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Some strong differential subordinations using a
differential operator

LORIANA ANDREI and MITROFAN CHOBAN

ABSTRACT. In the present paper we study the operator RDnλ,αf(z, ζ) defined by using the extended
Ruscheweyh derivative Rnf(z, ζ) and the extended generalized Sălăgean operator Dnλf(z, ζ), as RDnλ,α :

A∗
ζ → A∗

ζ , RDnλ,αf(z, ζ) = (1 − α)Rnf(z, ζ) + αDnλf(z, ζ), where A∗
nζ = {f ∈ H(U × U), f(z, ζ) =

z + an+1 (ζ) zn+1 + . . . , z ∈ U, ζ ∈ U} is the class of normalized analytic functions with A∗
1ζ = A∗

ζ . We
obtain several strong differential subordinations regarding the extended operator RDnλ,α. Some examples are
presented.

1. INTRODUCTION

Complex-valued analytic functions have many nice properties that are not necessarily
true for real-valued functions. One of the basic problems in the geometric function the-
ory is the solution of various extremal problems and the study of certain subclasses of
holomorphic complex-valued functions which are defined by differential subordination,
extremal functional conditions and differential operators. In 1935 G. M. Goluzin initiated
the theory of differential subordination of functions. Then distinct aspects of the subordi-
nations of functions were considered by R. M. Robinson, T. J. Suffridge, D. J. Hallenbeck,
S. T. Ruscheweyh, S. S. Miller, P. T. Mocanu, J. A. Antonino, S. Romaguera, G. St. Sălăgean,
and others (see [13, 10, 11, 1]).

Denote by U = {z ∈ C : |z| < 1} the unit disc of the complex plane, by U = {z ∈ C :

|z| ≤ 1} the closed unit disc of the complex plane and by H(U × U) the class of analytic
functions in U × U .

Let

A∗nζ = {f ∈ H(U × U), f(z, ζ) = z + an+1 (ζ) z
n+1 + . . . , z ∈ U, ζ ∈ U},

with A∗1ζ = A∗ζ , where ak (ζ) are holomorphic functions in U for k ≥ 2, and

H∗[a, n, ζ] = {f ∈ H(U ×U), f(z, ζ) = a+ an (ζ) z
n + an+1 (ζ) z

n+1 + . . . , z ∈ U, ζ ∈ U},

for a ∈ C and n ∈ N, ak (ζ) are holomorphic functions in U for k ≥ n.
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Definition 1.1. For λ ≥ 0 and m ∈ N the extended generalized Sălăgean operator Dm
λ :

A∗ζ → A∗ζ is defined by:

D0
λf (z, ζ) = f (z, ζ)

D1
λf (z, ζ) = Dλf (z, ζ) = (1− λ) f (z, ζ) + λzf ′z(z, ζ)

· · ·
Dm+1
λ f(z, ζ) = (1− λ)Dm

λ f (z, ζ) + λz (Dm
λ f (z, ζ))

′
z =

= Dλ (D
m
λ f (z, ζ)) , for z ∈ U, ζ ∈ U.

Remark 1.1. If f ∈ A∗ζ and f(z, ζ) = z +
∑∞
j=2 aj (ζ) z

j , then
Dm
λ f (z, ζ) = z +

∑∞
j=2 [1 + (j − 1)λ]

m
aj (ζ) z

j , for z ∈ U, ζ ∈ U .

Definition 1.2. For m ∈ N the extended Ruscheweyh derivative Rm : A∗ζ → A∗ζ is defined
by:

R0f (z, ζ) = f (z, ζ)

R1f (z, ζ) = zf ′z (z, ζ)

...

(m+ 1)Rm+1f (z, ζ) = z (Rmf (z, ζ))
′
z +mRmf (z, ζ) , z ∈ U, ζ ∈ U.

Remark 1.2. If f ∈ A∗ζ , f(z, ζ) = z +
∑∞
j=2 aj (ζ) z

j , then

Rmf (z, ζ) = z +

∞∑
j=2

(m+ j − 1)!

m! (j − 1)!
aj (ζ) z

j , z ∈ U, ζ ∈ U.

Definition 1.3. [3] Let α, λ ≥ 0, m ∈ N. Denote by RDm
λ,α the operator RDm

λ,α : A∗ζ → A∗ζ
given by

RDm
λ,αf(z, ζ) = (1− α)Rmf(z, ζ) + αDm

λ f(z, ζ), z ∈ U, ζ ∈ U.

Remark 1.3. If f ∈ A∗ζ , f(z, ζ) = z +
∑∞
j=2 aj(ζ)z

j , then

RDm
λ,αf(z, ζ) = z +

∑∞
j=2

{
α [1 + (j − 1)λ]

m
+ (1− α) (m+j−1)!

m!(j−1)!

}
aj(ζ)z

j , z ∈ U, ζ ∈ U.
This operator was studied also in [4], [5] and [6].

Remark 1.4. For α = 0, RDm
λ,0f(z, ζ) = Rmf(z, ζ), where z ∈ U, ζ ∈ U and for α = 1,

RDm
λ,1f (z, ζ) = Dm

λ f (z, ζ), where z ∈ U, ζ ∈ U.
For λ = 1, we obtain the operator RDm

1,αf (z, ζ) = Lmα f (z, ζ) which was studied in [1]
and [2].

For m = 0, RD0
λ,αf (z, ζ) = (1− α)R0f (z, ζ) + αD0

λf (z, ζ) = f (z, ζ) = R0f (z, ζ) =

D0
λf (z, ζ), where z ∈ U, ζ ∈ U.

Generalizing the notion of differential subordinations, J. A. Antonino and S. Roma-
guera have introduced in [11] the notion of strong differential subordinations, which was
developed by G. I. Oros and Gh. Oros in [15] and [14].

Definition 1.4. (see [15, 14]). Let f(z, ζ) and H(z, ζ) be analytic functions in U × U . The
function f(z, ζ) is said to be strongly subordinate to H(z, ζ) if there exists an analytic in U
function w , with w(0) = 0 and |w(z)| < 1, such that f(z, ζ) = H(w(z), ζ) for all ζ ∈ U . In
such a case we write f(z, ζ) ≺≺ H(z, ζ), z ∈ U , ζ ∈ U .
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Definition 1.5. (see [10, 11, 15]). Let f(z, ζ) andH(z, ζ) be analytic functions in U×U . The
function f(z, ζ) is said to be strictly subordinate toH(z, ζ) if there exists a function w(z, ζ)
in U ×U such that w(0, ζ) = 0 and w(z, ζ) is analytic in U for each ζ ∈ U , |w(z, ζ)| < 1 and
f(z, ζ) = H(w(z, ζ), ζ) for all (z, ζ) ∈ U × U . In such a case we write f(z, ζ) � H(z, ζ),
z ∈ U , ζ ∈ U.
Remark 1.5. If H (z, ζ) ≡ H (z) and f (z, ζ) ≡ f (z), then the strong subordination and
strict subordination becomes the usual notion of subordination f(z) ≺ H(z). Distinct
relations of subordinations in general spaces were examined in [9].

Remark 1.6. If H(z, ζ) ≡ H(z), then the definition of strongly subordination from [11,
10, 15] is similar with the above definition of strictly subordination. In this case from
f(z, ζ) ≺≺ H(z) it follows that f(z, ζ) ≡ f(z) and f(z) ≺ H(z).

Remark 1.7. (i) Assume that f(z, ζ) andH(z, ζ) are analytic inU×U . If f(z, ζ) ≺≺ H(z, ζ),
then f(z, ζ)� H(z, ζ).

(ii) Assume that f(z, ζ) and H(z, ζ) are analytic in U × U and H(z, ζ) is univalent in U
for all ζ ∈ U . Then f(z, ζ) � H(z, ζ), z ∈ U , ζ ∈ U , if and only if f(0, ζ) = H(0, ζ) and
f(U × {ζ}) ⊂ H(U × {ζ}) for each ζ ∈ U .

(iii) Assume that f(z, ζ) is analytic in U × U for all ζ ∈ U and H(z) is analytic and
univalent in U . Then f(z, ζ) � H(z), z ∈ U , ζ ∈ U , if and only if f(0, ζ) = H(0) for all
ζ ∈ U and f(U × U) ⊂ H(U) (see [11, 10]).

There exists functions f(z, ζ) and H(z, ζ) such that f(z, ζ) � H(z, ζ) and f(z, ζ) is not
strongly subordinated to H(z, ζ).

Example 1.1. Let f(z, ζ) = z(2 + ζ) and H(z, ζ) = z(4 + ζ2). Then for ω(z, ζ) = z(2 + ζ) :
(4 + ζ2) = z : (2− iζ) (where i2 = -1) we have f(z, ζ) = H(w(z, ζ), ζ) for all (z, ζ) ∈ U ×U .
Hence f � H . Since ω(z, 0) = 2−1z and ω(z, 1) = 3

5z are distinct functions, the relation
f ≺≺ H is not true.

Example 1.2. Let f(z, ζ) = z(2 + ζ) and H(z, ζ) = 3z. Then ω(z, ζ) = 3−1z(2 + ζ).
Since ω(z, 0) = 2z

3 and ω(z, 1) = z are distinct functions, f(z, ζ) � H(z) and the relation
f(z, ζ) ≺≺ H(z) is not true.

The conditions f(0, ζ) = H(0, ζ) for all ζ ∈ U and f(U × U) ⊂ H(U × U) are only
necessary for relation f � H .

Example 1.3. Let f(z, ζ) = z(2 + ζ2) and H(z, ζ) = z(2 + ζ). Since U = {ζ2 : ζ ∈ U}, we
have f(U × U) = H(U × U). Obviously, f(0, ζ) = H(0, ζ) = 0 for each ζ ∈ U . The function
ω(z, ζ) = z(2 + ζ2) : (2 + ζ) is the unique function for which f(z, ζ) = H(ω(z, ζ), ζ). Since
ω(1,−1) = 3 and the function ω is continuous, then sup{|ω(z, ζ)| : (z, ζ) ∈ U × U} ≥ 3.
Hence f is not strictly subordinated to H .

We need the following lemmas to study the strong differential subordinations.

Lemma 1.1. [12] Let g (z, ζ) be a convex function in U × U , for all ζ ∈ U, and let

h(z, ζ) = g(z, ζ) + nαzg′z(z, ζ), z ∈ U, ζ ∈ U,
where α > 0 and n is a positive integer. If

p(z, ζ) = g(0, ζ) + pn (ζ) z
n + pn+1 (ζ) z

n+1 + . . . , z ∈ U, ζ ∈ U,
is holomorphic in U × U and

p(z, ζ) + αzp′z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U,
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then
p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U,

and this result is sharp.

Lemma 1.2. [13] Let h (z, ζ) be a convex function with h (0, ζ) = a for every ζ ∈ U and let
γ ∈ C∗ be a complex number with Reγ ≥ 0. If p ∈ H∗[a, n, ζ] and

p (z, ζ) +
1

γ
zp′z (z, ζ) ≺≺ h (z, ζ) , z ∈ U, ζ ∈ U,

then
p (z, ζ) ≺≺ g (z, ζ) ≺≺ h (z, ζ) , z ∈ U, ζ ∈ U,

where g (z, ζ) = γ

nz
γ
n

∫ z
0
h (t, ζ) t

γ
n−1dt is convex and it is the best dominant.

2. MAIN RESULTS

Extending the results obtained in [8] and [7] to the class A∗ζ , we obtain the following
theorems:

Theorem 2.1. Let g (z, ζ) be a convex function, g(0, ζ) = 1 and let h be the function h(z, ζ) =
g(z, ζ) + z

δ g
′
z(z, ζ), for z ∈ U, ζ ∈ U.

If α > 0, λ ≥ 0, δ ∈ N, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

(2.1)
(
RDm

λ,αf(z, ζ)

z

)δ−1 (
RDm

λ,αf(z, ζ)
)′
z
≺≺ h(z, ζ), z ∈ U, ζ ∈ U,

then (
RDm

λ,αf(z, ζ)

z

)δ
≺≺ g(z, ζ), z ∈ U, ζ ∈ U,

and this result is sharp.

Proof. By using the properties of operator RDm
λ,α, we have

RDm
λ,αf(z, ζ) = z+

∞∑
j=2

{
α [1 + (j − 1)λ]

m
+ (1− α) (m+ j − 1)!

m! (j − 1)!

}
aj (ζ) z

j , z ∈ U, ζ ∈ U.

Consider p(z, ζ) =
(
RDmλ,αf(z,ζ)

z

)δ
=

(
z+

∑∞
j=2{α[1+(j−1)λ]m+(1−α) (m+j−1)!

m!(j−1)! }aj(ζ)zj
z

)δ
for

z ∈ U and ζ ∈ U . We deduce that p ∈ H∗[1, 1, ζ].

Differentiating with respect to z we obtain(
RDmλ,αf(z,ζ)

z

)δ−1 (
RDm

λ,αf(z, ζ)
)′
z
= p(z, ζ) + 1

δ zp
′
z(z, ζ), z ∈ U, ζ ∈ U.

Then (2.1) becomes

p(z, ζ) +
1

δ
zp′z(z, ζ) ≺≺ h(z, ζ) = g(z, ζ) +

z

δ
g′z(z, ζ), for z ∈ U, ζ ∈ U.

By using Lemma 1.1, we have

p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U, i.e.
(
RDm

λ,αf(z, ζ)

z

)δ
≺≺ g(z, ζ), z ∈ U, ζ ∈ U.

�
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Theorem 2.2. Let h be a holomorphic function which satisfies the inequality

Re
(
1 +

zh′′
z2

(z,ζ)

h′z(z,ζ)

)
> − 1

2 , z ∈ U, ζ ∈ U, and h(0, ζ) = 1, ζ ∈ U.

If α > 0, λ ≥ 0, δ ∈ N, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

(2.2)
(
RDm

λ,αf(z, ζ)

z

)δ−1 (
RDm

λ,αf(z, ζ)
)′
z
≺≺ h(z, ζ), z ∈ U, ζ ∈ U,

then (
RDm

λ,αf(z, ζ)

z

)δ
≺≺ q(z, ζ), z ∈ U, ζ ∈ U,

where q(z, ζ) = δ
zδ

∫ z
0
h(t, ζ)tδ−1dt is convex and it is the best dominant.

Proof. Let p(z, ζ) =

=

(
RDm

λ,αf(z, ζ)

z

)δ
=

z +∑∞j=2

{
α [1 + (j − 1)λ]

m
+ (1− α) (m+j−1)!

m!(j−1)!

}
aj(ζ)z

j

z

δ

=

1 +

∞∑
j=2

{
α [1 + (j − 1)λ]

m
+ (1− α) (m+ j − 1)!

m! (j − 1)!

}
aj(ζ)z

j−1

δ

for z ∈ U , ζ ∈ U , p ∈ H∗[1, 1, ζ].
Differentiating with respect to z, we obtain(

RDmλ,αf(z,ζ)

z

)δ−1 (
RDm

λ,αf(z, ζ)
)′
z
= p(z, ζ) + 1

δ zp
′
z(z, ζ), z ∈ U, ζ ∈ U

and (2.2) becomes

p(z, ζ) +
1

δ
zp′z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.

Using Lemma 1.2, we have

p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U i.e.(
RDm

λ,αf(z, ζ)

z

)δ
≺≺ q(z, ζ) = δ

zδ

∫ z

0

h(t, ζ)tδ−1dt, z ∈ U, ζ ∈ U

and q is the best dominant. �

Corollary 2.1. Let h(z, ζ) = 1+(2β−ζ)z
1+z be a convex function in U × U , where 0 ≤ β < 1.

If α > 0, λ ≥ 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

(2.3) 1−
RDm

λ,αf (z, ζ) ·
(
RDm

λ,αf (z, ζ)
)′′
zz[(

RDm
λ,αf (z, ζ)

)′
z

]2 ≺≺ h(z, ζ), z ∈ U, ζ ∈ U,

then
RDm

λ,αf (z, ζ)

z
(
RDm

λ,αf (z, ζ)
)′
z

≺≺ q(z, ζ), z ∈ U, ζ ∈ U,

where q is given by q(z, ζ) = (2β − ζ) + (1 + ζ − 2β) ln(1+z)
z , z ∈ U, ζ ∈ U . The function q is

convex and it is the best dominant.
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Proof. Following the same steps as in the proof of Theorem and considering p(z, ζ) =
RDmλ,αf(z,ζ)

z(RDmλ,αf(z,ζ))
′
z

, the strong differential subordination (2.3) becomes

p(z, ζ) + zp′z(z, ζ) ≺≺ h(z, ζ) =
1 + (2β − ζ)z

1 + z
, z ∈ U, ζ ∈ U.

By using Lemma 1.2 for γ = 1, we have p(z, ζ) ≺≺ q(z, ζ), i.e.

RDm
λ,αf (z, ζ)

z
(
RDm

λ,αf (z, ζ)
)′
z

≺≺ q(z, ζ) = 1

z

∫ z

0

h(t, ζ)dt =

1

z

∫ z

0

1 + (2β − ζ)t
1 + t

dt =
1

z

∫ z

0

[
(2β − ζ) + 1 + ζ − 2β

1 + t

]
dt

= (2β − ζ) + (1 + ζ − 2β)
ln (1 + z)

z
, z ∈ U, ζ ∈ U.

�

Theorem 2.3. Let g be a convex function such that g (0, ζ) = 1 and let h be the function h (z, ζ) =
g (z, ζ) + z

δ g
′
z (z, ζ), z ∈ U, ζ ∈ U . If α > 0, λ ≥ 0, δ > 0, m ∈ N, z ∈ U, ζ ∈ U, f ∈ A∗ζ and

the strong differential subordination

z
δ + 1

δ

RDm
λ,αf (z, ζ)(

RDm+1
λ,α f (z, ζ)

)2+

(2.4)
z2

δ

RDm
λ,αf(z, ζ)(

RDm+1
λ,α f(z, ζ)

)2

(
RDm

λ,αf(z, ζ)
)′
z

RDm
λ,αf(z, ζ)

− 2

(
RDm+1

λ,α f(z, ζ)
)′
z

RDm+1
λ,α f(z, ζ)

 ≺≺ h (z, ζ)
holds, where z ∈ U, ζ ∈ U, then

z
RDm

λ,αf (z, ζ)(
RDm+1

λ,α f (z, ζ)
)2 ≺≺ g (z, ζ) , z ∈ U, ζ ∈ U,

and this result is sharp.

Proof. For f ∈ A∗ζ , f(z, ζ) = z +
∑∞
j=2 aj(ζ)z

j we have

RDm
λ,αf(z, ζ) = z +

∑∞
j=2

{
α [1 + (j − 1)λ]

m
+ (1− α) (m+j−1)!

m!(j−1)!

}
aj(ζ)z

j , z ∈ U, ζ ∈ U.

Consider p(z, ζ) = z
RDmλ,αf(z,ζ)

(RDm+1
λ,α f(z,ζ))

2 and we obtain p (z, ζ) + z
δ p
′
z (z, ζ) =

= z δ+1
δ

RDmλ,αf(z,ζ)

(RDm+1
λ,α f(z,ζ))

2 + z2

δ

RDmλ,αf(z,ζ)

(RDm+1
λ,α f(z,ζ))

2

[
(RDmλ,αf(z,ζ))

′
z

RDmλ,αf(z,ζ)
− 2

(RDm+1
λ,α f(z,ζ))

′
z

RDm+1
λ,α f(z,ζ)

]
.

Relation (2.4) becomes

p(z, ζ) +
z

δ
p′z(z, ζ) ≺≺ h(z, ζ) = g(z, ζ) +

z

δ
g′z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.1, we have

p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U, i.e. z
RDm

λ,αf (z, ζ)(
RDm+1

λ,α f (z, ζ)
)2 ≺≺ g(z, ζ), z ∈ U, ζ ∈ U.

�



Some strong differential subordinations 149

Theorem 2.4. Let h be a holomorphic function which satisfies the inequality Re
(
1+

zh′′
z2

(z,ζ)

h′z(z,ζ)

)
>

− 1
2 , z ∈ U, ζ ∈ U, and h(0, ζ) = 1. If α > 0, λ ≥ 0, δ > 0, m ∈ N, z ∈ U, ζ ∈ U, f ∈ A∗ζ and

satisfies the strong differential subordination

z
δ + 1

δ

RDm
λ,αf (z, ζ)(

RDm+1
λ,α f (z, ζ)

)2+

(2.5)
z2

δ

RDm
λ,αf(z, ζ)(

RDm+1
λ,α f(z, ζ)

)2

(
RDm

λ,αf(z, ζ)
)′
z

RDm
λ,αf(z, ζ)

− 2

(
RDm+1

λ,α f(z, ζ)
)′
z

RDm+1
λ,α f(z, ζ)

 ≺≺ h(z, ζ),
z ∈ U, ζ ∈ U, then

z
RDm

λ,αf (z, ζ)(
RDm+1

λ,α f (z, ζ)
)2 ≺≺ q(z, ζ), z ∈ U, ζ ∈ U,

where q(z, ζ) = δ
zδ

∫ z
0
h(t, ζ)tδ−1dt is convex and it is the best dominant.

Proof. Let p(z, ζ) = z
RDmλ,αf(z,ζ)

(RDm+1
λ,α f(z,ζ))

2 , z ∈ U, ζ ∈ U, p ∈ H∗[1, 1, ζ].

Differentiating with respect to z, we obtain p (z, ζ) + z
δ p
′
z (z, ζ) =

= z δ+1
δ

RDmλ,αf(z,ζ)

(RDm+1
λ,α f(z,ζ))

2+
z2

δ

RDmλ,αf(z,ζ)

(RDm+1
λ,α f(z,ζ))

2

[
(RDmλ,αf(z,ζ))

′
z

RDmλ,αf(z,ζ)
− 2

(RDm+1
λ,α f(z,ζ))

′
z

RDm+1
λ,α f(z,ζ)

]
, z ∈ U,

ζ ∈ U, and (2.5) becomes

p(z, ζ) +
z

δ
p′z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.

Using Lemma 1.2, we have

p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U, i.e.

z
RDm

λ,αf (z, ζ)(
RDm+1

λ,α f (z, ζ)
)2 ≺≺ q(z, ζ) = δ

zδ

∫ z

0

h(t, ζ)tδ−1dt, z ∈ U, ζ ∈ U,

and q is the best dominant. �

Theorem 2.5. Let g be a convex function such that g(0, ζ) = 0 and let h be the function h(z, ζ) =
g(z, ζ) + z

δ g
′
z(z, ζ), z ∈ U, ζ ∈ U.

If α > 0, λ ≥ 0, δ > 0, m ∈ N, f ∈ A∗ζ and the strong differential subordination

(2.6) z2
δ + 2

δ

(
RDm

λ,αf (z, ζ)
)′
z

RDm
λ,αf (z, ζ)

+
z3

δ


(
RDm

λ,αf (z, ζ)
)′′
z2

RDm
λ,αf (z, ζ)

−


(
RDm

λ,αf (z, ζ)
)′
z

RDm
λ,αf (z, ζ)


2


≺≺ h(z, ζ), z ∈ U, ζ ∈ U, holds, then

z2

(
RDm

λ,αf (z, ζ)
)′
z

RDm
λ,αf (z, ζ)

≺≺ g(z, ζ), z ∈ U, ζ ∈ U.

This result is sharp.
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Proof. Let p(z, ζ) = z2
(RDmλ,αf(z,ζ))

′
z

RDmλ,αf(z,ζ)
. We deduce that p ∈ H∗[0, 1, ζ].

Differentiating with respect to z, we obtain

p (z, ζ) + z
δ p
′
z (z, ζ) = z2 δ+2

δ

(RDmλ,αf(z,ζ))
′
z

RDmλ,αf(z,ζ)
+ z3

δ

[
(RDmλ,αf(z,ζ))

′′
z2

RDmλ,αf(z,ζ)
−
(
(RDmλ,αf(z,ζ))

′
z

RDmλ,αf(z,ζ)

)2
]
,

z ∈ U, ζ ∈ U. Using the notation in (2.6), the strong differential subordination becomes

p(z, ζ) +
1

δ
zp′z(z, ζ) ≺≺ h(z, ζ) = g(z, ζ) +

z

δ
g′z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.1, we have

p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U, i.e. z2

(
RDm

λ,αf (z, ζ)
)′
z

RDm
λ,αf (z, ζ)

≺≺ g(z, ζ), z ∈ U, ζ ∈ U,

and this result is sharp. �

Theorem 2.6. Let h be a holomorphic function which satisfies the inequality Re
(
1 +

zh′′
z2

(z,ζ)

h′z(z,ζ)

)
>

− 1
2 , z ∈ U, ζ ∈ U and h(0, ζ) = 0.
If α > 0, λ ≥ 0, δ > 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

(2.7) z2
δ + 2

δ

(
RDm

λ,αf (z, ζ)
)′
z

RDm
λ,αf (z, ζ)

+
z3

δ


(
RDm

λ,αf (z, ζ)
)′′
z2

RDm
λ,αf (z, ζ)

−


(
RDm

λ,αf (z, ζ)
)′
z

RDm
λ,αf (z, ζ)


2


≺≺ h(z, ζ), z ∈ U, ζ ∈ U, then

z2

(
RDm

λ,αf (z, ζ)
)′
z

RDm
λ,αf (z, ζ)

≺≺ q(z, ζ), z ∈ U, ζ ∈ U,

where q(z, ζ) = δ
zδ

∫ z
0
h(t, ζ)tδ−1dt is convex and it is the best dominant.

Proof. Let p(z, ζ) = z2
(RDmλ,αf(z,ζ))

′
z

RDmλ,αf(z,ζ)
, z ∈ U, ζ ∈ U, p ∈ H∗[0, 1, ζ].

Differentiating with respect to z, we obtain

p (z, ζ) + z
δ p
′
z (z, ζ) = z2 δ+2

δ

(RDmλ,αf(z,ζ))
′
z

RDmλ,αf(z,ζ)
+ z 3

δ

[
(RDmλ,αf(z,ζ))

′′
z2

RDmλ,αf(z,ζ)
−
(
(RDmλ,αf(z,ζ))

′
z

RDmλ,αf(z,ζ)

)2
]
,

z ∈ U, ζ ∈ U, and (2.7) becomes

p(z) +
1

δ
zp′z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.

Using Lemma 1.2, we have

p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U, i.e.

z2

(
RDm

λ,αf (z, ζ)
)′
z

RDm
λ,αf (z, ζ)

≺≺ q(z, ζ) = δ

zδ

∫ z

0

h(t, ζ)tδ−1dt, z ∈ U, ζ ∈ U,

and q is the best dominant. �
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Theorem 2.7. Let g be a convex function such that g(0, ζ) = 1 and let h be the function
h(z, ζ) = g(z, ζ) + zg′z(z, ζ), z ∈ U, ζ ∈ U.

If α > 0, λ ≥ 0, m ∈ N, f ∈ A∗ζ and the strong differential subordination

(2.8) 1−
RDm

λ,αf (z, ζ) ·
(
RDm

λ,αf (z, ζ)
)′′
zz[(

RDm
λ,αf (z, ζ)

)′
z

]2 ≺≺ h(z, ζ), z ∈ U, ζ ∈ U

holds, then
RDm

λ,αf (z, ζ)

z
(
RDm

λ,αf (z, ζ)
)′
z

≺≺ g(z, ζ), z ∈ U, ζ ∈ U.

This result is sharp.

Proof. Let p(z, ζ) = RDmλ,αf(z,ζ)

z(RDmλ,αf(z,ζ))
′
z

. We deduce that p ∈ H∗[1, 1, ζ].

Differentiating with respect to z, we obtain

1−
RDmλ,αf(z,ζ)·(RD

m
λ,αf(z,ζ))

′′
z2[

(RDmλ,αf(z,ζ))
′
z

]2 = p (z, ζ) + zp′z (z, ζ) , z ∈ U, ζ ∈ U.

Using the notation in (2.8), the strong differential subordination becomes

p(z, ζ) + zp′z(z, ζ) ≺≺ h(z, ζ) = g(z, ζ) + zg′z(z, ζ), z ∈ U , ζ ∈ U.
By using Lemma 1.1, we have

p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U i.e.
RDm

λ,αf (z, ζ)

z
(
RDm

λ,αf (z, ζ)
)′
z

≺≺ g(z, ζ), z ∈ U, ζ ∈ U,

and this result is sharp. �

Theorem 2.8. Let h be a holomorphic function which satisfies the inequality Re
(
1 +

zh′′
z2

(z,ζ)

h′z(z,ζ)

)
>

− 1
2 , z ∈ U, ζ ∈ U, and h(0, ζ) = 1.
If α > 0, λ ≥ 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

(2.9) 1−
RDm

λ,αf (z, ζ) ·
(
RDm

λ,αf (z, ζ)
)′′
zz[(

RDm
λ,αf (z, ζ)

)′
z

]2 ≺≺ h(z, ζ), z ∈ U, ζ ∈ U,

then
RDm

λ,αf (z, ζ)

z
(
RDm

λ,αf (z, ζ)
)′
z

≺≺ q(z, ζ), z ∈ U, ζ ∈ U,

where q(z, ζ) = 1
z

∫ z
0
h(t, ζ)dt is convex and it is the best dominant.

Proof. Let p(z, ζ) = RDmλ,αf(z,ζ)

z(RDmλ,αf(z,ζ))
′
z

, z ∈ U, ζ ∈ U, p ∈ H∗[1, 1, ζ].

Differentiating with respect to z, we obtain 1 −
RDmλ,αf(z,ζ)·(RD

m
λ,αf(z,ζ))

′′
z2[

(RDmλ,αf(z,ζ))
′
z

]2 = p (z, ζ) +

zp′z (z, ζ) , z ∈ U, ζ ∈ U, and (2.9) becomes

p(z, ζ) + zp′z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.
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Using Lemma 1.2, we have

p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U i.e.

RDm
λ,αf (z, ζ)

z
(
RDm

λ,αf (z, ζ)
)′
z

≺≺ q(z, ζ) = 1

z

∫ z

0

h(t, ζ)dt, z ∈ U, ζ ∈ U,

and q is the best dominant. �

Corollary 2.2. Let h(z, ζ) = 1+(2β−ζ)z
1+z be a convex function in U × U , where 0 ≤ β < 1.

If α, λ ≥ 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

(2.10) 1−
RDm

λ,αf (z, ζ) ·
(
RDm

λ,αf (z, ζ)
)′′
zz[(

RDm
λ,αf (z, ζ)

)′
z

]2 ≺≺ h(z, ζ), z ∈ U, ζ ∈ U,

then
RDm

λ,αf (z, ζ)

z
(
RDm

λ,αf (z, ζ)
)′
z

≺≺ q(z, ζ), z ∈ U, ζ ∈ U,

where q is given by q(z, ζ) = (2β − ζ) + (1 + ζ − 2β) ln(1+z)
z , z ∈ U , ζ ∈ U . The function q is

convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 2.8 and considering p(z, ζ) =
RDmλ,αf(z,ζ)

z(RDmλ,αf(z,ζ))
′
z

, the strong differential subordination (2.10) becomes

p(z, ζ) + zp′z(z, ζ) ≺≺ h(z, ζ) =
1 + (2β − ζ)z

1 + z
, z ∈ U, ζ ∈ U.

By using Lemma 1.2 for γ = 1, we have p(z, ζ) ≺≺ q(z, ζ), i.e.

RDm
λ,αf (z, ζ)

z
(
RDm

λ,αf (z, ζ)
)′
z

≺≺ q(z, ζ) = 1

z

∫ z

0

h(t, ζ)dt =

1

z

∫ z

0

1 + (2β − ζ)t
1 + t

dt =
1

z

∫ z

0

[
(2β − ζ) + 1 + ζ − 2β

1 + t

]
dt

= (2β − ζ) + (1 + ζ − 2β)
ln (1 + z)

z
, z ∈ U, ζ ∈ U.

�

Theorem 2.9. Let g be a convex function such that g(0, ζ) = 1 and let h be the function h(z, ζ) =
g(z, ζ) + zg′z(z, ζ), z ∈ U, ζ ∈ U.

If α > 0, λ ≥ 0, m ∈ N, f ∈ A∗ζ and the strong differential subordination

(2.11)
[(
RDm

λ,αf (z, ζ)
)′
z

]2
+RDm

λ,αf (z, ζ) ·
(
RDm

λ,αf (z, ζ)
)′′
zz
≺≺ h(z, ζ), z ∈ U, ζ ∈ U

holds, then

RDm
λ,αf (z, ζ) ·

(
RDm

λ,αf (z, ζ)
)′
z

z
≺≺ g(z, ζ), z ∈ U, ζ ∈ U.

This result is sharp.
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Proof. Let p(z, ζ) =
RDmλ,αf(z,ζ)·(RD

m
λ,αf(z,ζ))

′
z

z . We deduce that p ∈ H∗[1, 1, ζ].
Differentiating with respect to z, we obtain[(
RDm

λ,αf (z, ζ)
)′
z

]2
+RDm

λ,αf (z, ζ)·
(
RDm

λ,αf (z, ζ)
)′′
z2

= p (z, ζ)+zp′z (z, ζ) , z ∈ U, ζ ∈ U.

Using the notation in (2.11), the strong differential subordination becomes

p(z, ζ) + zp′z(z, ζ) ≺≺ h(z, ζ) = g(z, ζ) + zg′z(z, ζ), z ∈ U, ζ ∈ U.
By using Lemma 1.1, we have

p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U i.e.

RDm
λ,αf (z, ζ) ·

(
RDm

λ,αf (z, ζ)
)′
z

z
≺≺ g(z, ζ), z ∈ U, ζ ∈ U,

and this result is sharp. �

Theorem 2.10. Let h be a holomorphic function which satisfies the inequality

Re
(
1 +

zh′′
z2

(z,ζ)

h′z(z,ζ)

)
> − 1

2 , z ∈ U, ζ ∈ U and h(0, ζ) = 1.

If α > 0, λ ≥ 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

(2.12)
[(
RDm

λ,αf (z, ζ)
)′
z

]2
+RDm

λ,αf (z, ζ) ·
(
RDm

λ,αf (z, ζ)
)′′
zz
≺≺ h(z, ζ), z ∈ U, ζ ∈ U,

then
RDm

λ,αf (z, ζ) ·
(
RDm

λ,αf (z, ζ)
)′
z

z
≺≺ q(z, ζ), z ∈ U, ζ ∈ U,

where q(z, ζ) = 1
z

∫ z
0
h(t, ζ)dt is convex and it is the best dominant.

Proof. Let p(z, ζ) =
RDmλ,αf(z,ζ)·(RD

m
λ,αf(z,ζ))

′
z

z , z ∈ U, ζ ∈ U, p ∈ H∗[1, 1, ζ].
Differentiating with respect to z, we obtain[(
RDm

λ,αf (z, ζ)
)′
z

]2
+RDm

λ,αf (z, ζ)·
(
RDm

λ,αf (z, ζ)
)′′
z2

= p (z, ζ)+zp′z (z, ζ) , z ∈ U, ζ ∈ U,

and (2.12) becomes

p(z, ζ) + zp′z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.
Using Lemma 1.2, we have

p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U, i.e.

RDm
λ,αf (z, ζ) ·

(
RDm

λ,αf (z, ζ)
)′
z

z
≺≺ q(z, ζ) = 1

z

∫ z

0

h(t, ζ)dt, z ∈ U, ζ ∈ U,

and q is the best dominant. �

Corollary 2.3. Let h(z) = 1+(2β−ζ)z
1+z be a convex function in U × U , where 0 ≤ β < 1.

If α > 0, λ ≥ 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

(2.13)
[(
RDm

λ,αf (z, ζ)
)′
z

]2
+RDm

λ,αf (z, ζ) ·
(
RDm

λ,αf (z, ζ)
)′′
zz
≺≺ h(z, ζ), z ∈ U, ζ ∈ U,

then
RDm

λ,αf (z, ζ) ·
(
RDm

λ,αf (z, ζ)
)′
z

z
≺≺ q(z, ζ), z ∈ U, ζ ∈ U,
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where q is given by q(z, ζ) = (2β − ζ) + (1 + ζ − 2β) ln(1+z)
z , z ∈ U, ζ ∈ U. The function q is

convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 2.10 and considering p(z, ζ) =
RDmλ,αf(z,ζ)·(RD

m
λ,αf(z,ζ))

′
z

z , the strong differential subordination (2.13) becomes

p(z, ζ) + zp′z(z, ζ) ≺≺ h(z, ζ) =
1 + (2β − ζ)z

1 + z
, z ∈ U, ζ ∈ U.

By using Lemma 1.2 for γ = 1, we have p(z, ζ) ≺≺ q(z, ζ), i.e.

RDm
λ,αf (z, ζ) ·

(
RDm

λ,αf (z, ζ)
)′
z

z
≺≺ q(z, ζ) = 1

z

∫ z

0

h(t, ζ)dt =

1

z

∫ z

0

1 + (2β − ζ)t
1 + t

dt =
1

z

∫ z

0

[
(2β − ζ) + 1 + ζ − 2β

1 + t

]
dt =

(2β − ζ) + (1 + ζ − 2β)
ln (1 + z)

z
, z ∈ U, ζ ∈ U

and the proof is completed. �

Theorem 2.11. Let g be a convex function such that g(0, ζ) = 1 and let h be the function
h(z, ζ) = g(z, ζ) + z

1−δ g
′
z(z, ζ), z ∈ U, ζ ∈ U.

If α > 0, λ ≥ 0, δ ∈ (0, 1), m ∈ N, f ∈ A∗ζ and the strong differential subordination

(2.14)

(
z

RDm
λ,αf (z, ζ)

)δ
RDm+1

λ,α f (z, ζ)

1− δ


(
RDm+1

λ,α f (z, ζ)
)′
z

RDm+1
λ,α f (z, ζ)

− δ

(
RDm

λ,αf (z, ζ)
)′
z

RDm
λ,αf (z, ζ)


≺≺ h(z, ζ), z ∈ U, ζ ∈ U, holds, then

RDm+1
λ,α f (z, ζ)

z
·

(
z

RDm
λ,αf (z, ζ)

)δ
≺≺ g(z, ζ), z ∈ U, ζ ∈ U.

This result is sharp.

Proof. Let p(z, ζ) =
RDm+1

λ,α f(z,ζ)

z ·
(

z
RDmλ,αf(z,ζ)

)δ
. We deduce that p ∈ H∗[1, 1, ζ].

Differentiating with respect to z, we obtain(
z

RDmλ,αf(z,ζ)

)δ RDm+1
λ,α f(z,ζ)

1−δ

(
(RDm+1

λ,α f(z,ζ))
′
z

RDm+1
λ,α f(z)

− δ (
RDmλ,αf(z,ζ))

′
z

RDmλ,αf(z,ζ)

)
=

p (z, ζ)+ 1
1−δ zp

′
z (z, ζ) , z ∈ U, ζ ∈ U. Using the notation in (2.14), the strong differential

subordination becomes

p(z, ζ) +
1

1− δ
zp′z(z, ζ) ≺≺ h(z, ζ) = g(z, ζ) +

z

1− δ
g′z(z, ζ), z ∈ U , ζ ∈ U.

By using Lemma 1.1, we have p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U, i.e.

RDm+1
λ,α f (z, ζ)

z
·

(
z

RDm
λ,αf (z, ζ)

)δ
≺≺ g(z, ζ), z ∈ U, ζ ∈ U,

and this result is sharp. �
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Theorem 2.12. Let h be a holomorphic function which satisfies the inequality

Re
(
1 +

zh′′
z2

(z,ζ)

h′z(z,ζ)

)
> − 1

2 , z ∈ U, ζ ∈ U and h(0, ζ) = 1.

If α > 0, λ ≥ 0, δ ∈ (0, 1) , m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

(2.15)

(
z

RDm
λ,αf (z, ζ)

)δ
RDm+1

λ,α f (z, ζ)

1− δ


(
RDm+1

λ,α f (z, ζ)
)′
z

RDm+1
λ,α f (z, ζ)

− δ

(
RDm

λ,αf (z, ζ)
)′
z

RDm
λ,αf (z, ζ)


≺≺ h(z, ζ), z ∈ U, ζ ∈ U, then

RDm+1
λ,α f (z, ζ)

z
·

(
z

RDm
λ,αf (z, ζ)

)δ
≺≺ q(z, ζ), z ∈ U, ζ ∈ U,

where q(z, ζ) = 1−δ
z1−δ

∫ z
0
h(t, ζ)t−δdt is convex and it is the best dominant.

Proof. Let p(z, ζ) =
RDm+1

λ,α f(z,ζ)

z ·
(

z
RDmλ,αf(z,ζ)

)δ
, z ∈ U, ζ ∈ U, p ∈ H∗[1, 1, ζ].

Differentiating with respect to z, we obtain(
z

RDmλ,αf(z,ζ)

)δ RDm+1
λ,α f(z,ζ)

1−δ

(
(RDm+1

λ,α f(z,ζ))
′
z

RDm+1
λ,α f(z,ζ)

− δ (
RDmλ,αf(z,ζ))

′
z

RDmλ,αf(z,ζ)

)
=

p (z, ζ) + 1
1−δ zp

′
z (z, ζ) , z ∈ U, ζ ∈ U, and (2.15) becomes

p(z, ζ) +
1

1− δ
zp′z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.

Using Lemma 1.2, we have

p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U, i.e.

RDm+1
λ,α f (z, ζ)

z
·

(
z

RDm
λ,αf (z, ζ)

)δ
≺≺ q(z, ζ) = 1− δ

z1−δ

∫ z

0

h(t, ζ)t−δdt, z ∈ U, ζ ∈ U,

and q is the best dominant. �

The cases from the following Example indicate the possible applications of the above
results.

Example 2.4. Let m = 1, λ = 1
2 , α = 2 and δ = 1. Then:

1. If f(z, ζ) is an analytic function, then
RD1

1
2 ,2
f(z, ζ) =−R1f(z, ζ)+2D1

1
2

f(z, ζ) =−zf ′(z, ζ)+2( 12f(z, ζ)+
1
2zf

′
z(z, ζ)) = f(z, ζ).

2. Let f(z, ζ) ∈ A∗ζ , g(z, ζ) be a convex function, g(0, ζ) = 1 and h(z, ζ) = g(z, ζ) +

zg′z(z, ζ). Theorem 2.1 affirms that the strong differential subordination f ′z(z, ζ) ≺≺ h(z, ζ),
(e1), implies f(z, ζ) : z ≺≺ g(z, ζ), (e2).

In particular:

2.1. For the function f(z, ζ) = z−ζ z22
1+ z

2
and the convex function g(z, ζ) = 1−ζz

1+z , we have

h(z, ζ) = 1−ζz(z+2)
(1+z)2 and the strong differential subordinations (e1) and (e2) are realized by

the function ω(z) = z : 2.
2.2. For the function f(z, ζ) = z

1−ζ2z and the convex function g(z, ζ) = 1
1−ζz the strong

differential subordinations (e1) and (e2) are not true and the strict differential subordi-
nations f ′z(z, ζ) � h(z, ζ) and f(z, ζ) : z � g(z, ζ) are realized by the function ω(z, ζ) =
ζz.
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3. Let f(z, ζ) ∈ A∗ζ , g(z, ζ) be a convex function, g(0, ζ) = 1 and h(z, ζ) = g(z, ζ) +

zg′z(z, ζ). Theorem 2.7 affirms that the strong differential subordination 1− f(z,ζ)f
′′(z,ζ)

f ′z(z,ζ)
2 ≺≺

h(z, ζ), (e3), implies f(z,ζ)
zf ′z(z,ζ)

: z ≺≺ g(z, ζ), (e4).
For the functions f(z, ζ) = z − ζz2 and g(z, ζ) = 1

1−ζz the strong differential subordina-
tion (e4) is not true. Hence, the strong differential subordination (e3) is not true for the
functions f and g, too. The strict differential subordinations 1 − f(z,ζ)f ′′zz(z,ζ)

f ′z(z,ζ)
2 � h(z, ζ)

and f(z,ζ)
zf ′z(z,ζ)

� g(z, ζ) are realized by the function ω(z, ζ) = ζz
1−ζz .

Remark 2.8. The above results of that section are true for the relation of the strict subor-
dination�, too. The proofs are similar.
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