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Systems of variational relations with lower semicontinuous
set-valued mappings

MIRCEA BALAJ

ABSTRACT. In this paper, we use fixed point techniques to establish existence criteria of the solution for a
system of two variational relations with lower semicontinuous set-valued mappings.

1. INTRODUCTION

In [16], Luc proposed a general model for a large class of problems of optimization and
nonlinear analysis, introducing the concept of variational relation problem. The standard
relations of equality, inequality, inclusion or nonempty intersection are replaced, in Luc’s
paper, with an arbitrary relation between the elements of two or three given sets. This
approach proved to be a powerful tool for studying a wide class of problems in diverse
fields of pure and applied mathematics and for this reason Luc’s problem, as well as
other types of variational relation problems or systems of variational relation problems
have been investigated in many recent papers. Thus, Luc’s problem is studied in locally
G-convex spaces in [10], on Hadamard manifolds in [22], or in absence of convexity in
[17, 23]. Then, by using the Kakutani-Fan-Glicksberg fixed point theorem, Balaj and Lin
obtain in [4] sufficient conditions for the existence of solution of problem (LVRP) when
the variable z is missing. New types of variational relation problems are introduced in
[5], [11], [24], [24].

Recently, Yang [25] studied the existence of solution for the following system of two
variational relations:

(SVRP;) Find (z,7) € X x Y such thatz € S1(%,9), § € S2(Z, ) and

R1(Z,9,71) holds forall z; € S1(Z,7)
Rs(Z,7,22) holds for all z5 € So(Z,7),

when X and Y are compact convex sets in two vector normed spaces, S; : X x Y = X
and S; : X x Y =2 Y are two continuous set-valued mappings with nonempty compact
convex values and Ry (z,y, z1) and Ry(x,y, z2) are closed relations between elements x €
X,y €Y and z; € X and respectively,z € X,y €Y and 2, € Y.

Earlier, Lin and Wang [14] established sufficient conditions for the existence of solution
of (SVRP;) when X and Y are compact convex metrizable subsets of two locally convex
Hausdorff topological vector spaces, and S; and S, are set-valued mappings only in the
variable z (51 (2, y) = S1(2), S2(z, y) = S2(z)).

In concrete problems, relations R; and R, are determined by equalities and inequali-
ties of real functions or by inclusions and intersections of multivalued mappings. Some
typical examples of problems of type (SV RP;), encountered in the literature, are given
bellow:
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(a) Let Z be a topological vector spaceand F1 : X XY x X =2 Z, F» : X xY xY = Z,
C : X =3 Z be set-valued mappings with nonempty values. Problems (I) and (II)
below, called simultaneous generalized vector quasi-equilibrium problems, are
studied in [2], [3], [15].

() Find (Z,y) € X x Y such thatz € S1(Z,9), ¥ € S2(Z,y) and

F1(Z,7,z1) CC(z) holdsforall z; € S1(Z,7)
FQ(CE,]LZQ) - O.’f) holds for all z, € SQ(.TI,:U)

(I) Find (z,79) € X x Y such thatz € S1(Z,7), § € S2(Z,§) and

Fi(Z,9,21)NC(Z) #0 forall z; € S1(Z,7)
Fy(Z,9,20) NC(z) #0  forall z5 € So(Z,7).

(b) Let Z be a topological vector space, fi,fo: X xY - Z,0: X - Z,n:Y = Z
and C' : Z — Z be a set-valued mapping such that for every z € Z, C(z) is a
closed convex cone with nonempty interior. The generalized symmetric quasi-
equilibrium problem consists in finding (Z,7) € X x Y such that 2 € 51(Z,%),
g € S2(z,y) and

{ fi(z1,9) — f1(Z,9) ¢ —int C(n(y)) forall 2y € S1(7,7)
f2(Z, 22) — f2(Z,7) ¢ — int C(0(Z)) forall z5 € S2(Z,7),

and it has been considered in [8], [9], [18].

In all the results established in the papers mentioned above, the set-valued mappings
S1 and S, are either upper semicontinuous, or they have open fibers. To the best of
our knowledge there is no general existence result for problem (SV RP;), when the set-
valued mappings S; and S, are assumed lower semicontinuous (not necessarily with
open fibers). This might have been caused by the fact the lower semicontinuity is more
difficult to study than upper semicontinuity. As we shall see, a major problem consists in
the fact that the intersection of lower semicontinuous mappings need not be lower semi-
continuous.

Our task in this paper is to prove several existence results for a problem more general
than (SV RP; ), which do not involve the upper semicontinuity of S; and Ss, but only the
lower semicontinuity.

For a subset A of a topological vector space, the standard notations cl A and co A
designate respectively the closure and the convex hull of A.

Let us fix the data of this problem: For each index i € {1, 2}, X; is a convex, metrizable
subset of a locally convex Hausdorff topological vector space, Z; is a topological space,
Si Xy x Xo =2 X, Py - X1 x X9 =2 Z; are set-valued mappings with nonempty values.
Furthermore, Ry (21, x2, 21) is a relation between elements z; € X1,22 € X2,21 € Z; and
Ry (2,1, 22) is a relation linking o € X, 21 € X1, 20 € Z,. Consider the the set-valued
mappings G1 : Xo x Z; = X and G2 : Xi X Z = Y defined by

(1 1) Gl(.’lﬁg,zl) = {.’1?1 € Xy Rl(.’lil,mg,zl) hOldS} for all (.%2721) € X9 X 77,
) Gg(l‘l,ZQ) = {l‘g € Xy : R2($2,$1,22) hOldS} for all (.1‘1,2’2) € X1 X Zs.

We associate to R; and Rs two new relations R;, and respectively R,, defined as fol-
lows:

Rl(xl,l'z, 21) holds iff xr1 € cl Gl({EQ, 231)7

RQ(.IQ, X1, 22) holds iff x5 € cl G2($1, 22).

The problem considered in this paper is:
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(SVRP) Find (561, i‘g) € X; x Xosuchthatz; € 5, (.f‘l, .fg), To € Sy (i‘h 532) and

El(fl,f%zl) holds for all 21 € Pl(i'l,fg)
EQ(@Q, Ty, 22) holds for all z5 € Pg(.’fl, ,fg).

2. PRELIMINARIES

We recall here some definitions and known results concerning set-valued mappings. If
X and Y are topological spaces, a set-valued mapping 7' : X =3 Y is said to be: (i) lower
semicontinuous if for every open subset B of Y the set {x € X : T'(z) N B # ()} is open;
(ii) upper semicontinuous if for every open subset B of Y the set {x € X : T(z) C B} is
open; (iii) compact if cl (T'(X)) is a compact setin Y. It is often convenient to characterize
the upper semicontinuity in terms of nets, as in the following lemma:

Lemma 2.1. A set-valued T : X = Y with compact values is upper semicontinuous if and only
if for every net {z,} in X converging to x € X and for any net {y,}, with y, € T(x;), there exist
y € T(x) and a subnet {y,, } of {y:} converging to y. Moreover, when X and Y are metrizable the
above statement remains true if the net {x;} is replaced by a sequence {z,,}.

The following lemmas will be used in the next section.

Lemma 2.2. [21] Let X be a nonempty compact, convex, metrizable subset of a locally convex
Hausdorf{f topological vector space and S : X =3 X be a compact, lower semicontinuous set-valued
mapping with nonempty, closed and convex values. Then S has a fixed point.

Lemma 2.3. [20] Let X and Y be topological spaces and D a closed subset of X. Suppose that
Fy:D =Y and Fy : X 3Y are lower semicontinuous mappings such that Fy(z) C Fy(x) for
all x € D. Then the mapping F : X =Y defined by

_ | Fi(z) ifxeD
F(I){ Fy(z) z'f:ceX\D.

is also lower semicontinuous.

3. MAIN RESULTS

Theorem 3.1. Let X, X2 be convex, metrizable sets, each in a locally convex Hausdorff topo-
logical vector space, Z1, Z2 be topological spaces, S1 : X1 x Xo =% X1, S2 : X1 X Xo = Xo
P Xy x Xo 3 7y, Pyt Xq x Xo =3 Zy be set-valued mappings with nonempty values and
Ri(x1,x9,21), Ro(xe,x1, 22) be relations between elements x; € X;,2; € Z; (i=1, 2). Assume
that for each index i € {1, 2} the following conditions hold:
(i) S; is compact, lower semicontinuous with closed and convex values;
(ii) theset D; = {(x1,x2) € X1 X Xo: ®; € S;(x1,22)} is closed;
(iii) for each (w1, 22) € D3_; there exists u; € S;(x1,x2) such that R;(u;, x3_;, 2;) holds for
all Z; € Pi(l‘l,.’L’Q),'
(iv) relation R; is convex in the first variable;
(V) the set-valued mapping T; : X1 x Xo =% X defined by

Ti(xl,l‘g) = {ui S Si(xl,aa) : El(ui,l‘g_i, ZL) hOldeOT’ all Z; € Pi(ah, Ig)}
is lower semicontinuous.
Then, there exists (T1,T2) € X1 X Xo such that T, € S1(T1,T2), To € S2(T1,T2) and

El(fhfg, 21) I’lOldeOT all z1 € Pl(fl,fz),
Eg(fg,fl, Zg) hOldeOT’ all zy € Pg(fl,fg).
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Proof. Define the set-valued mappings §1 X1 x X9 = X4, §2 1 X1 x Xy =3 Xo by

e _ [ Ti(zi,22)  if (21,22) € D3y
Sl(l'l,l'Q) - { Si(l‘l,.%'g) if (331,.%‘2) € X, x X2\D3_i.

From (iii) and (iv) it follows readily that the values of 7} and 75 are nonempty and
convex. By Lemma 2.3, Sl, Sz are lower semicontinuous and, clearly, their values are
nonempty, closed and convex. By Lemma 2.2, applied to the mapping S = 51 x Sy, there
exists (1‘1,1‘2) € X; x X such that z; € Sl(l‘l,l‘g) To € 52(171,332) Since S ($1,.’L‘2) -
Si(Z1,T2), we have (T1,T2) € D1 N Dy. From T; € T;(T1, ), it follows that R;(Z;, T5—;, 2;)
holds for all z; € P; (fl,fg). Il

In bringing the conclusion of Theorem 3.1 down to more details, let us examine con-
ditions (i)- (iv). Conditions (i) and (ii) are standard. Condition (iii) can be replaced by
another one, of KKM type, as stated in the next proposition. Recall that a set-valued map-
ping @ from a nonempty set Y to a convex subset X of a vector space is said to be gen-
eralized K K M if for every finite set {yo, y1, ..., yn} C Y, there exists {zg,z1,...,2,} € X
such that for each index set I C {0,...,n} one has co{z; :i € I} C |J Q(y;).

i€l

Proposition 3.1. For i € {1, 2}, condition (iii) in Theorem 3. 1 is fulfilled if
(1i") for every (z1,x2) € D3_; and anyﬁmte subset {29, 2},...,2!
a corresponding subset {u,ul, ... of Si(x1,x2) such that for any nonempty set
J CH{0,...,n}and every u; € co{u-z : j € J} one can find some index j € J such that
Ri(ui, w34, 2 1) holds.

zI'} of Pi(x1,x2) there exists

Proof. Let i be a fixed index and (x1,z2) be an arbitrary element of Ds;_;. Define Q :
Pi(x1,22) = Si(z1,22) by
Q(Zz) = {U1 c Si(l'l, ZQ) : R(Ui,l'g_i, Zz) hOldS}

By (#i'), it follows readily that @ is a generalized KKM map. The values of () are compact
since they are closed subsets of the compact cl(S(X)). By [6, Lemma 2.1], there is u; €

N Q(z). Then v; is a point in S;(x1, z2) that satisfies (iii). O
2;€P;(z1,2)

To progress further, we seek now conditions that guarantee the lower semicontinuity
of the set-valued mappings T7;. To this aim, for each i € {1,2} we introduce the set-valued
mappings H;, K; : D3_; = X; defined by,

Hi(xhl'g) = {’LLZ e X;: Ri(u“xg,i?zi) holds for all Z; € P1($17x2)}7
Ki(z1,72) = Si(w1,22) N Hi(21, T2).

Lemma 3.4. Let E be a topological vector space. If { A; }icr is a family of open convex subsets of
E and B is a closed convex set in E such that BN (| A; # 0, then

iel
d(Bn(4:) =Bn() c A
icl icl
Proof. Since BN (1 A; is contained in the closed set BN () <l 4;, (BN N 4;) € BN
i€l i€l iel

m cl Ai-

i€l
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We demonstrate the opposite inclusion. Fix any y € BN (] A;. Givenany z € BN
N clA;, the point zy = Az + (1 — A)y belongs to B, as xszéll as, to every set A, for
0 éEI)\ < 1, hence z), € BN () A;. Since z is the limit of these points z, as A 1 1, it follows
thatz € cl(BN N 4;). “ O
iel
Proposition 3.2. For (z1,x2) € X1 X Xy assume that:

(1) Ki(z1,22) #0;

(if) Ry is open and convex in the first variable.
Then, cl Ki(x1,x2) = T1(21,22).

Proof. If G is the set valued-mapping defined in (1.1), observe that K (x1, z2) = S1(%1,2 )N
N G1(z2,21). By (ii) the sets G (x2, z1) are open and convex. In view of Lemma
z1€P; (z1,22)
1 we have
C1H1($1,$2):Sl($1,$2)ﬁ ﬂ ClGl(JUQ,Zl):

21€P1 (z1,72)

Sl($1,1’2)ﬂ ﬂ {Ul € X, :Rl(ul,xg,zl) hOldS}:Tl(l'l,l’Q).
21€P1 (21,22)

O

As the closure of a lower semicontinuos set-valued mapping is lower semicontinu-
ous [1, Lemma 17.22], in view of Proposition 3.2, T} will be lower semicontinuous on
Dy whenever K; will be so. Since K (z1,22) = Si(z1,22) N Hi(x1,z2) it would be de-
sirable to find conditions such that the intersection of two set-valued mappings should
be lower semicontinuous. In this direction, we observe that in general the intersection
of two lower semicontinuous set-valued mappings is not lower semicontinuous, even if
they have convex values and their intersection is nonempty (see [7], [13]). Thus, from the
lower semicontinuity of the set-valued mappings S; and H;, the lower semicontinuity of
K1, in general, does not follow. However, if we impose additional requirements on the
set-valued mappings S; and P; and on the relation R;, such an implication becomes true.
Below we give an auxiliary result needed in what follows.

Lemma 3.5. [19] If X and Y are Hausdorff topological spaces, S : X =2'Y is lower semicontin-
uous, H : X =Y has open graph and for all x € X, S(x) N H(xz) # 0, then the intersection
set-valued mapping S N H is lower semicontinuous.

Proposition 3.3. If the set-valued mapping P, is upper semicontinuous and relation R, is open,
then Hy has open graph.

Proof. We have to show that the set ( Gr H;)® := Dy x X1 \ Gr Hj is closed in Dy x X.
To this end, let {((z7,2%),u})} be a sequence in ( Gr H;)® converging to ((z1,%2),u1) €
Dy x X;. Then, for each n, there exists 2" € P; (27, 2%) such that R} (u}, 2%, 2}) holds. As
P, is upper semicontinuous with compact values there exist z; € P(z1,22) and a subnet
{2} of {2]'} converging to z;. Since relation R; is closed, Ri(u1,22,21) holds, hence
((1‘1,.1‘2),“1) € (GI‘ Hl)c. O

Combining Theorem 3.1 and Proposition 3.3 we get:
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Theorem 3.2. Assume that for each i € {1, 2}, the data of problem (SV RP) satisfy the following
conditions:

(i) S; is compact, lower semicontinuous with closed and convex values;
(if) P; is upper semicontinuous with compact values;
(111) the set D, = {(33‘1, .1‘2) eXi xXg:x; € Si(arl, IQ)} is closed;
(iv) foreach (x1,x2) € Ds_;, there exists u; € S;(x1,x2) such that R;(u;,x3—;, z;) holds for
all z; € .Pi(l'l,l'g).
(iv) R; is convex in the first variable and open.
Then problem (SV RP) has solution.

Proof. Let i be any of the indices 1, 2. By Proposition 3.3, the set-valued mapping H;
has open graph. By (iv), Si(z1,22) N H(z1,22) # 0 for all (z1,22) € Ds_;. Then, in
view of Lemma 3.5, K; is lower semicontinuous and by Proposition 3.2, T; is also lower
semicontinuous. Note that (iv) implies the condition similarly noted in Theorem 3.1 and
that the convexity of R; in the first variable is inherited by relation R;. The conclusion
follows now from Theorem 3.1. O
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