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Common fixed points of two finite families of
nonexpansive mappings by iterations

HAFIZ FUKHAR-UD-DIN 1,2

ABSTRACT. We study a Mann type iterative scheme for two finite families of nonexpansive mappings and
establish4− convergence and strong convergence theorems. The obtained results are applicable in uniformly
convex Banach spaces (linear domain) and CAT (0) spaces (nonlinear domain) simultaneously.

1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space. A mapping W : X2 × I → X is a convex structure [16] in
X if

d (u,W (x, y, α)) ≤ αd(u, x) + (1− α)d(u, y)
for all u, x, y ∈ X and α ∈ I = [0, 1]. A metric space X together with a convex structure
W is known as convex metric space. A nonempty subset C of a convex metric space X is
convex if W (x, y, α) ∈ C for all x, y ∈ C and α ∈ I.

If X = R (the set of reals), W (x, y, α) = αx + (1 − α)y and define d(x, y) = |x−y|
1+|x−y| for

x, y ∈ R, then X is a convex metric space. It is remarkable that every CAT (0) space is a
convex metric space (see [9] and references therein). To know more about CAT (0) spaces
and convex metric spaces, we refer the reader to [1, 6].

A convex metric space X is a (i) strictly convex if for any x, y ∈ X and α ∈ I, there
exists a unique element z ∈ X such that d(x, z) = (1−α)d(x, y) and d(z, y) = αd(x, y) and
(ii) uniformly convex [15] if for all u, x, y ∈ X, r > 0 and ε ∈ (0, 2], there exists a δ ∈ (0, 1]
such that d

(
W (x, y, 12 ), u

)
≤ (1− δ)r, whenever d(x, u) ≤ r, d(y, u) ≤ r and d(x, y) ≥ εr.

The Ishikawa iterative scheme is a two-step iterative scheme and has been used to
approximate common fixed points of mappings by a number of researchers (see, for ex-
ample, [3, 4, 8, 7, 13]).

Denote by J = {1, 2, 3, ..., N}, the indexing set. To reduce computational cost of a
two-step iterative scheme for two finite families {Sn : n ∈ J} and {Tn : n ∈ J} of non-
expansive mappings on a convex subset C of a Banach space, Khan et al. [10] introduced
the following one-step implicit iterative scheme (see also [14])

(1.1) x0 ∈ K, xn = αnxn−1 + βnTnxn + γnSnxn,

where Sn = Sn(modN) and Tn = Tn(modN), 0 ≤ αn, βn, γn ≤ 1 and satisfy αn+βn+γn = 1.
Explicit iterative scheme has less computational cost and is simpler than an implicit iter-
ative scheme, therefore we suggest and analyze the following iterative scheme

(1.2) xn+1 =W

(
Tnxn,W

(
Snxn, xn,

βn
1− αn

)
, αn

)
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for two finite families {Sn : n ∈ J} and {Tn : n ∈ J} of nonexpansive mappings such that
Sn = Sn(modN), Tn = Tn(modN), 0 < a ≤ αn, βn ≤ b < 1 and αn + βn < 1.

(1.2) is well-defined if X is strictly convex and is equivalent to an analogue of (1.1) in
the Banach space setting.

Let {xn} be a bounded sequence in a metric spaceX . We define a functional r(., {xn}) :
X → R+ by r(x, {xn}) = lim supn→∞ d(x, xn) for all x ∈ X. The asymptotic radius of {xn}
with respect to C ⊆ X is defined as

r({xn}) = inf
x∈C

r (x, {xn}) .

A point y ∈ C is called the asymptotic center of {xn} with respect to C ⊆ X if r(y, {xn}
≤ r(x, {xn}) for all x ∈ C. The set of all asymptotic centers of {xn} is denoted by A({xn}).

It has been shown in [4] that a bounded sequence has a unique asymptotic center with
respect to closed convex subset in a complete and uniformly convex metric space.

A sequence {xn} in (X, d) is Fejér monotone with respect to a subsetC ofX if d(xn+1, x)
≤ d(xn, x) for all x ∈ C. A selfmapping T on a subset C of X is said to be nonexpansive if
d(Tx, Ty) ≤ d(x, y) for all x, y ∈ C. A point x ∈ C is a fixed point of T if Tx = x.

A sequence {xn} in X (i) is an approximate common fixed point sequence for two
finite families {Sn, n ∈ J} and {Tn : n ∈ J} of mappings if limn→∞ d (xn, Slxn) = 0 =
limn→∞ d (xn, Tlxn) , for all l ∈ J (ii)4−converges to x ∈ X if x is the unique asymptotic
center of {un} for every subsequence {un} of {xn}[11]. In this case, we write x as4−limit
of {xn}, i.e., 4− limn xn = x.

It has been shown that 4−convergence coincides with weak convergence in Banach
spaces with Opial’s property[12]. Moreover, the two concepts share many useful proper-
ties. Inspired and motivated by the work of Khan et al. [10], we approximate common
fixed points of two finite families of nonexpansive mappings by the iterative scheme (1.2)
in a convex metric space.

For the development of our main results, some key results are listed below.

Lemma 1.1. ([4]) Let C be a nonempty closed convex subset of a uniformly convex metric space
and {xn} a bounded sequence in C such that A({xn}) = {y}. If {ym} is another sequence in C
such that limm→∞ r(ym, {xn}) = ρ (a real number), then limm→∞ ym = y.

Lemma 1.2. ([5]) Let X be a uniformly convex metric spac with continuous convex structure
W. Let x ∈ X and {an} be a sequence in [b, c] for some b, c ∈ (0, 1). If {wn} and {zn} are
sequences in X such that lim supn−→∞ d(wn, x) ≤ r, lim supn−→∞ d(zn, x) ≤ r and
limn−→∞ d(W (wn, zn, an), x) = r for some r ≥ 0, then limn→∞ d(wn, zn) = 0.

Lemma 1.3. ([2]) Let C be a nonempty closed subset of a complete metric space X and {xn} be
Fejér monotone sequence with respect to C. Then {xn} converges to some x ∈ C if and only if
limn→∞ d(xn, C) = 0,where d(xn, C) = infy∈C d(xn, y).

From now onwards, for finite families {Tn : n ∈ J} and {Sn : n ∈ J} of nonexpansive
mappings on C, we set F = ∩i∈J (F (Ti) ∩ F (Si)) 6= ∅.

2. MAIN RESULTS

First of all, we prove a pair of lemmas which play key role in the proof of our main
theorems.
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Lemma 2.4. Let C be a closed and convex subset of a convex metric space X and let {Ti : i ∈ I}
and {Si : i ∈ I} be two finite families of nonexpansive mappings on C such that F 6= ∅. Then for
the sequence {xn} in (1.2), we have that
(i) {xn} is Fejér monotone with respect to F
(ii) limn→∞ d(xn, p) exists for each p ∈ F and
(iii) limn→∞ d(xn, F ) exists.

Proof. For p ∈ F, it follows from (1.2) that

d (xn+1, p) = d

(
W

(
Tnxn,W

(
Snxn, xn,

βn
1− αn

)
, αn

)
, p

)
≤ αnd (Tnxn, p) + (1− αn)d

(
W

(
Snxn, xn,

βn
1− αn

)
, p

)
≤ αnd (Tnxn, p) + βnd(Snxn, p) + (1− αn − βn)d(xn, p)
≤ αnd (xn, p) + βnd(xn, p) + (1− αn − βn)d(xn, p)
= d(xn, p)

This proves that (i) {xn} is Fejér monotone with respect to F and (ii) limn→∞ d(xn, p) exists for
each p ∈ F. From infp∈F d (xn+1, p) ≤ infp∈F d (xn, p) , it follows that (iii) limn→∞ d(xn, F )
exists. �

Lemma 2.5. Let C be a closed and convex subset of a uniformly convex metric space X.Then the
sequence {xn} in (1.2) is an approximate common fixed point sequence for the families {Sn, n ∈ J}
and {Tn : n ∈ J} of nonexpansive mappings on C.

Proof. To establish the result, we have to show that

lim
n→∞

d (xn, Slxn) = 0 = lim
n→∞

d (xn, Tlxn) , for all l ∈ J.

From Lemma 2.4, we have that limn→∞ d(xn, p) exists for each p ∈ F .
Assume that limn→∞ d(xn, p)=c. The result is trivial if c=0. If c>0, then limn→∞ d(xn, p)=
c can be written as

(2.3) lim
n→∞

d

(
W

(
Tnxn,W

(
Snxn, xn,

βn
1− αn

)
, αn

)
, p

)
= c

Since Tn is nonexpansive, we have d(Tnxn, p) ≤ d(xn, p) for each p ∈ F. Taking lim sup on
both sides, we obtain lim supn→∞ d(Tnxn, p) ≤ c.

Note that

d

(
W

(
Snxn, xn,

βn
1− αn

)
, p

)
≤ βn

1− αn
d(Snxn, p) +

(
1− βn

1− αn

)
d(xn, p)

≤ βn
1− αn

d(xn, p) +

(
1− βn

1− αn

)
d(xn, p)

≤ βn
1− αn

d(xn, p) +

(
1− βn

1− αn

)
d(xn, p)

= d(xn, p).

Therefore

(2.4) lim sup
n→∞

d

(
W

(
Snxn, xn,

βn
1− αn

)
, p

)
≤ c.
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Taking x = p, r = c, an = αn, wn = Tnxn, zn = W
(
Snxn, xn,

βn

1−αn

)
in Lemma 1.2 and

using (2.3) and (2.4), we get

(2.5) lim
n→∞

d

(
Tnxn,W

(
Snxn, xn,

βn
1− αn

))
= 0.

Observe that

d(xn+1, Tnxn) = d

(
W

(
Tnxn,W

(
Snxn, xn,

βn
1− αn

)
, αn

)
, Tnxn

)
≤ (1− αn)d

(
W

(
Snxn, xn,

βn
1− αn

)
, Tnxn

)
≤ (1− a)d

(
W

(
Snxn, xn,

βn
1− αn

)
, Tnxn

)
.

Taking lim sup on both sides in the above inequality and using (2.5), we have

(2.6) lim
n→∞

d(xn+1, Tnxn) = 0.

Moreover by triangular inequality,

d(xn+1, p) = d (xn+1, Tnxn) + d

(
Tnxn,W

(
Snxn, xn,

βn
1− αn

))
+d

(
W

(
Snxn, xn,

βn
1− αn

)
, p

)
.

Taking lim inf on both sides of the above estimate and then utilizing (2.5)-(2.6), we have

(2.7) c ≤ lim inf
n→∞

d

(
W

(
Snxn, xn,

βn
1− αn

)
, p

)
.

Combining (2.4) and (2.7), we get

(2.8) lim
n→∞

d

(
W

(
Snxn, xn,

βn
1− αn

)
, p

)
= c.

By Lemma 1.2 (with x = p, r = c, an = βn

1−αn
, wn = Snxn, zn = xn) and (2.8), we get

(2.9) lim
n→∞

d(xn, Snxn) = 0.

Note that

d(xn+1, xn) ≤ d

(
W

(
Tnxn,W

(
Snxn, xn,

βn
1− αn

)
, αn

)
, xn

)
≤ αnd(Tnxn, xn) + (1− αn) d

(
W

(
Snxn, xn,

βn
1− αn

)
, xn

)
≤ αnd (Tnxn, xn) + βnd (Snxn, xn)

≤ αn {d (xn+1, Tnxn) + d (xn+1, xn)}+ βnd (Snxn, xn) .

Re-arranging the terms in the above inequality, we have

d(xn+1, xn) ≤ αn
1− αn

d (xn+1, Tnxn) + βnd (Snxn, xn)

≤ b

1− b
d (xn+1, Tnxn) + bd (Snxn, xn) .
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Taking lim sup on both sides in the above inequality and then using (2.6) and (2.9), we
have

(2.10) lim
n→∞

d(xn+1, xn) = 0.

For each l < N, the inequality

d(xn, xn+l) ≤ d(xn, xn+1) + d(xn+1, xn+2) + ...+ d(xn+l−1, xn+l)

and (2.10) provide that

(2.11) lim
n→∞

d(xn, xn+l) = 0 for each l < N.

Since d(xn, Tnxn) ≤ d(xn, xn+1) + d(xn+1, Tnxn), therefore it follows that

(2.12) lim
n→∞

d(xn, Tnxn) = 0.

Since

d(xn, Sn+lxn) ≤ d(xn, xn+l) + d(xn+l, Sn+lxn+l) + d(Sn+lxn+l, Sn+lxn)

≤ 2d(xn, xn+l) + d(xn+l, Sn+lxn+l),

therefore by lim sup on both sides in the above inequality and then using (2.9) and (2.11),
we get that

lim
n→∞

d(xn, Sn+lxn) = 0 for each l ∈ J.

Similarly, we have

lim
n→∞

d(xn, Tn+lxn) = 0 for each l ∈ J.

Since for each l ∈ J, the sequence {d(xn, Slxn)} is a subsequence of
∪Nl=1{d(xn, Sn+lxn)} and limn→∞ d(xn, Sn+lxn) = 0 for each l ∈ J, therefore

lim
n→∞

d(xn, Slxn) = 0 = lim
n→∞

d(xn, Tlxn) for each l ∈ J.

�

The following is our4−convergence result through the iterative scheme(1.2).

Theorem 2.1. Let C be a closed and convex subset of a uniformly convex metric space X and let
{Tn : n ∈ J} and {Sn : n ∈ J} be two finite families of nonexpansive mappings of C such that
F 6= ∅. Then the sequence {xn} in (1.2),4−converges to an element of F.

Proof. It follows from Lemma 2.4 that {xn} is bounded. Therefore {xn} has a unique
asymptotic centre, that is, A({xn})= {x}. Let {un} be any subsequence of {xn} such that
A({un}) = {u}. Then by Lemma 2.5, we have limn→∞ d(un, Tlun)=0=limn→∞ d(un, Slun)
for each l ∈ J.We claim that u is the common fixed point of {Tn : n ∈ J} and {Sn : n ∈ J}.
Now, we define a sequence {zm} in C by zm = Tmu, where Tm = Tm(modN).
Observe that

d(zm, un) ≤ d(Tmu, Tmun) + d(Tmun, Tm−1un) + ...+ d(Tun, un)

≤ d(u, un) +

m−1∑
i=1

d(un, Tiun).

Therefore, we have

r(zm, {un}) = lim sup
n→∞

d(zm, un) ≤ lim sup
n→∞

d(u, un) = r(u, {un}).
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This implies that |r(zm, {un})− r(u, {un})| → 0 as m → ∞. It follows from Lemma 1.1
that Tmu = u. Hence u is the common fixed point of {Tn : n ∈ J}. Similarly, we can show
that u is the common fixed point of {Si : i ∈ J}. Hence u ∈ F. Suppose x 6= u. Since
limn→∞ d(xn, u) exists (by Lemma 2.4), so the uniqueness of asymptotic centre gives

lim sup
n→∞

d(un, u) < lim sup
n→∞

d(un, x)

≤ lim sup
n→∞

d(xn, x)

< lim sup
n→∞

d(xn, u)

= lim sup
n→∞

d(un, u),

which is a contradiction. Hence x = u. Therefore, A({un}) = {u} for all subsequences
{un} of {xn}. This proves that {xn},4−converges to a common fixed point of {Tn :n∈J}
and {Sn : n ∈ J}. �

We give a necessary and sufficient condition for strong convergence of the iterative
scheme (1.2) in the following result.

Theorem 2.2. Let C be a closed and convex subset of a complete convex metric space X and
let {Tn : n ∈ J} and {Sn : n ∈ J} be two finite families of nonexpansive mappings of C
such that F 6= ∅. Then the sequence {xn} in (1.2), converges strongly to p ∈ F if and only if
lim infn→∞ d(xn, F ) = 0.

Proof. It follows from Lemma 2.4 that {xn} is Fejér monotone with respect to F and
limn→∞ d(xn, F ) exists. Moreover, F is a closed subset of X. Hence, the result follows
from Lemma 1.3. �

Recall that a mapping T : C → C is semi-compact if any bounded sequence {xn} satis-
fying d(xn, Txn)→ 0 as n→∞, has a convergent subsequence. Let f be a nondecreasing
mapping on [0,∞) with f(0) = 0 and f(t) > 0 for all t ∈ (0,∞). Let {Tn : n ∈ J} and
{Sn : n ∈ J} be finite families of nonexpansive mappings on C with F 6= ∅. Then the two
families are said to satisfy condition (A) if

d (x, Tx) ≥ f(d(x, F )) or d (x, Sx) ≥ f(d(x, F )) for all x ∈ C,

holds for at least one T ∈ {Tn : n ∈ J} or one S ∈ {Sn : n ∈ J}.
The statement in the following remark follows easily from Lemma 2.5.

Remark 2.1. IfC is a closed and convex subset of a complete and uniformly convex metric
space X and {Tn : n ∈ J} and {Sn : n ∈ J} are two finite families of nonexpansive
mappings on C such that F 6= ∅. Suppose that at least one T ∈ {Tn : n ∈ J} or one
S ∈ {Sn : n ∈ J} satisfies condition (A) (or is semi-compact), then the sequence {xn} in
(1.2), converges strongly to an element of F.

Remark 2.2. Our results hold in Banach spaces and CAT (0) spaces simultaneously.
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