
CARPATHIAN J. MATH.
31 (2015), No. 3, 333 -337

Online version available at http://carpathian.ubm.ro

Print Edition: ISSN 1584 - 2851 Online Edition: ISSN 1843 - 4401

On a generalized coupled fixed point theorem in C[0, 1] and
its application to a class of coupled systems of
functional-integral equations

J. HARJANI, J. ROCHA and K. SADARANGANI

ABSTRACT. In this paper, we present a result about the existence of a generalized coupled fixed point in the
space C[0, 1]. Moreover, as an application of the result, we study the problem of existence and uniqueness of
solution in C[0, 1] for a general system of nonlinear functional-integral equations with maximum.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is a very important tool in nonlinear analysis. Its significance lies
in the vast applicability in a great number of branches of mathematics and other sciences.
The Banach contraction mapping principle is the pivotal result in this theory. General-
izations of the above principle has been an important branch of research. Particularly,
one of these generalization uses the comparison functions. These functions are defined as
functions ϕ : R+ → R+ satisfying that ϕ is increasing and ϕn(t) → 0 for t > 0, where ϕn

denotes the n-iteration of ϕ.
The above mentioned result is the following [2, 5].

Theorem 1.1. Let (X, d) be a complete metric space and let T : X → X be a mapping such that

d(Tx, Ty) ≤ φ(d(x, y)) , for any x, y ∈ X ,

where φ is a comparison function. Then T has a unique fixed point.

In this paper, we will work with the space C[0, 1] which denotes the set of all real func-
tions defined and continuous on the interval [0, 1]. In C[0, 1], we consider the usual dis-
tance defined by

d(x, y) = sup{|x(t)− y(t)| : t ∈ [0, 1]} for any x, y ∈ C[0, 1] .

For x ∈ C[0, 1], we define the function Hx on [0, 1] by

(Hx)(t) = max
0≤τ≤t

|x(τ)| for t ∈ I .

In [3] it is proved the following result.

Lemma 1.1. Suppose that x, y ∈ C[0, 1] then
(i) Hx ∈ C[0, 1].

(ii) d(Hx,Hy) ≤ d(x, y).
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The aim purpose of this paper is to present a result about of the existence and unique-
ness of a generalized coupled fixed point in C[0, 1] and, as application, to study the exis-
tence and uniqueness of solutions in C[0, 1] of the following coupled system of functional-
integral equations with maximum

(1.1)


x(t) = f(t, x(t), y(t),

∫ t

0

g(s, x(s), y(s))ds)

y(t) = f(t, (Hx)(t), (Hy)(t),

∫ t

0

g(s, (Hx)(s), (Hy)(s))ds)

with t ∈ [0, 1].
The main ingredient used in the paper is Theorem 1.1.

2. GENERALIZED COUPLED FIXED POINT THEOREM

We start this section with the following definition.

Definition 2.1. An element (x, y) ∈ C[0, 1] × C[0, 1] is called a generalized coupled fixed
point of a mapping G : C[0, 1]× C[0, 1]→ C[0, 1] if G(x, y) = x and G(Hx,Hy) = y.

The next theorem is the main result of the paper and it gives us a sufficient condition
for the existence and uniqueness of a generalized coupled fixed point.

Theorem 2.2. Suppose that G : C[0, 1]× C[0, 1]→ C[0, 1] is a mapping satisfying

d(G(x, y), G(u, v)) ≤ φ(max(d(x, u), d(y, v))) , for any x, y, u, v ∈ C[0, 1] ,(2.2)

where φ is a comparison function.
Then G has a unique generalized coupled fixed point.

Proof. Consider the cartesian product C[0, 1]× C[0, 1] endowed with the distance

d̃((x1, y1), (x2, y2)) = max(d(x1, x2), d(y1, y2)) .

It is easily seen that (C[0, 1]× C[0, 1], d̃) is a complete metric space.
Now, we consider the mapping G̃ : C[0, 1]× C[0, 1]→ C[0, 1]× C[0, 1] defined by

G̃(x, y) = (G(x, y), G(Hx,Hy)) for any x, y ∈ C[0, 1] .

Now, we check that G̃ satisfies assumptions of Theorem 1.1.
In fact, taking into account (2.2), for any x, y, u, v ∈ C[0, 1] we have

d̃(G̃(x, y), G̃(u, v)) = d̃(G(x, y), G(Hx,Hy), G(u, v), G(Hu,Hv))

= max[d(G(x, y), G(u, v)), d(G(Hx,Hy), G(Hu,Hv))]

≤ max[φ(max(d(x, u), d(y, v))), φ(max(d(Hx,Hu), d(Hy,Hv)))].

By Lemma 1.1, we have

d(Hx,Hu) ≤ d(x, y)
d(Hy,Hv) ≤ d(y, v) .

Consequently, since φ is increasing, it follows that

d̃(G̃(x, y), G̃(u, v)) ≤ φ(max(d(x, u), d(y, v)))

= φ(d̃((x, y), (u, v))) .
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Therefore, by Theorem 1.1, there exists a unique (x0, y0) ∈ C[0, 1]× C[0, 1] such that

G̃(x0, y0) = (x0, y0) .

This means, by the definition of G̃, that

G(x0, y0) = x0

G(Hx0, Hy0) = y0 ,

or, equivalently, that (x0, y0) is a generalized coupled fixed point of G.
This complete the proof. �

3. APPLICATION AND EXAMPLE

Now, we present an application of Theorem 2.2, to the study of the existence and
uniqueness of solutions in C[0, 1] of Problem (1.1).
Problem (1.1) will be studied under the following assumptions:

H1 f ∈ C([0, 1]× R× R× R,R) and g ∈ C([0, 1]× R× R,R).

H2 f satisfies

|f(t, x, y, z)− f(t, u, v, w) ≤ φ(max(|x− u, |y − v|, |z − w|))

for any t ∈ [0, 1] and x, y, z, u, v, w ∈ R , where φ is a comparison function.
H3 g satisfies

|g(t, x, y)− g(t, u, v) ≤ max(|x− u, |y − v|)

for any t ∈ [0, 1] and x, y, u, v ∈ R .

Theorem 3.3. Under assumptions H1-H3, Problem (1.1) has a unique solution in C[0, 1]×C[0, 1].

Proof. Consider the mapping G defined on C[0, 1]× C[0, 1] by

G(x, y)(t) = f(t, x(t), y(t),

∫ t

0

g(s, x(s), y(s)ds)) for x, y ∈ C[0, 1] and t ∈ [0, 1] .

In virtue of H1, it is clear that G applies C[0, 1]× C[0, 1] into C[0, 1].
Now, we check that G satisfies assumptions of Theorem 2.2.
In fact, taking into account H1-H3, for x, y, u, v ∈ C[0, 1], we get

d(G(x, y), G(u, v)) = sup{|G(x, y)(t)−G(u, v)(t)| : t ∈ [0, 1]}

= sup{|f(t, x(t), y(t),
∫ t

0

g(s, x(s), y(s)ds))− f(t, u(t), v(t),
∫ t

0

g(s, u(s), v(s)ds))|}

= sup{φ(max(|x(t)− u(t)|, |y(t)− v(t)|, |
∫ t

0

g(s, x(s), y(s)ds))−
∫ t

0

g(s, u(s), v(s)ds))|} .
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Since φ is increasing, it follows that

d(G(x, y), G(u, v)) = sup{|G(x, y)(t)−G(u, v)(t)| : t ∈ [0, 1]}

≤ sup{φ(max(d(x, u), d(y, v),

∫ t

0

|g(s, x(s), y(s))− g(s, u(s), v(s))ds))|}

≤ sup{φ(max(d(x, u), d(y, v),

∫ t

0

|max(|x(s)− u(s)|, |y(s)− v(s)|)ds))}

≤ sup{φ(max(d(x, u), d(y, v),max(d(x, u), d(y, v)) · t)}
≤ φ(max(d(x, u), d(y, v)) .

Therefore, G satisfies assumptions of Theorem 2.2 and, consequently, G has a unique gen-
eralized coupled fixed point (x0, y0) ∈ C[0, 1]× C[0, 1]. This means that

G(x0, y0) = x0

G(Hx0, Hy0) = y0 ,

or equivalently
x0(t) = f(t, x0(t), y0(t),

∫ t

0

g(s, x0(s), y0(s))ds)

y0(t) = f(t, (Hx0)(t), (Hy0)(t),

∫ t

0

g(s, (Hx0)(s), (Hy0)(s))ds) .

This complete the proof. �

Before to present an example illustrating our results, we need the following lemmas
which will be used later.

Lemma 3.2. The inverse tangent function satisfies

| arctanx− arctan y| ≤ | arctan(|x− y|) for any x, y ∈ R .

For a proof, wee Example 4.2 of [4] and to take into account the fact that arctanx is an
odd function.
The next lemma is Lemma 2.1 of [1].

Lemma 3.3. Let ϕ : R+ → R+ be a nondecreasing and upper semicontinuous function. Then
these conditions are equivalent:

(i) limn→∞ ϕn(t) = 0 for any t ≥ 0 (ϕn denotes the n-iteration of ϕ).
(ii) ϕ(t) < t for any t > 0.

Now, we are ready to present our example.

Example 3.1. Consider this coupled system of integral equation with maximum

(3.3)



x(t) = et +
1

3
(arctanx(t) + arctan y(t) + arctan(

∫ t

0

α(s+ x(s) + y(s))ds))

y(t) = et +
1

3
(arctan( sup

0≤τ≤t
x(τ)) + arctan( sup

0≤τ≤t
y(τ))+

+ arctan(

∫ t

0

α(s+ sup
0≤τ≤s

x(τ) + sup
0≤τ≤s

y(τ)) ,
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with t ∈ [0, 1] and α > 0.
Notice that Problem 3.3 is a particular case of Problem 1.1 with

f(t, x, y, z) = et +
1

3
(arctanx+ arctan y + arctan z) and g(t, x, y) = α(t+ x+ y).

It is clear that f and g satisfy H1 of Theorem 3.3.
On the other hand, for t ∈ [0, 1] and x, y, z, u, v, w ∈ R, we have

|f(t, x, y, z)− f(t, u, v, w)| ≤

≤ 1

3
[| arctanx− arctanu|+ | arctan y − arctan v|+ | arctan z − arctanw|]

≤ 1

3
[arctan(|x− u|) + arctan(|y − v|) + arctan(|z − w|)] ,

where we have used Lemma 3.2.
Since the inverse tangent function is increasing, from the last inequality if follows that

|f(t, x, y, z)− f(t, u, v, w)| ≤ 1

3
[3 · arctan[max(|x− u|, |y − v|, |z − w|)]]

= arctan[max(|x− u|, |y − v|, |z − w|)] .
Notice that ϕ(x) = arctanx for x ≥ 0 is an increasing function satisfying ϕ : R+ → R+

and arctanx < x for x > 0.
Since ϕ is continuous, by Lemma 3.3, limn→∞ ϕn(t) = 0 for t > 0, and, consequently, ϕ is
a comparison function.
This proves that assumption H2 of Theorem 3.3 is satisfied.
Finally, for t ∈ [0, 1] and x, y, u, v ∈ R, we have

|g(t, x, y)− g(t, u, v)| ≤ α[|x− u|+ |y − v|] ≤ 2αmax(|x− u|, |y − v|) .
If 0 < α ≤ 1

2 , we obtain

|g(t, x, y)− g(t, u, v)| ≤ max(|x− u|, |y − v|) ,
and assumption H3 of Theorem 3.3 is satisfied.
Therefore, by Theorem 3.3, if 0 < α ≤ 1

2 then our coupled system 3.3 has a unique solution
(x0, y0) ∈ C[0, 1]× C[0, 1].

Acknowledgements. K. Sadarangani is partially supported by ”Ministerio de Economa y
Competitividad”, Project MTM 2013-44357-P

REFERENCES

[1] Aghajani, A., Banas, J. and Sebzali, N., Some generalizations of Darbo fixed point theorem and applications, Bull.
Belg. Math. Soc. Simon Stevin, 20 (2013), 345–358

[2] Berinde, V., Iterative Approximation to Fixed Points, Springer Verlag, Lectures Notes in Mathematics, 1912,
2007

[3] Caballero, J., Lpez, B. and Sadarangani, K., On monotonic solutions of an integral equation of Volterra type with
supremum, J. Math. Anal. Appl., 305 (2005), 304–315

[4] Caballero, J., Harjani, J. and Sadarangani, K., A best proximity point theorem fo Geraghty-contractions, Fixed
Point Theory and Applications, (2012), doi: 10.1186/1687-1812-2012-231

[5] Matkowski, J., Integrable solutions of functional equations, Dissertationes Math. 127, (1975), 1–68

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF LAS PALMAS DE GRAN CANARIA

CAMPUS DE TAFIRA BAJA, 35017 LAS PALMAS DE GRAN CANARIA, SPAIN

E-mail address: jrocha@dma.ulpgc.es, jharjani@dma.ulpgc.es, ksadaran@dma.ulpgc.es


