2. ([1]). Let T' be monotone and weakly continuous on the line segments from I'
into X, and
St :={(z,y) € X xT': vy € Sol(T;x)}.

If Oy is an interior point of T', then St is a maximal monotone subset of X x Y.

Remark 1.3. We consider 7" as in the previous proposition, and we assume that 7y is an
interior point of I'. In view of Remark[I.2}(ii) it follows that S is a maximal monotone
subset of X x Y.

Theorem 1.1. (Minty, [3]). For all real Hilbert space X let us consider the dual system (X, X)
which is defined by the scalar product, and G a maximal monotone subset of X x X. Then for
every n € N* there exists (hy, xn) € G such that h,, + nx, = 0x.
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Definition 1.3. Suppose that (X, || - ||) is a real Banach space, Y = X’ is the topological
dualof X, (-,-) y : X x X’ — Ris the canonical pairing, and 7y € I'. The function 7" from
I' into X is called coercive with respect to vy iff

T _
lim inf 7< 77— 0)x —
€L, | — o0 edl

If 49 = Oy, then T is called coercive.

Proposition 1.3. For T a monotone operator from I into X, and vy € T the following assertions
are equivalent.
(i). The function T is coercive with respect to 7.
(ii). There exists a lower bounded function ¢ : (0, 00) — (—00, 00) such that
lim (1) = oo, and o(|ly =70l) - v =70l < (T, 7 =20)x, V7 €T

T—00

Corollary 1.1. If T is coercive with respect to o € I', and monotone, then, for all xy € X,
Sol(T'; xo) is a bounded subset of X' (hence by the Banach-Alaoglu theorem ([4]) it is a weakly
relatively compact subset of X').

Remark 1.4. It is obvious that the class of the monotone, weakly continuous on the line
segments, and coercive functions from I" into X is closed under the translations of X.

2. A BROWDER TYPE THEOREM AND SOME CONSEQUENCES

From now on (X, | ||) is a real Banach space, X’ is topological dual of X, and (X, X'} is
the corresponding dual system with respect to the canonical pairing (z,z’) = 2/(z) for all
r€Xand ' € X'.

Suppose that I is a convex weakly closed subset of X’ containing 0x/, and T is a func-
tion from I' into X which is monotone, coercive, and weakly continuous on the line seg-
mentsinI"and T0x, = Ox.

Proposition 2.4. ([1]). Suppose that X is a finite dimensional space and X' is spanned by T.
Then for all xo € X the set Sol(T'; z) is non-empty.

Remark 2.5. We shall denote by Sub;X’ the class of all finite dimensional subspaces
of X'/, and for every H € Sub; X’ let vy be a solution in I' N H of the system (1.2) for
(H,H', TN H,T|rny)- Hence

(Tye,YyH—7)x <0, ¥Vye'NH.
Obviously since (T0x/,0x/)x = 0,if HNT = {0x'}, then vz = 0x.
Theorem 2.2. (a Browder type theorem). For all zy € X the set Sol(T’; zo) is non-empty.

Proof. (similar to ([1]). Let F := {yg:H €Sub; X'} (Where vy is as in the previous re-

mark). Since F is contained in the set {y€I': (T"y,7) x <0}, by Corollary [1.1} F is weakly

relatively compact subset of X’, and the weak closure of F (denoted ") is contained in T".
If for all H € Subs X',

A ={yg: E € SubsjX'and E C H},

then Ay is a non-empty weakly relatively compact subset of 7, and for all H;, H, € Sub; X’
such that H; C Hy we have Ay, C Apy,. Moreover since

Am,nm, € A, N Ag,, VHy, Hs € Sube’,
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the family {Xz : H e Suby X' } has the finite intersection property. Therefore by the weak
compactness the sets {ZZ }HeSube/ have at least a common point vy (which is in I').
So that for all H € Sub; X’ in view of Proposition(ii) it follows that
VyeI'NH (Tya,ya —7)x <0 Vyel'nH, (T'y,y—vu)x > 0.
Moreover forall H € Suby X’ andy e I'N H

(Ty,y =) x 20=>Vy e, (Tv,y—7)x >0.
Therefore Sol(T) = Sol(T) # 0. (Proposition (ii)), and Sol(T;zg) # 0 (Lemma (ii)).
O

Corollary 2.2. (Browder’s theorem). Assume that X is a real reflexive Banach space, C' is
a convex closed subset of X containing Ox, and T is a function from C into X' such that it is
monotone, coercive and weakly continuous on the line segments of C. Then

Vay € X', Jeg € C such that {co — ¢, Ty — ) <0, Ve € C.
Proof. If J denotes the canonical linear isometry from X onto X",
:=J(C),andT;:=ToJ !
then we apply Theorem [2.2]to the system (X', X", T, T}). So that
Vay € X', 3y € T such that (Tyvo — 20,70 — 7) x» <0, Vy €T

Since there exists ¢y € C, and, for all v € T, there exists ¢ € C such that Jey = 79, and
Jc = ~ it follows that
(co— e, Teo — () = (Tyvo — 20,7 — V) <0, Ve e C. O

Remark 2.6. Let (X, || - ||) be a real Banach space, I' a non-empty convex weakly closed
subset of X/, and a : I x X’ — R which satisfies the following properties (as in [2]).

(S1). (a). For all v € T the function (z' — a(v,z’)) : X’ — R is a linear weakly
continuous functional.

(b). For all ' € X' the mapping (v — a(v,z)) : I' — R is continuous on the line
segments in I'.

(S2). There exists « € (0,00) and p € (1, c0) such that

a(v,7) = al[v||P, ¥y € I.
(S3). For all 41,72 € T, 71 # 2 we have that
a(yi,71 —72) —al(y2, 11 —2) > 0.

Corollary 2.3. (a Stampacchia type theorem). Under the hypothesis of the previous remark for
all zy € X there exists an element ~yo from I" such that

a(y0,7% — ) < (®o,%0 — V) x, VY €T

Proof. According to the condition (S;).(a) for all v € T there exists an unique element (say
T7) from X such that

a(y,2") = (Tv,2')y, Vo' € X'.
Moreover the mapping 7' : I' — X is weakly continuous on the line segments in I' (in
view of (S1).(b)), is coercive (according to (Sz2)), and monotone (by condition (S3)), hence
we can apply Theorem 2.2 O
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Remark 2.7. (i). The element v, from the previous corollary is unique provided that the
inequality (S3) is strict.

(ii). Suppose that X is a real Hilbert space, and a is a bilinear form in X.

(a). Under the conditions of Remark 2.6} if we assume that a is separately continuous,
then Corollary becornes the Stampacchia’s theorem ([1]], and [5]).

(b). If moreover I' = X, and « is continuous, then the Lax-Milgram theorem follows
from Corollary[2.3|
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