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Uniform approximation of functions by Bernstein-Stancu
operators

ADRIAN HOLHOS

ABSTRACT. For the class of bounded and continuous functions on (0, 1) we give a characterization of the
functions which can be uniformly approximated by Bernstein-Stancu operators. We also study the possibility of
uniform approximation of unbounded functions by Bernstein-Stancu operators in weighted spaces with Jacobi
weights.

1. INTRODUCTION

Uniform approximation of continuous functions by using polynomials was a problem
studied by K. Weierstrass [13]. A construction of a sequence of polynomials uniformly
converging to every continuous function defined on the compact [0, 1] was obtained by
S. N. Bernstein [1] in 1912. The operators introduced by Bernstein were generalized in
1969 by D. D. Stancu [10] and now these operators are called Bernstein-Stancu operators.
They are defined by

1) Puaplfr) =3 (Z)xku )by (f‘ji;) e a1
k=0 )

where 0 < a < . For @« = § = 0 we obtain the classical Bernstein operators. They
approximate uniformly every continuous function f defined on the compact [0, 1], i.e.

|Prosf— fll = 31[1p] |Pno.g(f,z) — f(z)] =0, whenn — oo.
z€[0,1

One problem studied in this paper is the following: if we restrict to the class of bounded
and continuous functions defined on (0, 1) does the uniform approximation property of
Bernstein-Stancu operators still hold? It is possible to uniformly approximate sin -? We
give in Theorem 3.1 the characterization of the functions from this class which can be
uniformly approximated by P, o 3.

The second problem studied is whether we can uniformly approximate continuous
and unbounded functions defined on (0, 1) by using Bernstein-Stancu operators. We use
the Jacobi weights p(r) = 2~7(1 — 2)~° with 7,6 > 0 to approximate functions with
singularities located at the endpoints of the interval (0,1). Let B, s be the space of all
functions f: (0,1) — R with the property that there exists a constant M > 0 such that
|f(z)] < Mp(x), for every z € (0, 1)- a space which can be endowed with the norm

I1£ll,5 = sup 27(1—2)°|f(2)l.
(0,1)
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We consider also the subspaces
C,,5(0,1)=C,s ={f € Bys| fiscontinuous on (0,1) }
C, 50,1 ={f € Cy5| f/phas finite limitsatx = 0and x = 1 }

Crsol0 1] = { 1 € C 50, 1] | Tim f(2)/p() = 0 and. Timn f(z)/p(ar) =0 }

This paper is motivated by the article [9], where the author studies the weighted uniform
approximation by a class of Bernstein-type operators using the weight p, but only for
7,6 € (0,1). The author uses K-functionals to estimate the error of approximation. We
will use a different approach. Another article is [12], where the author gave pointwise
approximation results using Bernstein operators.

The main results of this paper for the weighted approximation are Theorems 3.2 and
3.3 and Remark 3.2, which prove that only the functions which belong to C, 5 can be
uniformly approximated. We use in the proof a generalization of the modulus of continu-
ity, which is something “between” the local and the global modulus of continuity. Other
related results were obtained in [2, 5, 6, 7, 8].

2. PRELIMINARIES

The operators P, , 3 have the properties (see [10])

Pn,a,ﬁ(lax) = 13
nr + «a
Pna t,iL’ = ;
a8t ) e
(nz + a)? +nz(l — x)

P”,aﬁ(t2vx) = (n + 5)2

From these relations we easily deduce the relation

— _ 2

where C is a constant independent on = and n.
Denote by py, . the polynomials (})z*(1 — z)" .

for every z € [0, 1],

Lemma 2.1 (Hoeffding's inequalities [4]). Fora € (0,1) and x € (0,1 — a) we have

(2.3) Z Pnk(z) < e2na’
%7w>a

(2.4) Z Pnk(T) < 2672”’0’2,
%fx‘>a

Lemma 2.2. For a > 0, for every = € (0, 1] and for every v > 0, we have

(2.5) Prcs (1, z) <%

tY il
where Co = |y + 1|1(8 + 1)Y max (1,a™7).

Proof. Starting from the inequalities

1 1 1+ 1
- LAyt g < 1 1
k+a_max<,a> P an n+pB<(n+i+1)(B+1),
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which are true for every nonnegative integers k& and ¢, we deduce that
n+ 3 (i+1)(8+ 1) max(1,a™ 1)
Tra < Prtitthrivi(T) - -
Consider m = |v]. Using (2.6) we have

LY B (B
Pas (ﬂ’m) = kzzopn,k(l’) (k+a)™ (k+a)y—m

(2.6) Drti ki (T)

Crp & y=m
< — an+m,k+m(x) ! Ez::__fg,y_m

where Cy, = m!(8+ 1)™ max (1, =L;).

If v — m = 0, then, using the inequality ZZ:O Prtm.k+m(Z) < 1, we obtain inequality
(2.5). Otherwise, v — m € (0,1). Setting p = 1/(y —m) > 1 and considering ¢ > 1 such
that 1/p+ 1/q = 1, we can apply Holder inequality and obtain

1 1
1 C [ n+B8\" " !
Pna ) § n+m m : : n+m m
s, <ﬁ7 1’) o <k§0p +m k+m(T) k+a> kE:OP +m k+m(T)

Applying one more time the inequality (2.6) we get

1 Cpo [ (m+1)(B+ 1) max(1,a™!) <& o
Pn,oz,ﬁ <t,yax> S - <( )(5 ) X( ) an+m+1,k+m+l(z)>

AL T
k=0

which implies (2.5). ]

Remark 2.1. Inspecting, the proof of Lemma 2.2 more carefully, we can notice that the
v
upper bound for P, o 5(t ™7, 2) = > 1_o Pk(T) (%) is

c n =l s om 1=y+1v]
0
e (E pn+m+17k+m+1(z)> (E Prt) -+ (iL’)) :

k=0 k=0

This inequality remains true if the summation is taken on a subset of {0,1,...,n }.

Lemma 2.3. For 8 — o > 0 and for every § > 0 we have

1 C
(2.7) Prog (M’x> < a —1:5)5’ for every x € [0, 1).

where Cy = (B+ 1) max (1, (8 — a)~%) - [§ + 1]L.

Proof. Using the relation

1 1
P ) =Pip-a, =, 1- .
oo () = Proes (01 -7)

we can use the same argument as in the proof of relation (2.5). O

Lemma 2.4. For 0 < a < 3 and for every v, > 0 we have

1 C
P71,,()¢7ﬁ <t’y(1_t)6,fﬂ> S m, for everyl’ S (0, 1)7

where C'is a constant depending only on o, 5,7, 0.
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Proof. Using the Holder inequality for positive linear operators for p = ”’TM and ¢ = VTJ”S
and using the relations (2.5) and (2.7) we obtain the result. O
Corollary 2.1. For every f € C,, s the polynomials P,, o g f belong to C, 5.
Proof.
1Pro(f(8):2)] < Pras([f(0)]:2) < Pras(lfll, 5 (), 2) < ClISIL 5 - pl2)-
U

In the proof of the main results we will use the following moduli of continuity intro-
duced in [11]. Consider the interval I C R, the function f: I — R and the nonempty set
J C I. The modulus of continuity of f with respect to J is defined by

w(f, 1,J,6) =w(f, J,0) = sup [f(t) = f(x)],  6=0.
tléIILEJ

If J = { a } we obtain the local modulus of continuity w(f, a, ). If J = I we obtain the
global modulus of continuity w(f,d).

This modulus has the property of monotony with respect to the set J: if J C J' C I
then w(f, J,0) <w(f,J',9).

3. MAIN RESULTS
Theorem 3.1. If f € Cy o then
| Pn.a,8f — fll = 0, when n — oo
if and only if
fis uniformly continuous on (0, 1).

Proof. Suppose || Pp.a.5f — fl| = 0, when n — co. We prove that f must be uniformly
continuous on (0, 1).

We have (see [3, p. 305]) p}, 1 (z) = n[pn—1k-1(z) — Pn—1,k()]. So,

k+ = k+
naﬁ *nzpn 1,k— 1 <n+g> 7nkzzopnfl,k(x)f (n—l—g)

Because Y ;_, pn.k(z) = 1, we deduce that ‘P{L’aﬁ(f, x)’ < 2n||f|l. Using the properties
of the global modulus of continuity (see [3]) we have

W(f0n) SwW(f = Prapf,0n) + w(Prapf,0n)
<2f- Pn,a,ﬁf” + SUP(; ‘Pn,oc”@(fa t) — Pn,aﬁ(fa )

[t—x|<é,
t,z€(0,1)

SQHf PnozBfH"_(sn S?p ‘ naﬁ f7 )‘SQHf_Pn,a,,BfH+2||f||n6n
ce(0

If we choose the sequence d,, such that J,, - n tends to zero, we deduce from the above
inequality that w(f,d,,) — 0 when n — oco. This proves that f is uniformly continuous on
(0,1).

For the converse part, if f is uniformly continuous on (0, 1) then the one-sided limits
at 0 and 1 exist and so f can be extended to a continuous function on [0, 1] and we can
apply [10, Theorem 2] and deduce that || P,, .3 f — f|| = 0 tends to zero, when n tends to
infinity. O
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Example 3.1. The functions f(z) = sin £ and g(z) = Inz for z € (0, 1) cannot be uniformly
approximated by the Bernstein-Stancu operators in the norm of C .

Theorem 3.2. Forevery f € C., s with the property
lim 27(1 —2)°f(z) =Ly €R\ {0} or
;i_lgﬁ(l —x)0f(x) =4, € R\ {0},
the sequence (|| Pya,8f — fll., 5)n>1 does not tend to zero when n tends to infinity.

Proof. This follows easily from the inequalities:
||Pn,a,ﬁf - f”%é = Ssup x’y(l - 33)(S ‘Pn,a,ﬁ(fu l‘) - f(l‘)‘

z€(0,1)
> lim 27(1 = 2)° |Poas(f,2) — f()| = o] >0,
z—0
||Pn,a,,8f - f”%é Z i1—>rnl :C’y(l - x)é |Pn7a,5<f7 .’1?) - f($)| = |€1| > 0.

O

Remark 3.2. If one of the limits ¢, or ¢; from Theorem 3.2 does not exist, we can apply
lim sup and deduce the imposibility of uniform approximation of such functions.

Theorem 3.3. If v and § are positive real numbers and f € C. 5 is a function having the properties
lim27(1 —2)°f(z) =0 and limz"(1 —z)°f(z) =0,
z—0 r—1
then || Poo,af = [l s = 0, when n — oc.
Proof. We have
HPn,a,Bf - fH'y,(S = Sup x’y<1 - m)é |Pn,a,5<f7 .’1?) - f(m)l < maX(AruBna Cn)a

z€(0,1

where the sequences (4,), (B,,) and (C,,) are defined by
An = Ssup x’y(lfx)é‘Pn,aﬂ(fam) 7f(l’)‘

z€(0,e5)

Bn = sup JZFY(I - l,)é ‘Pn,oc.ﬂ(f’ JE) - f(l‘)‘
z€(en,1—ep)

Cn= sup x’y(l _l‘)g |Pn,a,5(f7x) —f(l‘)|,
z€(l—en,l)

for a suitable sequence (¢,,). We prove that (4,,), (B,,) and (C,,) converge to 0.
Consider the function
v [ —2)°f(x), x€(0,1)
f(”“")_{o, r=0and x = 1.

From the properties of f given in the statement of the theorem we deduce that f* € C/0, 1].
We have

(3.8) A, < sup 27(1—2)°|Poas(fiz)|+ sup 27(1—2)°|f(z)].
z€(0,e5) z€(0,e5)

The second term from the right-hand side of the above inequality can be evaluated using
the local modulus of continuity

sup 27(1—2)°|f(x)] < sup |f*(x) — f*(0)] = w(f*,0,en).
z€(0,e4) z€(0,en)
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This quantity will converge to 0 if we choose (e,,) to be a sequence converging to 0.
The first term of the right-hand side of (3.8) can be evaluated as follows:

N k+« i k+ «
LIEIE yE )+ S s (E55)

k=N+1
k al k
fr <n—i+—g> 'an,k(ﬂﬂ)'P(niZ)
ST Y o) (122

k=0
k=N+1

< max
0<k<N

n k
< s 1@ Paspa) + IS pn,m)p( +O‘)

N n
ze(0,8E5) k=N+1 +8

Using Lemma 2.4 and the Remark 2.1 we get

N+«
(1= 2)°|Ppa <Cowl(f0,——=]+C Sn
1= 0 |Paaaf. ) < Coio (11,0558 ) 4 Clfl 55,
where S, is the product of

ay (A—a)y
n v+s n ~Fs

< Z Pn+m+1,k+m+1($)> < Z Pn+m,k+m($)>

k=N+1 k=N+1

with

n WQTSJ n ~+s
(Z pn+m+1,k(x)> : ( Z pn+m,k($)> )
k=N

k=N+1

where m = |y + 6] and ¢ = v+ § — m. Choosing N = |(n + m)(z + €,) | and using the
relation (2.3) we obtain

n 1—a -
Sn < ( Z pn+m,k(17)> < ( Z pn+m7k(x)) < 672(17a)(n+m)6i.
(

k=N+1 n+m)(x+en)<k<n+m

Choosing n > 2m +  we obtain (N + «) < 3e,(n + (). All these give us the bound for
Ay

An < (30 +1) - w(f*,0,e0) + C || f], 5 - e~ 2D tmes,
If we choose ¢,, € (0, 3) such thate,, — 0 and &2 - n — oo then 4,, — 0, when n — cc.

Next we prove that (C},) is convergent to 0. This can be done using the above argument
and the following representation of Cy:

Cn= sup 27(1—2)|Pasg(f(t),z)— f(z)]

z€(l—ep,l)
= sup (1—y)"Y° |Poas(f(t),1 —y)— f(1—y)
y€(0,en)

s )(1 — )"y’ |Pap—as(9(t),y) — gly)|, whereg(t) = f(1—1).
ye(0,en
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We obtain
Cn <(3C+1) - w(g",0,e,) +Cllgll,, 5 - e—2(1—a)(n+m)e]
<BCHY) - w(f* e +Clfll,s- e~20-a)(ntm)er,

where ¢g*(t) = f*(1 — t). The same conditions on (¢,,) (¢, — 0 and €2 - n — oo) assure that
C,, — 0, when n goes to the infinity.

It remains to prove that (B,,) is convergent to 0. Consider the intervals .J,, = (¢,,1—¢,)
and denote by

M, :wSél}fi 1'7(1—1')5 Z pn,k(x)’f (zig) —f((E)‘
k+ «
e, kta (TL-I—ﬂ) _f(x)‘
g —a|>mn

the middle part and the tail part of B,,. Then, B,, < M,, + T,,.
If we consider (7,,) a sequence converging to 0 such that 7, < ¢, and denote the inter-
vals I, = (e, — N, 1 — € + 1), the inclusion J,, C I, is true. Using the relation

() - ()] < 'ﬁj))' 1p(®) — p(@)] + ple) | L (1) - f<x>\

p p

T, = sup 27(1 — z)° Z Pk ()

we obtain
M, < Hl/P“Jn 15N - w(p, Ins Ty min) + w(f*s Iy Ty 1)

The second term from the right-hand side of the above inequality converges to 0 because
is less than the global modulus of continuity of f* on [0, 1] and because the function f* is
continuous on the compact [0, 1].

The generalized modulus of continuity of p can be evaluated using the Mean Value
Theorem:

Cnn

(€n — Ny )max(1,8)+1"

w(p, In, Jnsn) < M ~max(|p’(€" =)l ‘Pl(l —en+m)]) <

Choosing 7, = emax(1:0)+2 (o obtain that w(p, Iy, Jnymn) — 0 when n — oo and so M,
converges to 0.

It remains to prove that the tail part 7;, converges to 0. We have

nosswaa-of 5 ) ([ (554 1r@)

xz€Jy kta
ﬁfa:|> Mn

n+

= SID M O] (o) RY T SR

zeJ, p(l‘) hta

n+B w|>77n i 1|>1’]n
The inequality ‘ kta _ x‘ > 1, implies | £ — z| > n,, — =%, Using the inequality (2.4) we
obtain ﬁ
_n _B—a\2
S @< Y parle) < e it
|:j—% _x|>77n 7—1|>»,7n ﬁ;a

This converges to 0 if n - 2 tends to 0. But this condition is satisfied if we choose (e,,) to

2 max(vy,0)+4

be a sequence that converges to 0 and ¢, - — 00.
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The inequality ‘fffg - x‘ > 1, implies also ‘n f:m - x) > Ny — fj;oy‘l Using Lemma 2.4
and the Remark 2.1 we obtain as in the evaluation of S,,:
(1—a)s
Y+

1l k+ o
sup 3 > pakl@)p v 5) SOl 3 )
rz€Jy kta ,a:‘ n L71|>n _ B—a
n+h " n+m T n+m

Using the inequality (2.4) we obtain

(1—a)s
v+$
2(1—a)s —a \2
S )| <o)
|ﬁ—$‘>nn,_ f;‘i‘z
and this converges to 0.
We have proved that T, converges to 0 and so the proof is complete. O

Example 3.2. The functions f(z) = sin 2 and g(z) = Inz for z € (0, 1) can be uniformly
approximated by the Bernstein-Stancu operators in the norm of C,, o for an arbitrary v > 0.
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