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Some strong differential subordinations using a
differential operator

LORIANA ANDREI and MITROFAN CHOBAN

ABSTRACT. In the present paper we study the operator RDY ,f(2,¢) defined by using the extended
Ruscheweyh derivative R" f(z,() and the extended generalized Sildgean operator DY f(z,(), as RDY |, -
AL = AL RDY f(2,0) = (1 — a)R"f(2,C) + aD} f(z,(), where A7 . = {f € H(U x 0), f(z,¢) =
z4 ant1 ()2 + ..., 2 € U, ¢ € U} is the class of normalized analytic functions with A7} ¢ = Az. We
obtain several strong differential subordinations regarding the extended operator RDY . Some examples are
presented.

1. INTRODUCTION

Complex-valued analytic functions have many nice properties that are not necessarily
true for real-valued functions. One of the basic problems in the geometric function the-
ory is the solution of various extremal problems and the study of certain subclasses of
holomorphic complex-valued functions which are defined by differential subordination,
extremal functional conditions and differential operators. In 1935 G. M. Goluzin initiated
the theory of differential subordination of functions. Then distinct aspects of the subordi-
nations of functions were considered by R. M. Robinson, T. ]. Suffridge, D. J. Hallenbeck,
S.T. Ruscheweyh, S. S. Miller, P. T. Mocanu, J. A. Antonino, S. Romaguera, G. St. Sildgean,
and others (see [13, 10, 11, 1]).

Denote by U = {z € C : |z| < 1} the unit disc of the complex plane, by U = {z € C :
|z| < 1} the closed unit disc of the complex plane and by H(U x U) the class of analytic
functionsin U x U.

Let

we ={f €U xT), f(2,0) =2+a,11 ()" +..., 2€U, (€U},
with Aj. = AZ, where ay, () are holomorphic functions in U for k > 2,and
H*[avnad = {f € H<UXU)7 f(ZaC) :a’+an (C)Zn+an+1 (C)Zn+1+"'7 kAS U? CGU}ﬂ

fora € C and n € N, a;, (¢) are holomorphic functions in U for k > n.

Received: 13.03.2014; In revised form: 11.09.2014; Accepted: 22.09.2014

2010 Mathematics Subject Classification. 30C45, 30A20, 34A40.

Key words and phrases. Strong differential subordination, univalent function, convex function, differential operator,
best dominant, extended generalized Silidgean operator, extended Ruscheweyh derivative.

Corresponding author: Mitrofan Choban; mmchoban@gmail.com

143



144 Andrei Loriana and Mitrofan Choban

Definition 1.1. For A > 0 and m € N the extended generalized Sildgean operator DY* :
At — A7 is defined by:

DYf(z¢) = [f(%0)

DY f(2,0) = (1=NDYf () + Az (DY f (2,0), =
= D\(DYf(2), for z€ U, ¢CcU.

Remark 1.1. If f € A7 and f(2,¢) = 2 + 377, a; (¢) 2/, then
DY f (z,€) zz—&—E;O:Q L+G—1DN a; ()2, forzeU,¢eU.

Definition 1.2. For m € N the extended Ruscheweyh derivative R™ : A7 — A7 is defined
by:

Rf(z¢0) = f(%Q)
le(Z7C) = Zf;(27<)

(m+1)R™f(2,0) = z(R™f(2,0).+mR"f(2,(), z€U, (€U.
Remark 1.2. If f € AZ, f(2,() = 2+ 3_72, a5 (¢) 2/, then

m m+] _1)

R™f (2,0) _z+;7j71)

Definition 1.3. [3] Let &, A > 0, m € N. Denote by RDY’, the operator RDY’,, : A7 — A7
given by

a;j ()7, zeU, ¢eU.

RDY, f(2,¢) = (1 = a)R™ f(2,¢) + aDY' f(2,(), z€U, ¢eU.
Remark 1.3. If f € A7, f(2,¢) = 2 + > 72, a;(¢)27, then

RDTf(2,0) = 2+ X%, {all+ (G = DA™ +(1—a) SH L a,(Q)2 2 € Ui C e T.
This operator was studied also in [4], [5] and [6].

Remark 1.4. For a = 0, RDYf(z,¢) = R™f(2,(), where z € U, { € U and for o = 1,
RDY', f (2,() = DY f (2,(), where z € U, ( € U.

For A\ = 1, we obtain the operator RDT", f (z,¢) = L' f (z,¢) which was studied in [1]
and [2].

Form = 0, RD} . f (2,¢) = (1 —a) Rf (2,¢) + aDS f (2,¢) = f(2.¢) = R°f (2,() =
DY f(2,¢), wherez € U, € U.

Generalizing the notion of differential subordinations, J. A. Antonino and S. Roma-
guera have introduced in [11] the notion of strong differential subordinations, which was
developed by G. I. Oros and Gh. Oros in [15] and [14].

Definition 1.4. (see [15, 14]). Let f(z,¢) and H(z, () be analytic functions in U x U. The
function f(z, ¢) is said to be strongly subordinate to H(z, () if there exists an analytic in U
function w , with w(0) = 0 and |w(z)| < 1, such that f(2,¢) = H(w(z),¢) forall ¢ € U. In
such a case we write f(z,() << H(z,(),2€ U, € U.
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Definition 1.5. (see [10, 11, 15]). Let f(z,¢) and H (2, ¢) be analytic functionsin U x U. The
function f(z, ¢) is said to be strictly subordinate to H (z, ¢) if there exists a function w(z, ¢)
in U x U such that w(0,¢) = 0 and w(z, ¢) is analytic in U for each ¢ € U, |w(z,¢)| < 1 and
f(2,¢) = H(w(z,(),¢) for all (z,{) € U x U. In such a case we write f(z,() < H(z(),
zeU,¢eU.

Remark 1.5. If H (2,{) = H (z) and f (2,{) = f (2), then the strong subordination and

strict subordination becomes the usual notion of subordination f(z) < H(z). Distinct
relations of subordinations in general spaces were examined in [9].

Remark 1.6. If H(z,() = H(z), then the definition of strongly subordination from [11,
10, 15] is similar with the above definition of strictly subordination. In this case from
f(2,¢) << H(z) it follows that f(z,{) = f(z) and f(z) < H(=2).

Remark 1.7. (i) Assume that f(z, () and H(z,() are analyticin UxU. If f(z,¢) << H(z,(),
then f(z,() < H(z,().

(ii) Assume that f(z, () and H(z, () are analyticin U x U and H(z, () is univalent in U
forall ¢ € U. Then f(z,¢) < H(z,¢), z € U, ¢ € U, if and only if f(0,¢) = H(0,¢) and
FU x{¢}) c H{U x {¢}) foreach ¢ € U.

(iii) Assume that f(z,() is analytic in U x U for all ¢ € U and H(z) is analytic and
univalent in U. Then f(z,¢) < H(z), z € U, ¢ € U, if and only if f(0,¢) = H(0) for all
¢(eUand f(U xU) Cc H(U) (see [11, 10]).

There exists functions f(z,¢) and H(z, () such that f(z,¢) < H(z,¢) and f(z,() is not
strongly subordinated to H(z, ().

Example 1.1. Let f(z,() = 2(2 + ¢) and H(z,() = z(4 + ¢?). Then for w(z,¢) = 2(2+ () :
(44 (%) =2z:(2—1iC) (wWherei® =-1) we have f(z,¢) = H(w(z,¢),¢) forall (z,¢) € U x U.
Hence f < H. Since w(z,0) = 271z and w(z,1) = 2z are distinct functions, the relation
f << H is not true.

Example 1.2. Let f(z,{) = 2(2 + ¢) and H(z,{) = 3z. Then w(z,¢) = 372(2 + ().
Since w(z,0) = % and w(z,1) = z are distinct functions, f(z,{) < H(z) and the relation
f(z,¢) << H(z) is not true.

The conditions f(0,¢) = H(0,¢) forall ¢ € U and f(U x U) € H(U x U) are only
necessary for relation f < H.

Example 1.3. Let f(2,¢) = 2(2 + ¢?) and H(z,({) = 2(2 + (). Since U = {¢? : ¢ € U}, we
have f(U x U) = H(U x U). Obviously, f(0,¢) = H(0,¢) = 0 for each ¢ € U. The function
w(z,¢) = 2(2 4 ¢?) : (2 + () is the unique function for which f(z,¢) = H(w(z,¢),(). Since
w(1,—1) = 3 and the function w is continuous, then sup{|w(z, ()| : (2,{) € U x U} > 3.
Hence f is not strictly subordinated to H.

We need the following lemmas to study the strong differential subordinations.
Lemma 1.1. [12] Let g (2, () be a convex function in U x U, for all { € U, and let
h(z,0) = g(2,¢) + nazg.(z,¢), z€U, CeU,
where o > 0 and n is a positive integer. If
p(2:0) = 9(0,0) +pn () 2" +pny1 ()" +..., 2€U, (€T,
is holomorphic in U x U and
p(z,¢) + azpl(2,() << h(z,(), z€U, (€U,
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then
p(2,¢) << g(2,¢), z€U, Cel,

and this result is sharp.
Lemma 1.2. [13] Let h(z, () be a convex function with h (0, ) = a for every ¢ € U and let
v € C* be a complex number with Rey > 0. If p € H*[a,n, (] an

p(z,¢) + ,szz(z () =< h(2,(), 2€U, CeU,

then
where g (z,() = — [ h(t,¢)t= ~dt is convex and it is the best dominant.

2. MAIN RESULTS

Extending the results obtained in [8] and [7] to the class AZ' we obtain the following
theorems:

Theorem 2.1. Let g (z, () be a convex function, g(0,() = 1 and let h be the function h(z,() =

9(2.Q) + 59.(2,0). for 2 € U, € U.
Ifa>0,A>0,6 €N, meN, fe At and satisfies the strong differential subordination

(RDT,af(z,o o

(2.1) . ) (RDY, f(2.0)). << h(2,¢), z€U CeU,

then

z

m 0
(RDMM> <=9(z0), =2€U (€U,

and this result is sharp.
Proof. By using the properties of operator RDY',, we have

(m+j5—1)!

RDY , f( erZ{ IT+G-DAN"+(1-a) ml (G —1)!

}aj(()zj,ZGU,CEU.

™ g 2452 Lo DA™+ (1—a) {mi= D
Consider p(z,¢) = (73’%““2’0) - < G { ol G DN+ e) Ty fes (92 ) for

z € U and ¢ € U. We deduce that p € H*[1,1,(].

Differentiating with respect to z we obtain

m 6—1 !/ —
(BELLEONT (RDY, £(2,0)) = pl20) + $2wl(2,0), 2 € U, C € T
Then (2.1) becomes

p(z,¢) + fzpz(z ¢) << h(2,¢) =g(z,¢) + 59'2(27(), for ze U, CeU.

By using Lemma 1.1, we have
s

W) <=<9(2,(), z€U, ¢eU.

P(2,0) << g(=0), €U, CET, ie. ( -

O
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Theorem 2.2. Let h be a holomorphic function which satisfies the inequality

zh’5 (2,) 7 ==
Re 0+»M@O>>—526U§€U,mdMQQ:LC€U

Ifa>0,A>0,0 € N,meN, f e At and satisfies the strong differential subordination

m -1
(2.2) (W) (RDY, f(z,()); << h(z,¢), =z€U CeU,

z

then s
RD™ f(z, _

(W) << Q(Z7C)a ZEUv CEU7

where q(z,¢) = % [ h(t, ()t ~1dt is convex and it is the best dominant.

25 Jo

Proof. Let p(z,() =

: N
_ (RDY,f(2,0) 8 e + Z;iz {a N+G-DN"+(1—a) %} a;(¢)z?
(o) |
5
B o mg =D
(1+Z{ L4+ G = DN+ (1= a) G a;(¢)z
forze U, eU,peH*1,1,(].
Differentiating with respect to z, we obtain
moopo, 5—1 / _—
(FRLE) T (RDFL (2 Q) =p(=.0) +32pl(2,0), 2 €U, C €T
and (2.2) becomes
1 —
P(.C) + 5714 Q) << h(2,0), 2 €U, CET.
Using Lemma 1.2, we have
p(2,¢) << q(2,¢), z€U, (€U ie.
RD™ ; g z o
(“‘zf(zo) <=<q(z,¢) = Z%/ h(t,O)t°Ydt, z€ U, ¢eU
0
and g is the best dominant. |

Corollary 2.1. Let h(z,¢) = Hffizgz be a convex function in U x U, where 0 < 8 < 1.

Ifa>0,A>0,méeN, f € A} and satisfies the strong differential subordination
RDYf(2.¢) - (RDY,f (2.0))
2
[(RD;’faf (2,0)) }

"

(2.3) 1-— 2z << h(z2,(), z€U CeU,

then
RDY, f (2,C)

: (RDY.f 4g)

where q is given by q(z,¢) = (268 —¢) + (1 + ¢ —2B) l“(lz+z), z € U, ¢ € U. The function q is
convex and it is the best dominant.

<=<q(z,¢), z€U CeU,
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Proof. Following the same steps as in the proof of Theorem and considering p(z,() =
RDX.o I (= ’O), , the strong differential subordination (2.3) becomes

p(=,€) + 2p(2,¢) <= h(z,0) = W

By using Lemma 1.2 for v = 1, we have p(z, () << ¢(z,(), i.e.

, z€U Cel.

PRS0 e = [ he o=
2 (RDYLf (2,0) "
1 1+ (28-)t 1 ? 1+¢—28
;/0 e dt—;/o {(26—0 o }dt
—@s-0+a+c-29) 0T ey cem

O

Theorem 2.3. Let g be a convex function such that g (0, () = 1 and let h be the function h (z,¢) =
9(2,0) +%9.(2¢),2€U,¢eU. Ifa>0,1>0,6>0meN,zcU ¢ecU,fecA;and
the strong differential subordination

51 RDULF(0)
O (D5 0)

2 RDY, f(2,) (RDS’faf(M)); (RDT,Ilf(z,C))/

z z
T aopseo) | FORIGOERTTEG | Y

holds, where z € U, ¢ € U, then
RDY, f (2,¢)

z
(RDFE (2,0))

and this result is sharp.

Proof. For f € A, f(2,¢) = z+ Y32, a;(¢)2? we have

RDY f(z,0) =2+, {a L+ G = DA™ + (1 — ) LoH=E } a;(Q), €U, (€.

Consider p(z,() = z% and we obtain p (z,¢) + 5p., (2,¢) =

_ o1 RDRLS(Q) | 22 RDT.I() (RDY o f(2:0))"
5 (RDYIf(z0)° TS

Relation (2.4) becomes
p(2,C) + %pé(z;() << h(z,¢) = g(z,0) + gz(z (), zeU ¢el.

By using Lemma 1.1, we have

5 <=<9(2,0), z€U, ¢el,

RDnL+1 z, !
1 2 m 2( m+1f( <))Z .
(RDX I G0)T | RPRTEO AR IE0

— . RDY, f (2,¢) —
p(2,() << g(z,(), ze U, (€U, ie. z 5 <=<9(2,(), z€U ¢eU.

(hD3211.0)
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. . . . . . zh'zIQ (2,¢)
Theorem 2.4. Lej h be a holomorphic function which satisfies the inequality Re (lj— R 20 ) >
%,ZEU,CEU,andh((),():1.Ifoz>0,)\20,5>0,m€N,z€U,CGU,fGAZund

satisfies the strong differential subordination
41 RDE.f(=0)

"m0y -.0)

5+

2 RO (50 | (BDRS0) (RDYIGO)

25) = .
25) (RDT;rlf(z7<))2 RDY . f(2.0) RDTFT (2 0)

= <= h(z,0),

2 €U, CeU,then
RDY, f (2,¢)

Z( RDYT(2,0))

where q(z,¢) = 5 [ h(t,{)t° = dt is convex and it is the best dominant.

5 <=<4q(2,), ze€U (eUl,

Proof. Letp(z,() = 2% zeU CelU,pe M 1,1,.
Ao 9

Differentiating with respect to z, we obtain p (z,¢) + %7/, (2,({) =

_ el BDYLFGO | 2 RDYL(O) [(RDT;af(z,o); PN C22) oF (C5) M B

O (RDTEf(20))° " 0 (RDYEf(20))° | BPRaf(2:0) RDY TN f(20) |7 ’
¢ € U, and (2.5) becomes

p(z,¢) + pz(z ¢) =< h(z,(), =z2z€U CeU.
Using Lemma 1.2, we have
p(2,0) =< q(z,¢), 2€U, (€U, ie.
B VALY . %/Zh(t,g)té*dt, zeU, Cel,
(RO f (2.0) “h
and ¢ is the best dominant. O

Theorem 2.5. Let g be a convex function such that g(0, () = 0 and let h be the function h(z, () =

g(Z7C) + %g,/z(zag)7 z € U7 C € U
Ifa>0,2>0,>0meN, fe Az and the strong differential subordination
’ " I\ 2
yo 42 (BDRS (20) o | (RDRS (2:0) [ (RDRaS (2:0)

z
26) 5 RDY.f(s0) 3| RDY.F(s0) RDY £ (50)

<= h(z,¢), 2 € U, ¢ € U, holds, then

(BDg1 (20) ~
z RDT (2 C)Z<<g(z,g), zeU, (eU.

This result is sharp.
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Proof. Letp(z,¢) = % We deduce that p € H*[0,1,(].

Differentiating with respect to z, we obtain

RDY f(2,€)
p(20) + 29, (,0) = 22032 (D% f(ZC)) +5

RD7_f(2.0) RDY_ F(z.0)

ot - (el |
z € U, ¢ € U. Using the notation in (2.6), the strong differential subordination becomes

P Q)+ o0 2,0) << (3 0) = 6(5,) + 29(50), 2 €U, CET.

By using Lemma 1.1, we have

RDY £ (2.0)) _
p(z,¢) << g(2,¢), z€U, €U, ie. 2° (RD}J(Z,O)Z <=g(z(), z€U, CeU,

and this result is sharp. O

Theorem 2.6. Let h be a holomorphic function which satisfies the inequality Re (1 4 20 ) >

< AEXS)
—%,2€U,¢€Uandh(0,() = 0.
Ifa>0,A>0,6>0meN, fe AZ and satisfies the strong differential subordination

2

s (ADR(0) o | (ADR0) ((RDRLI 0))

z
G S TRDEL TGO T | BRI RDY (2.0

<= h(2,¢), 2€ U, ¢ €U, then

(BD.f0) -
< RDSnaf(27<> == q(ZaC)v KAS ) Ce ’

where q(z,¢) = %5 fo (t, )t~ 1dt is convex and it is the best dominant.

Proof. Let p(z,¢) = z2% €U, ¢el,peH0,1,(.

Differentiating with respect to z, we obtain

2z 2642 (RDﬁ\Tfaf(ng)); 23
p(O+5r: (20 =25 i feo - T T

RDY_J(2:0) RDY'_[(2.0)

(RDFW10) ((RD;’faﬂz,c));)Q]
z € U, ¢ €U, and (2.7) becomes
1 _
p(2) + 52l (2 ) << h(z.Q),  z€U, (eU.
Using Lemma 1.2, we have
p(2,¢) << q(2,¢), z€U, (eU, ie

RDY f(z7C)>/ B -
2( A » 7 i 1
? RDY f (2,¢) <=<q(z,¢) = o /O h(t,O)t°"'dt, z€ U, (€U,

and ¢ is the best dominant. O
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Theorem 2.7. Let g be a convex function such that g(0, () = 1 and let h be the function

hz,¢) = g(2,{) + 29.(2,¢), 2 € U, ( € U.
Ifa>0,2>0,meN, fe .AZ and the strong differential subordination

RDf () - (RDY (2,))
(rDg.1 <z,<));r

"

(2.8) 1— 22 << W(2,(), z€U CeU

holds, then
RDY f (2,¢)

- <=<9(2,¢), z€U ¢el.
z (RD}\’faf(z,CD

z

This result is sharp.

Proof. Letp(z,¢) = %. We deduce that p € H*[1,1,(].

Differentiating with respect to z, we obtain
_ RDY.f(2.0)(RDY W f(2:0)) 7,
(o3 0) ]
Using the notation in (2.8), the strong differential subordination becomes
p(2,0) + 2012, Q) <= h(2,¢) = 9(2,¢) + 26(2,C), 2 €U, (€U.
By using Lemma 1.1, we have

1 =p(z,0) +2p,(2,¢),2€U,Cel.

RDY, [ (2,C)
2 (RDR. S (2,0))
and this result is sharp. O

p(2,¢) << g(2,¢), z€U, (€U ie. - ==<9(2,¢),z€U, Cel,

z

Theorem 2.8. Let h be a holomorphic function which satisfies the inequality Re (1 + M) >

- R (2,0)
—3,2€U, (€U, and h(0,¢) = 1.
Ifa>0,A>0,mEeN, f e A; and satisfies the strong differential subordination

RDTf (2.0) - (RDYf (2,0))
(7037 20) ] 2

"

(2.9) 1— 2 << h(2,¢), z€U CeU,

then
RDY, f (2,0)

!/
2 (RDYf(2,0))
where q(z,¢) = 1 foz h(t,¢)dt is convex and it is the best dominant.

z

<=4q(z(), =z€U (e,

RDY z, — %
PT’OOf. Letp(z,() = ﬁ, z e []7 C S U,p eH [17176]

RDY, f(2,0)-(RDY , f(2,0))",
[(rDY, 7(20)) ]

Differentiating with respect to z, we obtain 1 — =p(z() +
2pl, (2,¢), 2 € U, ¢ € U, and (2.9) becomes

p(2,¢) + 20.(2,¢) << h(2,(), =2€U ¢e€U.
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Using Lemma 1.2, we have
p(z,¢) << q(2,¢), 2€U, (€U ie.

RDY, f (2,0)
z (RD}Tfaf (z, Q))

and q is the best dominant. O

P <=0 =1 [ hieQat, 2, T,

z

Corollary 2.2. Let h(z,() = W be a convex function in U x U, where 0 < 8 < 1.

Ifa,N>0,m €N, f € Af and satisfies the strong differential subordination
"
RDYf (2,0) - (RDRf ()

(2.10) 1-— —3 22 << h(z2,(), z€UCeU,
{(Rszaf(z,c))j

then
RDY, f (2,¢)

P (RD;'jaf (z,g));

where q is given by q(z,{) = (26 — () + (1 + ¢ —25) @, z €U, ¢ € U. The function q is
convex and it is the best dominant.

<=<q(z¢), zeU (el,

Proof. Following the same steps as in the proof of Theorem 2.8 and considering p(z, () =

M, the strong differential subordination (2.10) becomes
Z(RDY", f(2,0))

p(z,€) + 2p(2,¢) <= h(z,0) = W

By using Lemma 1.2 for v = 1, we have p(z, () << ¢(z,(), i.e.

BRSO 0= 2 JRSE
2 (DY (2.0)) 2o

1 [fF14+@28-0t, 1 [7 1+4¢—28
2/0 1+t dt_E/o [QB_CH 1+t }dt
In(1+ 2)
z

, z€U Cel.

=268-0+(1+¢—2p) , z€eU Cel.

O

Theorem 2.9. Let g be a convex function such that g(0,¢) = 1 and let h be the function h(z, () =

9(z,¢) +29.(2,(),z€ U, eU.
Ifa>0,A>0,meN, fe AZ and the strong differential subordination

!/ 2 , 1 —_
@11) [(RDLof (2, Q) ] + RDYf (5,0 - (RDYWf (5,0)7, << h(2,Q), 2 €U, (€T
holds, then

/

RDTf (.0) - (RDYA (2,0))

2 2<9(2,¢), zeU CeU.

This result is sharp.
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RDY ., f(2,0)- (RD;"aﬂz 0)

Proof. Letp(z,¢) = =, We deduce that p € H*[1,1,(].
Differentiating w1th respect to z, we obtain

/ " —
[(RD;*faf WM +RDY,f () (RDFuf (), =P (242wl (2,0) 2 € U, C € T
Using the notation in (2.11), the strong differential subordination becomes
P(2:0) + 2pL(2,¢) <= h(2,Q) = g(2,¢) + 26.(2,(), z€U, (€.
By using Lemma 1.1, we have

p(z,0) << 9g(2,¢), z€U CeU ie.

RDYf (2,0) - (RDYLf (2.0)) _
£ <=<y9(z0), =zeU((eU,

z
and this result is sharp. O

Theorem 2.10. Let h be a holomorphic function which satisfies the inequality

5.0 T
Re (1+57050) > 4,2 € U,C € Tand h(0,¢) = 1.

Ifa>0,A>0,meN, f € A? and satisfies the strong differential subordination

(212) [(RDFWf (2:0)] + RDSf (2.0) - (RDuf (.0)", << h(z.0). z€ U, (€T,
then

/

RD,f (:0) - (RDY (2,0))

z2 <<q(2,¢), z€U CelU,

where q(z,() = * fo (t, ¢)dt is convex and it is the best dominant.

RD!YL RD’NL .

Proof. Let p(z,() = —> af{0) ( Lol O) ,zeU CelU,peH*1,1,(.
Differentiating with respect to z, we obtain

"

72
[(RD;ffaf (2, o)z] FRDYf (2,0 (RDEAS (5:)), = (2,042 (2:€) 2 € U C €T,
and (2.12) becomes
p(z,¢) + 2p.(2,¢) << h(2,¢), z€U CeU.
Using Lemma 1.2, we have

p(2,¢) << q(z,¢), z€U, CeU, ie
RDY,f (2.) - (RDY,f (2.0))

z

/!

2 22 (2 0) :i/ozh(t,g‘)dt, 2el, Cel,

and q is the best dominant. O

Corollary 2.3. Let h(z) = w be a convex function in U x U, where 0 < 8 < 1.
Ifa>0,A>0meN, fe AC and satisfies the strong differential subordination

213) [(RDYf (2.0))] + RDuf (.0)- (RDFWf (2:0))!, << h(z.0), z€ U, C€ T,
then

/

RD,f (:0) - (RDY (2,0))

2 <<q(2,¢), =zeU CeU,
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where q is given by q(z,¢) = (28— () + (1 + ¢ —2P) w7 z € U, ¢ € U. The function q is
convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 2.10 and considering p(z, ) =
RDY. f(2:0) (RS0 F(2:0)).

z

=, the strong differential subordination (2.13) becomes

p(2,0) + 20 (2,¢) <= h(z,() = %

By using Lemma 1.2 for v = 1, we have p(z, () << ¢(z,(), i.e.
RDTf (2:0) - (RDof (2,0))

, zeU CeUl.

" <=<q(z() = /ht(
1 [F1+@28-Qt, 1 [ B 1+¢—-281] ,
2/0 1+t dt_Z/O {(25 O+ 14t }dt_
(2570+(1+<—2ﬁ)@7 z€U, (el
and the proof is completed. O

Theorem 2.11. Let g be a convex function such that g(0,() = 1 and let h be the function

hz,¢) = g(2,¢) + 1559.(2,¢), 2 € U, € U.
Ifa>0,2>060€(0,1),meN, fe AZ and the strong differential subordination

(2.14) ( 2 >6RDT,$1f(z,§) (RDm“f(z,C))' 5<RDf\’faf(z,g))

RDY f (2,€) 1-90 RDYTf(2,¢)  RDY,f(2()

!

z

<= h(2,¢), 2 € U, ¢ € U, holds, then

RDYI (2.0) s 5 B
'<RD3’faf<z,<>> <<9(20), zel, (e,

z

This result is sharp.

RDm+1f(Z <) z
Proof. Letp(z,() = Z (RD;";Of(z,C)

Differentiating with respect to z, we obtain

5
) . We deduce that p € H*[1,1,(].

( )5RD;'t:1f<z,o (RDY' (' £(2.0)" _5(RD;’taf(z,<>); _
RDT. 70 1-3 RDY (=) RDY TGO )

p(2,0)+ 5520, (2,(), z € U, ¢ € U. Using the notation in (2.14), the strong differential
subordination becomes

1
Pz )+ 7542 O) <= h(,0) = (=, >+—5 9L(:¢), 2 €U, C €.
By using Lemma 1.1, we have p(z,() << ( ), z€U, ¢eU,ie.
RDYIf (2,6) =
p, RDTa zelU (eU,

and this result is sharp. O
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Theorem 2.12. Let hbea holomorphic function which satisfies the inequality

Re (1 + 2 iz(ch)) >l :eU ¢eUandh(0,0) =1.
Ifa>0,A>0,0€(0,1),m €N, f € At and satisfies the strong differential subordination

( . >“Rpgf;1f<z,g) (Ro3120) . (RDRT (20).
0

(2.15)

RDY, f (2, 1-6 RDYIf(2,C)  RDY,f(%0)

<< h(2,¢), z€ U, €U, then

5
(<)> <=<4q(2,¢), z€UCeU,

z RDY . f (2,
where q(z,() = zl S 0 h(t,¢)t=0dt is convex and it is the best dominant.
Proof. Let p(z,¢) = DY e 120 ( z )5 €U, CelU,peH1,1,(
OOf. et p(z, P RDY_ f(z.0) ) * < ;C y P ) 7C :

Differentiating with respect to z, we obtain

( : )5 RDUT ) (RDXL(=0). o (RDRF(O)
DY F(2,0) 1-6 RDY' T £(2,0) RDY, f(2,0) B

p(2,¢) + 75520, (2,¢), 2 € U, ¢ € U, and (2.15) becomes

1 —
Using Lemma 1.2, we have

p(z,¢) << q(z,¢), z€U, CeU, ie

5
RDYE (2.0) . st _
and g is the best dominant. O

The cases from the following Example indicate the possible applications of the above
results.

Example 2.4. Letm =1, A= 4, @ =2and § = 1. Then:
1. If f(#,() is an analytic function, then
D} ,f(2,0) = =R f(2,0)+2D1 f(2,¢) = =2f'(2,0) +2(3£ (2, Q) + 32£1(2,C)) = f (2, Q).
2. Let f(z,() € A7, g(2,() be a convex function, g(0,() = 1 and h(z,() = g(z,() +
2g.(2,(). Theorem 2.1 affirms that the strong differential subordination f7(z,{) << h(z,(),

(el), implies f(z,() : z << g(%,(), (€2).
In particular:

2.1. For the function f(z,¢) = Zlf 2 and the convex function g(z,() = ffj, we have
h(z,¢) = % and the strong differential subordinations (el) and (e2) are realized by

the function w(z) =z : 2.

2.2. For the function f(z,() = ;=% and the convex function g(z, () = 1=¢; the strong
differential subordinations (el) and (e2) are not true and the strict differential subordi-
nations f](z,() < h(z,¢) and f(z,() : z < g(z,() are realized by the function w(z,() =
Cz.
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3. Let f(2,¢) € AZ, g(2,¢) be a convex function, g(0,¢) = 1 and h(z,() = g(2,() +

1_ GO0

2g.(z,(). Theorem 2.7 affirms that the strong differential subordination 7G0?

h(z,C), (€3), implies =<k - 2 << g(2,C), (e4).

For the functions f(z,() = z — (2% and ¢(2,¢) = ﬁ the strong differential subordina-
tion (e4) is not true. Hence, the strong differential subordination (e3) is not true for the
functions f and g, too. The strict differential subordinations 1 — % < h(z,(Q)

f(z0) ¢z
zfL(2,0) 1-¢z"
Remark 2.8. The above results of that section are true for the relation of the strict subor-
dination <, too. The proofs are similar.

and

< ¢g(z, () are realized by the function w(z, ¢) =
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